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§1. "!

1. !!"!". !!!!!!!"!!"#! n !!, $!!!!""#!!: (1) !!!
" n = 1 !!, (2) "!!!"!!$!!"#! n !!, "!"!!!"#! n + 1 "!!.

2. !!. "!!!!! A " B "#, "!"!!#!": (1) "#!""#; (2) #!!!
!!!#"!#, !"#"!#; (3) #" A # (!!) $!!!!!""#" B # (!!) $!
#!!!, "#$$!!!##!!!!. !" A/B #!!!!: (a) "!$!# A !""$
!, !$$# B !""$!, "#!"#!!!!!!; (b) " A #"""!, $ B #%"""
!, "#!"#!!!"!!. !!!""!!"!!!" 1©.

3. !"! (!"). " x !%!, "!#!""#!$"$! |x| !! x $!!! (!):

|x| =

−x, x < 0,

x, x ! 0.

""!!$%! x " y, &!"%&"$:

|x|− |y| " |x + y| " |x| + |y|.
4. !""#!"". ' X = {x} !%!$!###. ":

(1) #!! x ∈ X 2©"!"%&
x ! m;

(2) ""!!$ ε > 0, #$ x′ ∈ X, "
x′ < m + ε,

"!
m = inf{x}

!!## X $!"".

##&, ":

(1) #!! x ∈ X "!"%&
x " M ;

1©&""$!"%$$!, "#!##%$!$!!".
2©&$ x ∈ X #( x #"## X.



· 4 · !!" !!"!

(2) ""!!$ ε > 0, #$ x′′ ∈ X, "
x′′ > M − ε,

"!
M = sup{x}

!!## X $!"".

"## X !'"#, "##$
inf{x} = −∞;

"## X $'"#, "%!
sup{x} = +∞.

5. !""!#"""!. ' a (a $= 0) $$%%$%#%, $ x $#!%$&#%, "
∆ = |x − a|

!!$%%$!!!!, $
δ =

∆
|a|

!!"!!!.

"! x $'"$$"%%!$' n !!#!#""#$%!$$%$!!, "$ x ! n "

#""!.

&$!$&"#!!!#%&"!!"#! n ("$:

1. 1 + 2 + · · · + n =
n(n + 1)

2
.

2. 12 + 22 + · · · + n2 =
n(n + 1)(2n + 1)

6
.

3. 13 + 23 + · · · + n3 = (1 + 2 + · · · + n)2.
4. 1 + 2 + 22 + · · · + 2n−1 = 2n − 1.
5. ' a[n] = a(a − h) · · · [a − (n − 1)h] % a[0] = 1, !!:

(a + b)[n] =
n∑

m=0

Cm
n a[n−m]b[m],

!& Cm
n $% n !%%&%& m !$$#!, &%!$&"""##%&.

6. !!!#""##:

(1 + x1)(1 + x2) · · · (1 + xn) ! 1 + x1 + x2 + · · · + xn,

&& x1, x2, · · · , xn $&$"%!"" −1 $!.
7. !!: " x > −1, ""%&

(1 + x)n ! 1 + nx (n > 1)

!!, !"( x = 0 ), %&"$.
8. !!"%&:

n! <

(
n + 1

2

)n

(n > 1).

!$: &$"%&
(

n + 2
n + 1

)n+1

=
(

1 +
1

n + 1

)n+1

> 2 (n = 1, 2, · · · ).



§1. "! · 5 ·

9. !!'!"%&:
(a) 2! · 4! · · · (2n)! > [(n + 1)!]n (n > 1); (b)

1
2
· 3
4
· · · 2n − 1

2n
<

1√
2n + 1

.

10. !!'!"%&:

(a) 1 +
1√
2

+
1√
3

+ · · · + 1√
n

>
√

n (n ! 2);

(b) nn+1 > (n + 1)n (n ! 3);

(c)

∣∣∣∣∣sin
(

n∑

k=1

xk

)∣∣∣∣∣ "
n∑

k=1

sin xk (0 " xk " π, k = 1, 2, · · · , n);

(d) (2n)! < 22n(n!)2.
11.' c !"#!, $"!#!$"', ! A/B !#!%!

√
c $!", !& B #

"'"!"! b2 > c $"!!! b, $ A #"'"!!&$!!!. "!: $ A #&
"""!, $$ B #&"""!.

12. #!! 3
√

2 $!" A/B $!"$'#'&$: A #"'"!"! a3 < 2 $!
!! a, B #"'"!!&$!!!. !!: $ A #&"""!, $$ B #&"""!.

13. %&*($!", ("!!%&:
(a)

√
2 +

√
8 =

√
18; (b)

√
2
√

3 =
√

6.
14. &$#!! 2

√
2 $!".

15. "!: !!""!!'!#$!#!!##, $!!""!$'!#$!#!
$##.

16. !!: !#!!!!! m

n
(&& m % n !"#!, ! 0 < m < n) $##"

""%""$%%. "!##$$##%!##.
17. ""!"%&

r2 < 2
$!!! r $##$!##"$##.

18. ' {−x} !! x ∈ {x} $"%!$##, !!:
(a) inf{−x} = − sup{x}; (b) sup{−x} = − inf{x}.

19. ' {x + y} !!!$" x + y $##, !& x ∈ {x} % y ∈ {y}, !!%&:
(a) inf{x + y} = inf{x} + inf{y}; (b) sup{x + y} = sup{x} + sup{y}.

20.' {xy}!"!$'# xy $##, !& x ∈ {x} % y ∈ {y}, ! x ! 0 % y ! 0.
!!%&:

(a) inf{xy} = inf{x} inf{y}; (b) sup{xy} = sup{x} sup{y}.
21. "!"%&:

(a) |x− y| !
∣∣|x|− |y|

∣∣; (b) |x +x1 + · · ·+ xn| ! |x|− (|x1|+ · · ·+ |xn|).

$"%&:
22. |x + 1| < 0.01. 23. |x − 2| ! 10.
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24. |x| > |x + 1|. 25. |2x − 1| < |x − 1|.
26. |x + 2| + |x − 2| " 12. 27. |x + 2|− |x| > 1.
28.

∣∣|x + 1|− |x − 1|
∣∣ < 1. 29. |x(1 − x)| < 0.05.

30. !!(%&: (
x + |x|

2

)2

+
(

x − |x|
2

)2

= x2.

31. '(%% 10 cm $()), '"$$! 0.5mm; (%% 500km $)(), '"
$$%" 200m. #'%%*!%#?

32. '! x = 2.3752 $""$$! 1%, +#!!!"'*,%%#!#?
33. '! x = 12.125 "' 3 %%#!#, +"!!$""$$.
34. !!+&$'(%":

x = 2.50 cm ± 0.01 cm, y = 4.00 cm± 0.02 cm.

!+&$"# S ,"-&(&$? (!'(&"!%), +&"#$'"$$ ∆ ""
"$$ δ $*,?

35. !!'&$(% m = 12.59 g± 0.01 g, !&# V = 3.2 cm3 ± 0.2 cm3. ""'
&$(%"&#+&!"!%, +"'&$'), &)'')$'"$$"""$$.

36. '&!- r = 7.2 m ± 0.1 m. "& π = 3.14, ""&$&"#$""""$$
$*,?

37. '%,('&&'(!
x = 24.7 m± 0.2 m, y = 6.5 m ± 0.1 m, z = 1.2 m± 0.1 m.

!('&$&# V ,"-&(&$? "&%%.*+&!"!%, "%+&-&$$'
"$$"""$$''&#('&$&#?

38. '"'&$'( x "! 2 m < x < 3 m. !!$'&!"'&$"#)%+%
#- 0.001m2, #(&-&$$'"$$'%%'(?

39. '+&#'$(("%% 10m. !!$'&!"#)%#- 0.01 cm2, &-&
$$'"$$ ∆ '%%+&$' x ' y ($!+$?

40. ' δ(x) % δ(y) !! x " y $""$$, δ(xy) !! xy $""$$. "!:

δ(xy) " δ(x) + δ(y) + δ(x)δ(y).

§2. !"!!

1. !"!##"#. """!!$ ε > 0, #$! N = N(ε), ",
( n > N ), |xn − a| < ε,

"!!# x1, x2, · · · , xn, · · · !(# a (!'$, %#" a), !
lim

n→∞
xn = a.

')&, " lim
n→∞

xn = 0, "! xn !#!!$.

$!(#$!#, !!##$.
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2. !#!##!"".

(1) " yn " xn " zn, ! lim
n→∞

yn = lim
n→∞

zn = c, " lim
n→∞

xn = c.

(2) $.!#!#!(#.

(3) !$"!:!# xn $(##$$)!!(!"$: ""!!$ ε > 0, #$! N = N(ε),

"( n > N " p > 0 ) |xn − xn+p| < ε.

3. $!!"!##"#$!. ' lim
n→∞

xn " lim
n→∞

yn #$, "!:

(1) " xn " yn, " lim
n→∞

xn " lim
n→∞

yn;

(2) lim
n→∞

(xn ± yn) = lim
n→∞

xn ± lim
n→∞

yn;

(3) lim
n→∞

(xnyn) = lim
n→∞

xn lim
n→∞

yn;

(4) " lim
n→∞

yn $= 0, " lim
n→∞

xn

yn
=

lim
n→∞

xn

lim
n→∞

yn
.

4. ! e. !# „
1 +

1
n

«n

(n = 1, 2, · · · )

/!!#$(#

lim
n→∞

„
1 +

1
n

«n

= e = 2.718 281 828 4 · · · .

5. #!!#. )$
lim

n→∞
xn = ∞

#(: ""!!$ E > 0, #$! N = N(E), ",
( n > N ), |xn| > E.

6. !#%. "!!'!!# xn (n = 1, 2, · · · ) !&!#
xp1 , xp2 , · · · , xpn , · · · (1 " p1 < p2 < · · · )

"!
lim

n→∞
xpn = ξ,

"!! ξ (!&$ ∞) !!# xn $#!!$ (!$%) 1©.

!!!#!#),!!!!#$&#(# (#$"$–%$""%""&). "#!&#(#
$(!$, "!!!#!#$!#(#.

!# xn $""&#(# (!#$!"$$)

lim
n→∞

xn

!!!!#$!!$, $!$""&#(#
lim

n→∞
xn

!!!!$.

%&

lim
n→∞

xn = lim
n→∞

xn

!!# xn $ (!#!"$) (##$$)!!(!".

1©(##"!!0#. !#&, " x $!!$(&),!!!"%" x !#"'!## X $#, "!#
x !## X $(##. )'
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41. '
xn =

n

n + 1
(n = 1, 2, · · · ).

!!:

lim
n→∞

xn = 1,

!""!!$ ε > 0, !&"&! N = N(ε), ",
$ n > N ), |xn − 1| < ε.

(!#:

ε 0.1 0.01 0.001 0.0001 · · ·
N

42. '

(a) xn =
(−1)n+1

n
; (b) xn =

2n

n3 + 1
;

(c) xn =
1
n!

; (d) xn = (−1)n · 0.999n,

!!: xn (n = 1, 2, · · · ) !#!!$ (!!$(#! 0), !""!!$ ε > 0, !&"&
! N = N(ε), ",

( n > N ), |xn| < ε.

""$.#!'%&, (!#:

ε 0.1 0.01 0.001 · · ·
N

43. !!: !#
(a) xn = (−1)nn; (b) xn = 2

√
n; (c) xn = lg(lg n) (n ! 2)

( n → ∞ )!"$(# (!!%$#!!), !""!!$ E > 0, !&"&! N =
N(E), ",

( n > N ), |xn| > E.

""$.#!'%&, (!#:

E 10 100 1000 10000 · · ·
N

44. "!:

xn = n(−1)n

(n = 1, 2, · · · )

"#, /( n → ∞ ), !&"$"$".
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45. $"%&#.!#():
(a) lim

n→∞
xn = ∞; (b) lim

n→∞
xn = −∞; (c) lim

n→∞
xn = +∞.

' n *)"#!#, "!#&&*%:

46. lim
n→∞

10 000n

n2 + 1
. 47. lim

n→∞

(√
n + 1 −

√
n
)
.

48. lim
n→∞

3
√

n2 sin n!
n + 1

. 49. lim
n→∞

(−2)n + 3n

(−2)n+1 + 3n+1
.

50. lim
n→∞

1 + a + a2 + · · · + an

1 + b + b2 + · · · + bn
(|a| < 1, |b| < 1).

51. lim
n→∞

(
1
n2

+
2
n2

+ · · · + n − 1
n2

)
.

52. lim
n→∞

∣∣∣∣
1
n
− 2

n
+

3
n
− · · · + (−1)n−1n

n

∣∣∣∣.

53. lim
n→∞

[
12

n3
+

22

n3
+ · · · + (n − 1)2

n3

]
.

54. lim
n→∞

[
12

n3
+

32

n3
+ · · · + (2n − 1)2

n3

]
.

55. lim
n→∞

(
1
2

+
3
22

+
5
23

+ · · · + 2n − 1
2n

)
.

56. lim
n→∞

[
1

1 · 2 +
1

2 · 3 + · · · + 1
n(n + 1)

]
.

57. lim
n→∞

(√
2 4
√

2 8
√

2 · · · 2n√
2
)
.

!!!#%&:

58. lim
n→∞

n

2n
= 0. 59. lim

n→∞

2n

n!
= 0.

60. lim
n→∞

nk

an
= 0 (a > 1). 61. lim

n→∞

an

n!
= 0.

62. lim
n→∞

nqn = 0 (|q| < 1). 63. lim
n→∞

n
√

a = 1 (a > 0).

64. lim
n→∞

loga n

n
= 0 (a > 1). 65. lim

n→∞
n
√

n = 1.

66. lim
n→∞

1
n
√

n!
= 0.

67. ( n )!"), !#&$#&&&&!("?
(a) 100n + 200, 0.01n2; (b) 2n, n1000; (c) 1000n, n!.

68. !!:

lim
n→∞

(
1
2
· 3
4
· · · 2n − 1

2n

)
= 0.

!$: +($) 9 (b).
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69. !!: !#

xn =
(

1 +
1
n

)n

(n = 1, 2, · · · )

$$.)$, !$'!#, $!#

yn =
(

1 +
1
n

)n+1

(n = 1, 2, · · · )

$$.*$, !!'!#. %!$&#'!#!,%$(#:

lim
n→∞

(
1 +

1
n

)n

= lim
n→∞

(
1 +

1
n

)n+1

= e.

!$: %%&, xn+1

xn
,

yn

yn−1
, &&$$) 7 $"%&.

70. !!:

0 < e −
(

1 +
1
n

)n

<
3
n

(n = 1, 2, · · · ).

(+! n &-&$$!%), #&&
(

1 +
1
n

)n

'! e "$"- 0.001?

71.' pn (n = 1, 2, · · · )!&" +∞ $!#!#, $ qn (n = 1, 2, · · · )!&" −∞
$!#!# (pn, gn /∈ [−1, 0]). "!:

lim
n→∞

(
1 +

1
pn

)pn

= lim
n→∞

(
1 +

1
qn

)qn

= e.

72. ',

lim
n→∞

(
1 +

1
n

)n

= e,

"!:

lim
n→∞

(
1 + 1 +

1
2!

+
1
3!

+ · · · + 1
n!

)
= e.

%!$&%&
e = 1 + 1 +

1
2!

+
1
3!

+ · · · + 1
n!

+
θn

n!n
, (∗)

!& 0 < θn < 1, &'&! e, %#- 10−5.
73. !!: ! e !"!!.
74. !!"%&: (n

e

)n
< n! < e

(n

2

)n
.

75. !!"%&:

(a)
1

n + 1
< ln

(
1 +

1
n

)
<

1
n

, !& n !!!"#!.

(b) 1 + α < eα, !& α !*"%$%!.
76. "!:

lim
n→∞

n
(
a

1
n − 1

)
= ln a (a > 0),

&& ln a $& e = 2.718 · · · %0), ! a $"!.
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&$-"$.!#!#(##$$!!, !!!# xn (n = 1, 2, · · · ) $/*(:

77. xn = p0 +
p1

10
+ · · ·+ pn

10n
(n = 1, 2, · · · ), !& pi (i = 0, 1, 2, · · · ) $"$#!,

&!% p1 #""" 9.

78. xn =
10
1

· 11
3

· · · n + 9
2n − 1

.

79. xn =
(

1 − 1
2

)(
1 − 1

4

)
· · ·
(

1 − 1
2n

)
.

80. xn =
(

1 +
1
2

)(
1 +

1
4

)
· · ·
(

1 +
1
2n

)
.

81. x1 =
√

2, x2 =
√

2 +
√

2, · · · , xn =

√

2 +
√

2 + · · · +
√

2
︸ ︷︷ ︸

n -)$

, · · · .

&$#)(", !!!# xn (n = 1, 2, · · · ) $/*(:
82. xn = a0 + a1q + · · · + anqn, !& |ak| < M (k = 0, 1, 2, · · · ) ! |q| < 1.

83. xn =
sin 1

2
+

sin 2
22

+ · · · + sinn

2n
.

84. xn =
cos 1!
1 · 2 +

cos 2!
2 · 3 + · · · + cosn!

n(n + 1)
.

85. xn = 1 +
1
22

+
1
32

+ · · · + 1
n2

.

!$: &$"%& 1
n2

<
1

n − 1
− 1

n
(n = 2, 3, · · · ).

86. ""!# xn (n = 1, 2, · · · ), "#$! C, ",

|x2 − x1| + |x3 − x2| + · · · + |xn − xn−1| < C (n = 2, 3, · · · ),

"!!# xn /!!"$!. !!: /!!#-$$!#$/*$. 1&!!$!!#
-$$/*!#$+&.

87. +. “#)(""'!!#""$” $'+.
88. &$#)("!!&!!#$))(:

xn = 1 +
1
2

+
1
3

+ · · · + 1
n

(n = 1, 2, · · · ).

89. !!: "!# xn (n = 1, 2, · · · )/*, "!$!!&!# xpn "/*!!%!(
#: lim

n→∞
xpn = lim

n→∞
xn.

90. !!: "$.!#$!!&!#/*, "!$.!#.0$/*$.
91. !!: " lim

n→∞
xn = a, " lim

n→∞
|xn| = |a|.

92. ' xn → a, "-"(# lim
n→∞

xn+1

xn
!!.&?

93. !!: /*!#$!#$.
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94. !!: /*!#!&-!$##, !&-!!##, !"'+&-. 1&#*#
!#$+&.

95. !!: &" +∞ $!# xn (n = 1, 2, · · · ) !!&-!!##.

"!# xn (n = 1, 2, · · · ) $""&:

96. xn =
n2

2n
. 97. xn =

√
n

100 + n
. 98. xn =

1000n

n!
.

"!# xn (n = 1, 2, · · · ) $""&:

99. xn = n2 − 9n − 100. 100. xn = n +
100
n

.

""!# xn (n = 1, 2, · · · ), " inf xn, sup xn, lim
n→∞

xn % lim
n→∞

xn:

101. (a) xn = 1 − 1
n

; (b) xn = (−1)n−1

(
2 +

3
n

)
.

102. xn =
(−1)n

n
+

1 + (−1)n

2
. 103. xn = 1 +

n

n + 1
cos

nπ

2
.

104. xn = 1 + 2 · (−1)n+1 + 3 · (−1)
n(n−1)

2 .

105. xn =
n − 1
n + 1

cos
2nπ

3
. 106. xn = (−1)nn.

107. xn = −n[2 + (−1)n]. 108. xn = n(−1)n
.

109. xn = 1 + n sin
nπ

2
. 110. xn =

1
n − 10.2

.

" lim
n→∞

xn % lim
n→∞

xn:

111. xn =
n2

1 + n2
cos

2nπ

3
. 112. xn =

(
1 +

1
n

)n

· (−1)n + sin
nπ

4
.

113. xn =
n

n + 1
sin2 nπ

4
. 114. xn = n

√
1 + 2n(−1)n .

115. xn = cosn 2nπ

3
.

"&!&!#$&#(#:

116.
1
2
,

1
2
,

1
4
,

3
4
,

1
8
,

7
8
, · · · ,

1
2n

,
2n − 1

2n
, · · · .

117. 1,
1
2
, 1 +

1
2
,

1
3
, 1 +

1
3
,

1
2

+
1
3
,

1
4
, 1 +

1
4
,

1
2

+
1
4
,

1
3

+
1
4
,

1
5
, · · · ,

1
n

,

1 +
1
n

,
1
2

+
1
n

, · · · ,
1

n − 1
+

1
n

,
1

n + 1
, · · · .

118.
1
2
,

1
3
,

2
3
,

1
4
,

2
4
,

3
4
,

1
5
,

2
5
,

3
5
,

4
5
, · · · .

119. xn = 3
(

1 − 1
n

)
+ 2(−1)n. 120. xn =

1
2
[(a + b) + (−1)n(a − b)].
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121. +1&&'!!
a1, a2, · · · , ap

%!&#(#$!#$+&.
122. +1&&'!!#

a1, a2, · · · , an, · · ·
$"!&&%!&#(#$+&. "1!#!!$!*$$&#(#?

123. 1&!#$+&:
(a) $!!#$&#(#;
(b) !(!!#$&#(#, /"/*;
(c) !"$*$&#(#;
(d) &#!%!%!&#(#.
124. !!: !# xn " yn = xn

n
√

n (n = 1, 2, · · · ) !"%$&#(#.
125. !!: %!#!# xn (n = 1, 2, · · · ) &)!%&/*&!# xpn (n = 1,

2, · · · ).
126. !!: "!# xn (n = 1, 2, · · · ) "#, "#$&!# xpn (n = 1, 2, · · · ), ",

lim
n→∞

xpn = ∞.

127. '!# xn (n = 1, 2, · · · ) /*, $!# yn (n = 1, 2, · · · ) )), "-"!#
(a) xn + yn; (b) xnyn $/*(!!.&? 1&"#$+&.

128.'!# xn " yn )) (n = 1, 2, · · · ). !*1!!# (a) xn + yn; (b) xnyn "
))?

129. ' lim
n→∞

xn = 0, yn (n = 1, 2, · · · ) !!#!#. %*1!
lim

n→∞
xnyn = 0?

1&"#$+&.
130. ' lim

n→∞
xnyn = 0, $*%!!,: !' lim

n→∞
xn = 0, !' lim

n→∞
yn = 0? $

'+&:

xn =
1 + (−1)n

2
, yn =

1 − (−1)n

2
(n = 1, 2, · · · ).

131. !! 1©:
(a) lim

n→∞
xn + lim

n→∞
yn " lim

n→∞
(xn + yn) " lim

n→∞
xn + lim

n→∞
yn;

(b) lim
n→∞

xn + lim
n→∞

yn " lim
n→∞

(xn + yn) " lim
n→∞

xn + lim
n→∞

yn.

1&$#'-'&&)*"%&"$$+&.
132. ' xn ! 0 ! yn ! 0 (n = 1, 2, · · · ), !!:

(a) lim
n→∞

xn · lim
n→∞

yn " lim
n→∞

(xnyn) " lim
n→∞

xn · lim
n→∞

yn;

1©$$) 131—133 &, +'(#*"!#(!#+. )'
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(b) lim
n→∞

xn · lim
n→∞

yn " lim
n→∞

(xnyn) " lim
n→∞

xn · lim
n→∞

yn.

1&$#'-'&&)*"%&"$$+&.
133. !!: " lim

n→∞
xn #$, """!!!# yn (n = 1, 2, · · · ) !!:

(a) lim
n→∞

(xn + yn) = lim
n→∞

xn + lim
n→∞

yn;

(b) lim
n→∞

(xnyn) = lim
n→∞

xn · lim
n→∞

yn (xn ! 0).

134. !!: """!!# xn (n = 1, 2, · · · ), "&!# yn (n =1, 2, · · · ) '!%&,
&!"!%&&+),!!!"$:

(a) lim
n→∞

(xn + yn) = lim
n→∞

xn + lim
n→∞

yn;

(b) lim
n→∞

(xnyn) = lim
n→∞

xn · lim
n→∞

yn (xn ! 0),

"!# xn /*!))" +∞ 1©.
135. !!: " xn > 0 (n = 1, 2, · · · ) %

lim
n→∞

xn · lim
n→∞

1
xn

= 1,

"!# xn $/*$.
136. !!: "!# xn (n = 1, 2, · · · ) !#, !

lim
n→∞

(xn+1 − xn) = 0,

"!!#$&#(#)""!(#"$(#
l = lim

n→∞
xn " L = lim

n→∞
xn

*,, !', [l, L] &$!#!!!+$#!#$&#(#.
137. '!# x1, x2, · · · , xn, · · · "!!"

0 " xm+n " xm + xn (m, n = 1, 2, · · · ),
!!: lim

n→∞

xn

n
#$.

138. !!: "!# xn (n = 1, 2, · · · ) /*, "&1"!%!#

ξn =
1
n

(x1 + x2 + · · · + xn) (n = 1, 2, · · · )
"/*, !

lim
n→∞

x1 + x2 + · · · + xn

n
= lim

n→∞
xn.

'()""$, 1+$!.
139. !!: " lim

n→∞
xn = +∞, "

lim
n→∞

x1 + x2 + · · · + xn

n
= +∞.

140. !!: "!# xn (n = 1, 2, · · · ) /*! xn > 0, "
lim

n→∞
n
√

x1x2 · · ·xn = lim
n→∞

xn.

1©!'$+*$: "*# xn /*. )'
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141. !!: " xn > 0 (n = 1, 2, · · · ) ! lim
n→∞

xn + 1
xn

#$, "

lim
n→∞

n
√

xn = lim
n→∞

xn+1

xn
.

142. !!:
lim

n→∞

n
n
√

n!
= e.

143. !!2*+(!!: "
(a) yn+1 > yn (n = 1, 2, · · · ); (b) lim

n→∞
yn = +∞; (c) lim

n→∞

xn+1 − xn

yn+1 − yn
#$,

"
lim

n→∞

xn

yn
= lim

n→∞

xn+1 − xn

yn+1 − yn
.

144. ":

(a) lim
n→+∞

n2

an
(a > 1); (b) lim

n→+∞

lg n

n
.

145. !!: " p !"#!, "

(a) lim
n→∞

1p + 2p + · · · + np

np+1
=

1
p + 1

,

(b) lim
n→∞

(
1p + 2p + · · · + np

np
− n

p + 1

)
=

1
2
,

(c) lim
n→∞

1p + 3p + · · · + (2n − 1)p

np+1
=

2p

p + 1
.

146. !!: !#
xn = 1 +

1
2

+
1
3

+ · · · + 1
n
− ln n (n = 1, 2, · · · )

/*, %$!%&
1 +

1
2

+
1
3

+ · · · + 1
n

= C + ln n + εn,

&& C = 0.577216 · · · !!%%#", !( n → ∞ ) εn → 0.

147. " lim
n→∞

(
1

n + 1
+

1
n + 2

+ · · · + 1
2n

)
.

148. !# xn (n = 1, 2, · · · ) %!#&&"#!:
x1 = a, x2 = b, xn =

xn−1 + xn−2

2
(n = 3, 4, · · · ),

" lim
n→∞

xn.

149. ' xn (n = 1, 2, · · · ) !%&!&&"#!$!#:

x0 > 0, xn+1 =
1
2

(
xn +

1
xn

)
(n = 0, 1, 2, · · · ).

"!:
lim

n→∞
xn = 1.

150. !!: %!#&&
x1 = a, y1 = b, xn+1 =

√
xnyn, yn+1 =

xn + yn

2
,
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#!$!# xn " yn (n = 1, 2, · · · ) !,%$(#
µ(a, b) = lim

n→∞
xn = lim

n→∞
yn

(! a " b $#&"!!$!).

§3. !!#"#

1. !!#"#. """## X = {x} &$#!! x, $!## Y = {y} &+!!!#!$
%! y = f(x) '*"#, "-% y !!-% x $"'-%( X $$$%.!.

## X !!.! f(x) $&!#!"##, Y !!#!.!$!#. $"-$$%&!,

## X !!""# ]a, b[ = (a, b) : a < x < b, !!!""# ]a, b] = (a, b] : a < x " b !
[a, b[ = [a, b) : a " x < b, !!%"# [a, b] : a " x " b, !& a " b !!%!!&$ −∞ ! +∞
($#'%&!"+%$).

""" X &$#!!% x, !"+!% y = f(x) '*"#, " y !! x $'!"".

2. #!!. "$ x !$!"!'*

f(x) = y

$!!!%, && y !#".! f(x) $%( Y $!!/!!%, "#!"#-'#!&$##

Y $$!.!

x = f−1(y),

#!.!!!.! f(x) $%"", !!#$,$*%.!. ".! y = f(x) $)*$.$, !

( x2 > x1 ), f(x2) > f(x1) (!"#& f(x2) < f(x1)), "%.! x = f−1(y) !$%$!)

*$.$.!.

"!#.!$#$(:

151. y =
x2

1 + x
. 152. y =

√
3x − x3.

153. y = (x − 2)
√

1 + x

1 − x
.

154. (a) y = log(x2 − 4); (b) y = log(x + 2) + log(x − 2).

155. y =
√

sin
√

x. 156. y =
√

cosx2.

157. y = lg sin
π

x
. 158. y =

√
x

sinπx
.

159. y = arcsin
2x

1 + x
160. y = arccos(2 sinx).

161. y = lg cos lg x. 162. y = (x + |x|)
√

x sin2 πx.
163. y = cotπx + arccos 2x. 164. y = arcsin(1 − x) + lg lg x.
165. (a) y = (2x)!; (b) y = log2 log3 log4 x;

(c) y = 4
√

lg tanx; (d) y =
√

sin 2x +
√

sin 3x (0 " x " 2π).
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"!#.!$#$("%(:
166. y =

√
2 + x − x2. 167. y = lg(1 − 2 cosx).

168. y = arccos
2x

1 + x2
. 169. y = arcsin lg

x

10
.

170. y = (−1)x.
171. $0 AC = b ", BD = h $*2& ABC & (+ 1) !!!, NM = x $

$3+& KLMN . $+& KLMN $.( P %!"# S #(! x $.!. %.!
P = P (x) % S = S(x) $+(.

172. $*2& ABC &, ' AB = 6 cm, AC = 8 cm, 2 BAC = x. $*2&
ABC $' BC = a ""# S #(!-%x $.!. %.!a = a(x) % S = S(x) $+(.

173. $%,,& ABCD & (+ 2), 0 AD = a, BC = b (a > b), , HB = h, -
/) MN//BH , MN '2# A ") AM = x. $+& ABNMA $"# S #(!-
% x $.!. %.! S = S(x) $+(.

+ 1 + 2

174. ! 2 g (%!,!/$ Ox 0$0', 0 " x " 1 $, (!"!(%! 1 g $
(#!)%"# x = 2 " x = 3. ' m(x) $', (−∞, x) $$(%$%, ".!
m = m(x) (−∞ < x < +∞) $$+#&&, &%#!.!$+(.

175. .! y = sgn x $!+!:

sgnx =






−1, x < 0,

0, x = 0,

1, x > 0.

%#!.!$+(. !!:
|x| = x sgnx.

176. .! y = [x] (! x $""&!) $!#!+: " x = n + r, && n !#!!
0 " r < 1, "

[x] = n.
%#!.!$+(.

177. '
y = π(x) (x ! 0)

#("""! x $%!$!(, %!.!$ 0 " x " 20 )$+(.
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!#.! y = f(x) $## Ex )3"*$$## Ey?
178. y = x2, Ex = {−1 " x " 2}. 179. y = lg x, Ex = {10 < x < 1000}.

180. y =
1
π

arccotx, Ex = {−∞ < x < +∞}.

181. y = cot
πx

4
, Ex = {0 < |x| " 1}. 182. y = |x|, Ex = {1 " |x| " 2}.

'-% x *)', 0 < x < 1, +#!-% y "*)$##:

183. y = a + (b − a)x. 184. y =
1

1 − x
.

185. y =
x

2x − 1
. 186. y =

√
x − x2.

187. y = cotπx. 188. y = x + [2x].
189. ' f(x) = x4 − 6x3 + 11x2 − 6x, " f(0), f(1), f(2), f(3), f(4).
190. ' f(x) = lg x2, " f(−1), f(−0.001), f(100).
191. ' f(x) = 1 + [x], " f(0.9), f(0.99), f(0.999), f(1).
192. '

f(x) =

{
1 + x, −∞ < x " 0,

2x, 0 < x < +∞,

" f(−2), f(−1), f(0), f(1), f(2).
193. '

f(x) =
1 − x

1 + x
,

" f(0), f(−x), f(x + 1), f(x) + 1, f

(
1
x

)
,

1
f(x)

.

194. '
(a) f(x) = x − x3; (b) f(x) = sin

π

x
; (c) f(x) = (x + |x|)(1 − x).

""!&!&&$ x %: (1) f(x) = 0; (2) f(x) > 0; (3) f(x) < 0.
195. '

(a) f(x) = ax + b; (b) f(x) = x2; (c) f(x) = ax,

" ϕ(x) =
f(x + h) − f(x)

h
.

196. ' f(x) = ax2 + bx + c, !!:
f(x + 3) − 3f(x + 2) + 3f(x + 1) − f(x) ≡ 0.

197. " f(0) = −2, f(3) = 5, ")(.!
f(x) = ax + b.

f(1) % f(2) %"-& (%"$!&)?
198. " f(−2) = 0, f(0) = 1, f(1) = 5, ",)!!.!:

f(x) = ax2 + bx + c.

f(−1) % f(0.5) %"-& ("#$!&)?
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199. ' f(−1) = 0, f(0) = 2, f(1) = −3, f(2) = 5, "*)!!.!:
f(x) = ax3 + bx2 + cx + d.

200. ' f(0) = 15, f(2) = 30, f(4) = 90, "&!&&$.!:
f(x) = a + bcx.

201. !!: "")(.!
f(x) = ax + b,

"*-%$% x = xn (n = 1, 2, · · · ) $"%$!#, ""#$.!% yn = f(xn)
(n = 1, 2, · · · ) "$"%$!#.

202. !!: ""+!.!
f(x) = ax (a > 0),

"*-%$% x = xn (n = 1, 2, · · · ) $"%$!#, ""#$.!% yn = f(xn)
(n = 1, 2, · · · ) $"%,!#.

203. '( 0 < u < 1 ).! f(u) !!+. "!#.!$!+(:

(a) f(sinx); (b) f(lnx); (c) f

(
[x]
x

)
.

204. '
f(x) =

1
2
(ax + a−x) (a > 0).

!!:
f(x + y) + f(x − y) = 2f(x)f(y).

205. ' f(x) + f(y) = f(z), !
(a) f(x) = ax; (b) f(x) =

1
x

;

(c) f(x) = arctanx (|x| < 1); (d) f(x) = log
1 + x

1 − x
.

" z.
" ϕ(ϕ(x)), ψ(ψ(x)), ϕ(ψ(x)) % ψ(ϕ(x)):

206. ϕ(x) = x2, ψ(x) = 2x. 207. ϕ(x) = sgnx, ψ(x) =
1
x

.

208. ϕ(x) =

{
0, x " 0,

x, x > 0,
ψ(x) =

{
0, x " 0,

−x2, x > 0.

209. '

f(x) =
1

1 − x
,

" f(f(x)), f(f(f(x))).
210. ' fn(x) = f(f(· · · f(x)))︸ ︷︷ ︸

n )

, "

f(x) =
x√

1 + x2
,

" fn(x).
211. ' f(x + 1) = x2 − 3x + 2, " f(x).
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212. '
f

(
x +

1
x

)
= x2 +

1
x2

(|x| ! 2),

" f(x).
213.1. '

f

(
1
x

)
= x +

√
1 + x2 (x > 0),

" f(x).

213.2. '
f

(
x

x + 1

)
= x2,

" f(x).

!!: !#&.!$"'',$$$.).!:

214. f(x) = x2 (0 " x < +∞). 215. f(x) = sin x
(
−π

2
" x " π

2

)
.

216. f(x) = tanx
(
−π

2
< x <

π

2

)
. 217. f(x) = 2x+sin x (−∞ < x < +∞).

!!: !#&.!$"'',$$$.*.!:
218. f(x) = x2 (−∞ < x " 0). 219. f(x) = cosx (0 " x " π).
220. f(x) = cotx (0 < x < π).
221. -4!#.!$$.(:

(a) f(x) = ax + b; (b) f(x) = ax2 + bx + c; (c) f(x) = x3;

(d) f(x) =
ax + b

cx + d
; (e) f(x) = ax (a > 0).

222. "%&%*1&&"!?
223. ' ϕ(x), ψ(x) % f(x) !$.).!. !!: "

ϕ(x) " f(x) " ψ(x),
"

ϕ(ϕ(x)) " f(f(x)) " ψ(ψ(x)).

"%.! x = ϕ(y) "!$#$(:
224. y = 2x + 3 (−∞ < x < +∞).
225. y = x2; (a) −∞ < x " 0; (b) 0 " x < +∞.

226. y =
1 − x

1 + x
(x (= −1).

227. y =
√

1 − x2; (a) −1 " x " 0; (b) 0 " x " 1.

228. y = sinh x, && sinh x =
1
2
(ex − e−x) (−∞ < x < +∞).

229. y = tanh x, !& tanh x =
ex − e−x

ex + e−x
(−∞ < x < +∞).
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230. y =






x, −∞ < x < 1,

x2, 1 " x " 4,

2x, 4 < x < +∞.

231. '.! f(x) !+""!', (−l, l), "
f(−x) ≡ f(x),

"! f(x) !&""; "
f(−x) ≡ −f(x),

"! f(x) !""".
#!!#.!&&'$).!, &'$$.!:
(a) f(x) = 3x − x3; (b) f(x) = 3

√
(1 − x)2 + 3

√
(1 + x)2;

(c) f(x) = ax + a−x (a > 0); (d) f(x) = ln
1 − x

1 + x
;

(e) f(x) = ln
(
x +

√
1 + x2

)
.

232. !!: !+""!', (−l, l) $!!.! f(x) !&#(!).!'$.!
*"$&&.

233. "#$! T > 0 (.!$.% —— $0+$#+$!), "!+"## E $.
! f(x) "!%&

f(x ± T ) = f(x) (x ∈ E),
".! f(x) !!##"".

$!!#.!&&'$.%.!, &"!%$"".%:
(a) f(x) = A cosλx + B sinλx; (b) f(x) = sin x +

1
2

sin 2x +
1
3

sin 3x;

(c) f(x) = 2 tan
x

2
− 3 tan

x

3
; (d) f(x) = sin2 x;

(e) f(x) = sin x2; (f) f(x) =
√

tanx;
(g) f(x) = tan

√
x; (h) f(x) = sin x + sin

(
x
√

2
)
.

234. !!: ""3&%,.!

χ(x) =

{
1, x !!!!,

0, x !"!!,

!!!!!(!!.%.
235.1. !!: !+",%$##!.%!%)$"!.%.!*"'#"$.%

.!.
235.2. "

f(x + T ) ≡ −f(x) (T > 0),
".! f(x) !!%##"". !!: !.!$& 2T !.%$.!.

236. !!: ".! f(x) (−∞ < x < +∞) "!%& f(x + T ) = kf(x), && k "
T !"$#!, " f(x) = axϕ(x), && a !#!, $ ϕ(x) !& T !.%$.!.
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§4. !!#!$$#"

1. (%.! y = f(x) $+(, !%&!'&5.:

(1) #!.!$#$( X = {x};
(2) % X &%&)!'#$*-%% x1, x2, · · · , xn, '"#.!%$""#!%#

yi = f(xi) (i = 1, 2, · · · , n);

(3) $+1"" Oxy $&&!'#$# Mi(xi, yi) (i = 1, 2, · · · , n) &$)$!%-3#',

-))#$'&,&#$%2"()&,$**.

2. !!"#%&!!.!$+(, #(-4!.!$!#((.

4%!(:

(1) $'* f(x) = 0, "&.!+(' Ox 0$6# (""$"%);

(2) #!.!!"!!$)*-%$-%(;

(3) "!!%, $!.!$$( ()!*) "#;

(4) -4(*-%"#&".!#$('##).!$((.

$#!7., +!4''8,5).!!+!.!!*2.!%"-$$+%.!$((.

&$#'((, "$%"%$'&-%, $!!&'&/*.!$2+, $!'!'+(!)
9$#'"-$+($$# ("!'#%%).

237. %&)(&).! y = ax ( a = 0,
1
2
, 1, 2, −1 )$+(.

238. %&)(.! y = x + b ( b = 0, 1, 2, −1 )$+(.
239. %&)(.!$+(:
(a) y = 2x + 3; (b) y = 2 − 0.1x; (c) y = −x

2
− 1.

240. ',-$)'-'! α = 1.2× 10−5 K−1, &!(,) T = 273 K ), !)+
(-&$() l = 100 cm. $*(,)!%&&!.!$+(:

l = f(T ) (233 K " T " 373 K).
241. "!(#0!0.6, ()! v1 = 10m/s $'!!(#$+5)& t = 0 )

%"+1+# O -' 20m ', $()! v2 = −20m/s $',!(#$ t = 0 )%"
# O +' 30m '. %&#"!(#.6'*$+(&"&!%",$)&"%2.

242. %&,)!!.!$+( ($&%):

(a) y = ax2, a = 1,
1
2
, 2, −1;

(b) y = (x − x0)2, x0 = 0, 1, 2, −1;
(c) y = x2 + c, c = 0, 1, 2, −1.
243. $"#$## y = ax2 + bx + c %! y = y0 + a(x − x0)2 $&&, /%&!

$+(. -4+&:
(a) y = 8x−2x2; (b) y = x2−3x+2; (c) y = −x2+2x−1; (d) y =

1
2
x2+x+1.

244. !!(#&+() v0 = 600m/s ,')"""2 α = 45◦ $',3&. %&
.61.$+(&"""$6,)%3* (& g ≈ 10m/s2, "'"(./).
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%&!#,",)$!!.!$+(:
245. y = x3 + 1. 246. y = (1 − x2) (2 + x).
247. y = x2 − x4. 248. y = x(a − x)2(a + x)3 (a > 0).

%&!#!&)(.!$+( ($#%):

249. y =
1
x

. 250. y =
1 − x

1 + x
.

251. $!&)(.!
y =

ax + b

cx + d
(ad − bc (= 0, c (= 0)

%!&!&&:
y = y0 +

m

x − x0
,

/%&!$+(. -4+&
y =

3x + 2
2x − 3

.

252. '(&(1) p0 = 1Pa)0!&# V0 = 12m3. "(&$,)3-"-, %
&(&&# V "1) p $.0-'$+( ('"'–#$"&%).

%!#!&!!.!$+(:

253. y = x +
1
x

. 254. y = x2 +
1
x

(*7*.)).

255. y = x +
1
x2

. 256. y =
1

1 + x2
('+)(7)).

257. y =
2x

1 + x2
(*78&)). 258. y =

1
1 − x2

.

259. y =
x

1 − x2
. 260. y =

1
1 + x

− 2
x

+
1

1 − x
.

261. y =
1

1 + x
− 2

x2
+

1
1 − x

. 262. y =
(x + 1)(x − 2)
(x − 1)(x + 2)

.

263. $.!
y =

ax2 + bx + c

a1x + b1
(a1 (= 0)

%!&!&&:
y = kx + m +

n

x − x0
,

("%&!$2+. -4+&

y =
x2 − 4x + 3

x + 1
.

264. !!(#'-/&2") x, (#"9-/$""! F , &!( x = 1m )
F = 10N (""&%). %&-/ F $+(.

265. ):()''"&%, (,)"-), !%(&$&# V '1) p *,$-
'! (

p +
a

V 2

)
(V − b) = c.
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" a = 2, b = 0.1 % c = 10, %&.! p = p(V ) $+(.

%!#"!.!$+(:
266. y = ±

√
−x − 2 ()')). 267. y = ±x

√
x (!*))'), ,+)')).

268. y = ±1
2
√

100 − x2 (.&). 269. y = ±
√

x2 − 1 (*()).

270. y = ±
√

1 − x

1 + x
. 271. y = ±x

√
100 − x2.

272. y = ±x

√
x

10 − x
()/)). 273. y = ±

√
(x2 − 1)(9 − x2).

274. %).! y = xn $+(: (a) n = 1, 3, 5; (b) n = 2, 4, 6.
275. %).! y = xn $+(: (a) n = −1,−3; (b) n = −2,−4.
276. %)& y = m

√
x $+(: (a) m = 2, 4; (b) m = 3, 5.

277. %)& y = m
√

xk $+(:
(a) m = 2, k = 1; (b) m = 2, k = 3; (c) m = 3, k = 1;
(d) m = 3, k = 2; (e) m = 3, k = 4; (f) m = 4, k = 2;
(g) m = 4, k = 3.

278. %+!.! y = ax $+(: a =
1
2
, 1, 2, e, 10.

279. %.#+!.! y = ey1 $+(:

(a) y1 = x2; (b) y1 = −x2; (c) y1 =
1
x

;

(d) y1 =
1
x2

; (e) y1 = − 1
x2

; (f) y1 =
2x

1 − x2
.

280. %&"!.! y = loga x $+(: a =
1
2
, 2, e, 10.

281. %!#.!$+(:
(a) y = ln(−x); (b) y = − lnx.

282. %&"!.#.! y = ln y1 $+(:
(a) y1 = 1 + x2; (b) y1 = (x − 1)(x − 2)2(x − 3)3;

(c) y1 =
1 − x

1 + x
; (d) y1 =

1
x2

; (e) y1 = 1 + ex.

283. %.! y = logx 2 $+(.
284. %.! y = A sin x ( A = 1, 10, −2 )$+(.

285. %.! y = sin(x − x0) $ x0 = 0,
π

4
,
π

2
,

3π
4

, π )$+(.

286. %.! y = sin nx $ n = 1, 2, 3,
1
2
,

1
3
)$+(.

287. $.! y = a cosx+ b sinx %! y = A sin(x− x0) $&&, /%!$+(. -
4+&: y = 6 cosx + 8 sinx.
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%!#*2.!$+(:

288. y = cosx. 289. y = tanx. 290. y = cotx.
291. y = sec x. 292. y = cscx. 293. y = sin2 x.
294. y = sin3 x. 295. y = cot2 x. 296. y = sin x sin 3x.
297. y = ±

√
cosx.

%!#.!$+(:

298. y = sin x2. 299. y = sin
1
x

.

300. (a) y = x cos
π

x
; (b) y = sinx sin

1
x

.

301. (a) y = tan
π

x
; (b) y = sec

1
x

.

302. y = x

(
2 + sin

1
x

)
. 303. y = ±

√
1 − x2 sin

π

x
.

304. y =
sin x

x
. 305. y = ex cosx.

306. y = ±2−x
√

sinπx. 307. y =
cosx

1 + x2
.

308. y = ln(cos x). 309. y = cos(ln x).
310. y = e 1

sin x .

%!#%*2.!$+(:
311. y = arcsinx. 312. y = arccosx.
313. y = arctanx. 314. y = arccotx.

315. y = arcsin
1
x

. 316. y = arccos
1
x

.

317. y = arctan
1
x

. 318. y = arcsin(sinx).

319. y = arcsin(cosx). 320. y = arccos(cosx).

321. y = arctan(tan x). 322. y = arcsin(2 sinx).
323. %.! y = arcsin y1 $+(:

(a) y1 = 1 − x

2
; (b) y1 =

2x

1 + x2
;

(c) y1 =
1 − x

1 + x
; (d) y1 = ex.

324.1. %.! y = arctan y1 $+(:

(a) y1 = x2; (b) y1 =
1
x2

;

(c) y1 = ln x; (d) y1 =
1

sin x
.
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324.2. %!#.!$+(:

(a) y = x3 − 3x + 2; (b) y =
x3

(1 − x)(1 + x)2
;

(c) y =
x2

|x|− 1
; (d) y =

√
x(1 − x2);

(e) y = 3 sin
(x

2
+
π

4

)
; (f) y = cot

πx

1 + x2
;

(g) y =
1

1 − 2
x

1−x
; (h) y = lg(x2 − 3x + 2);

(i) y = arcsin
(

3
2
− sin x

)
; (j) y = arctan

(
1

x − 1
+

1
x − 2

+
1

x − 3

)
;

(k) y = logcos x sin x; (l) y = (sin x)cot x.
325. ',.! y = f(x) $+(, %!#.!$+(:

(a) y = −f(x); (b) y = f(−x);
(c) y = −f(−x); (d) y = f(x − x0);
(e) y = y0 + f(x − x0); (f) y = f(2x);
(g) y = f(kx + b) (k (= 0).

326. '

f(x) =

{
1 − |x|, |x| " 1,

0, |x| > 1.

%.!
y =

1
2
(f(x − t) + f(x + t))

( t = 0, t = 1 % t = 2 )$+(.
327. %.!$+(:

(a) y = 2 +
√

1 − x; (b) y = 1 − e−x;
(c) y = ln(1 + x); (d) y = − arcsin(1 + x);
(e) y = 3 + 2 cos 3x.

328. ',.! y = f(x) $+(, %!#.!$+(:

(a) y = |f(x)|; (b) y =
1
2
(|f(x)| + f(x));

(c) y =
1
2
(|f(x)|− f(x)); (d) y = f2(x);

(e) y =
√

f(x); (f) y = ln f(x);
(g) y = f(f(x)); (h) y = sgn f(x);
(i) y = [f(x)].

329.1. '
f(x) = (x − a)(b − x) (a < b),

%!#.!$+(:
(a) y = f(x); (b) y = f2(x);
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(c) y =
1

f(x)
; (d) y =

√
f(x);

(e) y = ef(x); (f) y = lg f(x);
(g) y = arccot f(x).

329.2. " (1) f(x) = x2; (2) f(x) = x3, %!#.!$+(:
(a) y = arcsin(sin f(x)); (b) y = arcsin(cos f(x));
(c) y = arccos(sin f(x)); (d) y = arccos(cos f(x));
(e) y = arctan(tan f(x)).

330. ',.! y = f(x) " y = g(x) $+(, %!#.!$+(:
(a) y = f(x) + g(x); (b) y = f(x)g(x); (c) y = f(g(x)).

&$+($/#, %!#.!$+(:
331. y = 1 + x + ex. 332. y = (x + 1)−2 + (x − 1)−2.
333. y = x + sin x. 334. y = x + arctanx.

335. y = cosx +
1
2

cos 2x +
1
3

cos 3x. 336. y = sin x − 1
3

sin 3x +
1
5

sin 5x.

337. y = sin4 x + cos4 x. 338. y = |1 − x| + |1 + x|.
339. y = |1 − x|− |1 + x|.
340. %*(.!$+(:

(a) y = coshx, && coshx =
1
2
(ex + e−x);

(b) y = sinh x, && sinh x =
1
2
(ex − e−x);

(c) y = tanh x, && tanh x =
sinh x

coshx
.

&$+($'#, %!#.!$+(:
341. y = x sin x. 342. y = x cosx.

343. y = x2 sin2 x. 344. y =
sin x

1 + x2
.

345. y = e−x2
cos 2x. 346. y = x sgn(sin x).

347. y = [x]| sinπx|. 348. y = cosx · sgn(sin x).
349. '

f(x) =

{
1 − |x|, |x| " 1,

0, |x| > 1.

%.! y = f(x)f(a − x) ( (a) a = 0; (b) a = 1; (c) a = 2 )$+(.
350. %.! y = x +

√
x sgn(sinπx) $+(.

%.! y =
1

f(x)
$+(:

351. f(x) = x2(1 − x2). 352. f(x) = x(1 − x)2.
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353. f(x) = sin2 x. 354. f(x) = lnx. 355. f(x) = ex sin x.
356. '

f(u) =






−1, −∞ < u < −1,

u, −1 " u " 1,

1, 1 < u < +∞.

%.#.! y = f(u) $+(, !& u = 2 sinx.
357. '

ϕ(x) =
1
2
(x + |x|), ψ(x) =

{
x, x < 0,

x2, x ! 0.

%!#.!$+(:
(a) y = ϕ(ϕ(x)); (b) y = ϕ(ψ(x));
(c) y = ψ(ϕ(x)); (d) y = ψ(ψ(x)).

358. '

ϕ(x) =

{
1, |x| " 1,

0, |x| > 1,
ψ(x) =

{
2 − x2, |x| " 2,

2, |x| > 2.

%!#.!$+(:
(a) y = ϕ(ϕ(x)); (b) y = ϕ(ψ(x));
(c) y = ψ(ϕ(x)); (d) y = ψ(ψ(x)).

359. $!+""!'( x > 0 $.! f(x) 3/-$!'( x < 0, "",.!!:
(1) ).!; (2) $.!, &%&"#$.!+(:

(a) f(x) = 1 − x; (b) f(x) = 2x − x2;
(c) f(x) =

√
x; (d) f(x) = sin x;

(e) f(x) = ex; (f) f(x) = ln x.
360. #!!#.!$+($:/',$$"!0:

(a) y = ax2 + bx + c; (b) y =
1
x2

+
1

(1 − x)2
;

(c) y =
√

a + x +
√

b − x (0 < a < b); (d) y = a + b cosx.
361. #!!#.!$+($"!&2:

(a) y = ax + b; (b) y =
ax + b

cx + d
;

(c) y = ax3 + bx2 + cx + d; (d) y =
1

x − 1
+

1
x − 2

+
1

x − 3
;

(e) y = 1 + 3
√

x − 2.
362. %.%.!$+(:

(a) y = | sin x|; (b) y = sgn cosx;

(c) y =f(x), !& f(x) = A
x

l

(
2 − x

l

)
, +' 0 " x " 2l " f(x + 2l) ≡f(x);

(d) y = [x] − 2
[x
2

]
;
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(e) y = (x), !' (x) !%! x -"&#!$)(.
363. !!: ".! y = f(x) (−∞ < x < +∞) $+(-":/',$$"!/)

x = a " x = b (b > a) "!, ".! f(x) !.%.!.
364. !!: ".! y = f(x) (−∞ < x < +∞) $+(-""# A(a, y0) "

B(b, y1) (b > a) "!, ".! f(x) $)(.!'.%.!$". ')$, " y0 = y1, "
.! f(x) $.%.!.

365. !!: ".! y = f(x) (−∞ < x < +∞) $+(-"# A(a, y0) "/)
x = b (b (= a) "!, ".! f(x) !.%.!.

366. ' f(x + 1) = 2f(x), !( 0 " x " 1 ) f(x) = x(1 − x), %.! y = f(x)
(−∞ < x < +∞) $+(.

367. ' f(x + π) = f(x) + sin x, !( 0 " x " π ) f(x) = 0. %.! y = f(x)
(−∞ < x < +∞) $+(.

368. %.! y = y(x) $+(:

(a) x = y − y3; (b) x =
1 − y

1 + y2
;

(c) x = y − ln y; (d) x2 = sin y.
369. %&!#$+!&&#($.! y = y(x) $+(:

(a) x = 1 − t, y = 1 − t2; (b) x = t +
1
t
, y = t +

1
t2

;

(c) x = 10 cos t, y = sin t (.&); (d) x = cosh t, y = sinh t (*());
(e) x = 5 cos2 t, y = 3 sin2 t;
(f) x = 2(t − sin t), y = 2(1 − cos t) (());
(g) x = t+1

√
t, y = t

√
t + 1 (t > 0).

370.1. %!#0.!$+(:
(a) x2 − xy + y2 = 1 (.&); (b) x3 + y3 − 3xy = 0 (8'-/&));
(c)

√
x + √

y = 1 ()')); (d) x
2
3 + y

2
3 = 4 (4&));

(e) sinx = sin y; (f) cos(πx2) = cos(πy);
(g) xy = yx (x > 0, y > 0); (h) x − |x| = y − |y|.

370.2. %!#0.!$+(:
(a) min{x, y} = 1; (b) max{x, y} = 1;
(c) max{|x|, |y|} = 1; (d) min{x2, y} = 1.

371.1. $(+1' (r,ϕ) &%&!#.! r = r(ϕ) $+(:

(a) r = ϕ (')*9*)); (b) r =
π

ϕ
(*(*));

(c) r =
ϕ

ϕ+ 1
(0 " ϕ < +∞); (d) r = 2

ϕ
2π ("!*));

(e) r = 2(1 + cosϕ) (21)); (f) r = 10 sin3ϕ (*)+2));
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(g) r2 = 36 cos 2ϕ (4-&*.)); (h) ϕ =
r

r − 1
(r > 1);

(i) ϕ = 2π sin r.
371.2. $(+1' (r,ϕ) &%&!#.!$+(:

(a) ϕ = 4r − r2; (b) ϕ =
12r

1 + r2
; (c) r2 + ϕ2 = 100.

371.3. $(+1' (r,ϕ) &%&&+!'*#($.!$+( (+! t ! 0):

(a)

{
ϕ = t cos2 t,

r = t sin2 t;
(b)






ϕ = 1 − 2−t sin
πt

2
,

r = 1 − 2−t cos
πt

2
.

372. &$.! y = x3 − 3x + 1 $+(&#&"$'* x3 − 3x + 1 = 0.

$+$#"$!#'*:
373. x3 − 4x − 1 = 0. 374. x4 − 4x + 1 = 0.
375. x = 2−x. 376. lg x = 0.1x.
377. 10x = x2. 378. tan x = x (0 " x " 2π).

$+$#"$!#'*$:

379.

{
x + y2 = 1,

16x2 + y = 4.
380.

{
x2 + y2 = 100,

y = 10(x2 − x − 2).

§5. !!#!#

1. !!#""". '#$!"! m " M , ",( x ∈ (a, b) ),

m " f(x) " M,

"!.! f(x) $', (a, b) $!!#$. ! m0 = inf
x∈(a,b)

{f(x)} = max m !!.! f(x) $'

, (a, b) $$!"", $! M0 = sup
x∈(a,b)

{f(x)} = min M !!.! f(x) $', (a, b) $$!"

". $ M0 − m0 !!.!$', (a, b) $$$).

2. !!#$!%#!#. '.! f(x) !+$## X = {x}$, !###& a!(##. )$
lim
x→a

f(x) = A (1)

#(, ""!!!! ε > 0, +#$! δ = δ(ε) > 0, ","""!!" 0 < |x− a| < δ &" f(x)

!#+$!# x, !#"%&"$:

|f(x) − A| < ε.

.!$(# (1) #$$)!!(!"$: ""#!!!# xn → a, xn $= a (xn ∈ X; n =

1, 2, · · · ) +"$%&
lim

n→∞
f(xn) = A.

!"!%!$!$:

(1) lim
x→0

sin x
x

= 1; (2) lim
x→0

(1 + x)
1
x = e.
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!$"!. .! f(x) $# a $(##$$)!!(!"!: ""#!! ε > 0, +#$
δ = δ(ε) > 0, ",$(

0 < |x′ − a| < δ ! 0 < |x′′ − a| < δ,

9!
|f(x′) − f(x′′)| < ε,

!& x′ " x′′ #".! f(x) $!+(.

3. "%!#. """!! ε > 0 +#$ δ = δ(ε) > 0, ",
( 0 < a − x < δ(ε) ), ! |A′ − f(x)| < ε,

"!! A′ !.! f(x) $# a $$!$:

A′ = lim
x→a−0

f(x) = f(a − 0).

##&, """!! ε > 0 +#$ δ = δ(ε) > 0, ",
( 0 < x − a < δ(ε) ), ! |A′′ − f(x)| < ε,

"!! A′′ !.!f(x) $# a $$!$:

A′′ = lim
x→a+0

f(x) = f(a + 0).

.! f(x) $# a $(##$$)!!(!"!: f(a − 0) = f(a + 0).

4. #!!#. 2!)$
lim
x→a

f(x) = ∞
#(, ""!!$ E > 0, +#$ δ = δ(E) > 0, ",

$( 0 < |x − a| < δ(E), "! |f(x)| > E.

5. !"!#. """!!# xn → a (xn $= a) "$%&
lim

n→∞
f(xn) = B,

"!! B (!&$ ∞) !.! f(x) $# a $#!!$ (!#$!"$$).

#'&#(#&""$"""$$
lim
x→a

f(x) " lim
x→a

f(x)

'#(, !)!!.! f(x) $# a $!!$"!!$.

%&

lim
x→a

f(x) = lim
x→a

f(x)

!.! f(x) $# a ! (!#$!"$$) (#$)!!(!".

381. !!: .! 1©

f(x) =





n, x =

m

n
(m " n !*%$#!, ! n > 0),

0, x !"!!
$#!# x !!#$, /&"!#$ (!$##$!!$(&$"#$).

382. ".! f(x) $ (a) (',, (b) 0',$#!#!!+!;5!#, "!.!
$#(',!0',$$*!!#$? 1&"#$+&.

383. !!: .! f(x) =
1 + x2

1 + x4
$', −∞ < x < +∞ $$!#$.

1©!!1+.!, 0$) 607, 736. —— )'
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384. !!: .! f(x) =
1
x

cos
1
x

$# x = 0 $!!$($$"#$, /$ x → 0
)""!"$".

385. -4.! f(x) = ln x · sin2 π

x
$', 0 < x < ε $$!#(.

386. !!: .!
f(x) =

x

1 + x
$'( 0 " x < +∞ $!!## m = 0 "$## M = 1.

387. '.! f(x) $0', [a, b] $!!+!$.$6, "!$!',$$!##
"$##%"-&?

"!#.!$'!',$$!##"$##:

388. f(x) = x2, [−2, 5]. 389. f(x) =
1

1 + x2
, (−∞, +∞).

390. f(x) =
2x

1 + x2
, (0, +∞). 391. f(x) = x +

1
x

, (0, +∞).

392. f(x) = sin x, (0, +∞). 393. f(x) = sin x + cosx, [0, 2π].
394. f(x) = 2x, (−1, 2).
395. f(x) = [x], (a) (0, 2); (b) [0, 2].
396. f(x) = x − [x], [0, 1].
397. ".! f(x) = x2 $!#',$$3.:

(a) (1, 3); (b) (1.9, 2.1); (c) (1.99, 2.01); (d) (1.999, 2.001).

398. ".! f(x) = arctan
1
x

$!#',$$3.:

(a) (−1, 1); (b) (−0.1, 0.1); (c) (−0.01, 0.01); (d) (−0.001, 0.001).
399. ' m[f ] " M [f ] !)!.! f(x) $', (a, b) $$!##"$##. !!:

" f1(x) " f2(x) !!+" (a, b) $.!, "
m[f1 + f2] ! m[f1] + m[f2], M [f1 + f2] " M [f1] + M [f2].

1&.! f1(x) " f2(x) $+&, "$."!-'&!: (a) %&, (b) "%&.
400.'.! f(x) !+"', [a, +∞), !$#!!0', [a, b] $+$!#$. ,

m(x) = inf
a!ξ!x

f(ξ), M(x) = sup
a!ξ!x

f(ξ).

%.! y = m(x) " y = M(x) $+(, '
(a) f(x) = sin x; (b) f(x) = cosx.

401. &$ “ε–δ” -,!!:
lim
x→2

x2 = 4.

(!#:

ε 0.1 0.01 0.001 0.0001 · · ·
δ
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402. & “E–δ” -,!!:
lim
x→1

1
(1 − x)2

= +∞.

(!#:

E 10 100 1000 10000 · · ·
δ

403. &$"%&#(!#.&:
(a) lim

x→a
f(x) = b; (b) lim

x→a−0
f(x) = b; (c) lim

x→a+0
f(x) = b.

1&*($+&.

&$"%&#(!#.&, &1&"#$+&:
404. (a) lim

x→∞
f(x) = b; (b) lim

x→−∞
f(x) = b; (c) lim

x→+∞
f(x) = b.

405. (a) lim
x→a

f(x) = ∞; (b) lim
x→a

f(x) = −∞; (c) lim
x→a

f(x) = +∞;

(d) lim
x→a−0

f(x) = ∞; (e) lim
x→a−0

f(x) = −∞; (f) lim
x→a−0

f(x) = +∞;

(g) lim
x→a+0

f(x) = ∞; (h) lim
x→a+0

f(x) = −∞; (i) lim
x→a+0

f(x) = +∞.

406. (a) lim
x→∞

f(x) = ∞; (b) lim
x→∞

f(x) = −∞; (c) lim
x→∞

f(x) = +∞;

(d) lim
x→−∞

f(x) = ∞; (e) lim
x→−∞

f(x) = −∞; (f) lim
x→−∞

f(x) = +∞;

(g) lim
x→+∞

f(x) = ∞; (h) lim
x→+∞

f(x) = −∞; (i) lim
x→+∞

f(x) = +∞.

407. ' y = f(x). &$"%&#(!#.&:
(a) ( x → a ) y → b − 0; (b) ( x → a − 0 ) y → b − 0;
(c) ( x → a + 0 ) y → b − 0; (d) ( x → a ) y → b + 0;
(e) ( x → a − 0 ) y → b + 0; (f) ( x → a + 0 ) y → b + 0;
(g) ( x → ∞ ) y → b − 0; (h) ( x → −∞ ) y → b − 0;
(i) ( x → +∞ ) y → b − 0; (j) ( x → ∞ ) y → b + 0;
(k) ( x → −∞ ) y → b + 0; (l) ( x → +∞ ) y → b + 0.

1&*($+&.
408. '

P (x) = a0x
n + a1x

n−1 + · · · + an,

&& ai (i = 0, 1, · · · , n; n ! 1, a0 (= 0) !%!. !!:
lim

x→∞
|P (x)| = +∞.

409. '
R(x) =

a0xn + a1xn−1 + · · · + an

b0xm + b1xm−1 + · · · + bm
,

&& a0 (= 0, b0 (= 0. !!:
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lim
x→∞

|R(x)| =






∞, n > m,

a0

b0
, n = m,

0, n < m.

410. ' R(x) =
P (x)
Q(x)

, && P (x) " Q(x) ! x $*&&, ! P (a) = Q(a) = 0.

#&&
lim
x→a

P (x)
Q(x)

!%&!%?

"!#&&*%:

411. (a) lim
x→0

x2 − 1
2x2 − x − 1

; (b) lim
x→1

x2 − 1
2x2 − x − 1

; (c) lim
x→∞

x2 − 1
2x2 − x − 1

.

412. lim
x→0

(1 + x)(1 + 2x)(1 + 3x) − 1
x

.

413. lim
x→0

(1 + x)5 − (1 + 5x)
x2 + x5

.

414. lim
x→0

(1 + mx)n − (1 + nx)m

x2
(m ' n !"#!).

415. lim
x→∞

(x − 1)(x − 2)(x − 3)(x − 4)(x − 5)
(5x − 1)5

.

416. lim
x→∞

(2x − 3)20(3x + 2)30

(2x + 1)50
. 417. lim

x→∞

(x + 1)(x2 + 1) · · · (xn + 1)
[(nx)n + 1]

n+1
2

.

418. lim
x→3

x2 − 5x + 6
x2 − 8x + 15

. 419. lim
x→1

x3 − 3x + 2
x4 − 4x + 3

.

420. lim
x→1

x4 − 3x + 2
x5 − 4x + 3

. 421. lim
x→2

x3 − 2x2 − 4x + 8
x4 − 8x2 + 16

.

422. lim
x→−1

x3 − 2x − 1
x5 − 2x − 1

. 423. lim
x→2

(x2 − x − 2)20

(x3 − 12x + 16)10
.

424. (a) lim
x→1

x + x2 + · · · + xn − n

x − 1
; (b) lim

x→1

x100 − 2x + 1
x50 − 2x + 1

.

425. lim
x→1

xm − 1
xn − 1

(m " n !"#!).

426. lim
x→a

(xn − an) − nan−1(x − a)
(x − a)2

(n !"#!).

427. lim
x→1

xn+1 − (n + 1)x + n

(x − 1)2
(n !"#!).

428. lim
x→1

(
m

1 − xm
− n

1 − xn

)
(m " n !"#!).

429. lim
n→∞

1
n

[(
x +

a

n

)
+
(

x +
2a

n

)
+ · · · +

(
x +

(n − 1)a
n

)]
.
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430. lim
n→∞

1
n

[(
x +

a

n

)2
+
(

x +
2a

n

)2

+ · · · +
(

x +
(n − 1)a

n

)2
]
.

!$: +($) 2.

431. lim
n→∞

12 + 32 + · · · + (2n − 1)2

22 + 42 + · · · + (2n)2
.

432. lim
n→∞

(
13 + 23 + · · · + n3

n3
− n

4

)
.

+ 3

!$: +($) 3.

433. lim
n→∞

13 + 43 + 73 + · · · + (3n − 2)3

[1 + 4 + 7 + · · · + (3n − 2)]2
.

434. $%)') y = b
(x

a

)2
, Ox 0%/) x = a "&

"$('*2& OAM (+ 3) $"#, (%& a

n
!0$&$

3+&"#*"( n → ∞ )$(#%, "!"#.

"(#:

435. lim
x→+∞

√
x +

√
x +

√
x

√
x + 1

. 436. lim
x→+∞

√
x + 3

√
x + 4

√
x√

2x + 1
.

437. lim
x→4

√
1 + 2x − 3√

x − 2
. 438. lim

x→−8

√
1 − x − 3
2 + 3

√
x

.

439. lim
x→a

√
x −

√
a +

√
x − a√

x2 − a2
. 440. lim

x→3

√
x + 13 − 2

√
x + 1

x2 − 9
.

441. lim
x→−2

3
√

x − 6 + 2
x3 + 8

. 442. lim
x→16

4
√

x − 2√
x − 4

.

443. lim
x→8

√
9 + 2x − 5

3
√

x − 2
. 444. lim

x→0

n
√

1 + x − 1
x

(n !"%#!).

445. lim
x→0

√
1 − 2x − x2 − (1 + x)

x
. 446. lim

x→0

3
√

8 + 3x − x2 − 2
x + x2

.

447. lim
x→0

3
√

27 + x − 3
√

27 − x

x + 2 3
√

x4
. 448. lim

x→0

√
1 + x −

√
1 − x

3
√

1 + x − 3
√

1 − x
.

449. lim
x→7

√
x + 2 − 3

√
x + 20

4
√

x + 9 − 2
. 450. lim

x→0

3√
1 +

x

3
−

4√
1 +

x

4

1 −
√

1 − x

2

.

451. lim
x→0

x2

5
√

1 + 5x − (1 + x)
.

452. lim
x→0

m
√

1 + αx − n
√

1 + βx

x
(m % n !#!).
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453. lim
x→0

m
√

1 + αx n
√

1 + βx − 1
x

(m % n !#!).

454. ' P (x) = a1x + a2x2 + · · · + anxn ! m !#!, "!:

lim
x→0

m
√

1 + p(x) − 1
x

=
a1

m
.

"!#(#:

455.1. lim
x→1

m
√

x − 1
n
√

x − 1
(m % n !#!). 455.2. lim

x→1

(
3

1 −
√

x
− 2

1 − 3
√

x

)
.

456. lim
x→1

(1 −
√

x)(1 − 3
√

x) · · · (1 − n
√

x)
(1 − x)n−1

.

457. lim
x→+∞

[√
(x + a)(x + b) − x

]
. 458. lim

x→+∞

(√
x +

√
x +

√
x −

√
x

)
.

459. lim
x→+∞

x
(√

x2 + 2x − 2
√

x2 + x + x
)
.

460. lim
x→+0





√√√√1
x

+

√
1
x

+
√

1
x
−

√√√√ 1
x
−

√
1
x

+
√

1
x



.

461. lim
x→∞

(
3
√

x3 + x2 + 1 − 3
√

x3 − x2 + 1
)
.

462. lim
x→+∞

(
3
√

x3 + 3x2 −
√

x2 − 2x
)
.

463. lim
x→∞

x
1
3

[
(x + 1) 2

3 − (x − 1) 2
3

]
.

464. lim
x→+∞

x
3
2
(√

x + 2 − 2
√

x + 1 +
√

x
)
.

465. lim
x→+∞

[
n
√

(x + a1) · · · (x + an) − x
]
.

466. lim
x→+∞

(
x −

√
x2 − 1

)n
+
(
x +

√
x2 − 1

)n

xn
(n !"#!).

467. lim
x→0

(√
1 + x2 + x

)n −
(√

1 + x2 − x
)n

x
(n !"#!).

468. ',)'* ax2 + bx + c = 0 $'! a &"%, '! b ' c !#!, ! b (= 0,
+-4!,)'**,) x1 % x2 $((.

469. %!"
lim

x→∞

(
x2 + 1
x + 1

− ax − b

)
= 0

"#! a " b.
470. %!"

lim
x→−∞

(√
x2 − x + 1 − a1x − b1

)
= 0,

lim
x→+∞

(√
x2 − x + 1 − a2x − b2

)
= 0

"#! ai " bi (i = 1, 2).
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"!#(#:

471. lim
x→0

sin 5x

x
. 472. lim

x→∞

sin x

x
.

473. lim
x→π

sinmx

sinnx
(m % n !#!).

474. (a) lim
x→0

1 − cosx

x2
; (b) lim

x→0

tan x

x
; (c) lim

x→0
x cot 3x.

475. lim
x→0

tanx − sin x

sin3 x
. 476. lim

x→0

sin 5x − sin 3x

sin x
.

477. lim
x→0

cosx − cos 3x

x2
. 478. lim

x→0

1 + sinx − cosx

1 + sin px − cos px
.

479. lim
x→ π

4

tan 2x tan
(π

4
− x
)
. 480. lim

x→1
(1 − x) tan

πx

2
.

481. !!%&:
(a) lim

x→a
sin x = sin a; (b) lim

x→a
cosx = cos a;

(c) lim
x→a

tan x = tan a

(
a (= 2n − 1

2
π; n = 0,±1,±2, · · ·

)
.

"!#(#:

482. lim
x→a

sin x − sin a

x − a
. 483. lim

x→a

cosx − cos a

x − a
.

484. lim
x→a

tan x − tan a

x − a
. 485. lim

x→a

cotx − cota

x − a
.

486. lim
x→a

sec x − sec a

x − a
. 487. lim

x→a

csc x − csc a

x − a
.

488. lim
x→0

sin(a + 2x) − 2 sin(a + x) + sin a

x2
.

489. lim
x→0

cos(a + 2x) − 2 cos(a + x) + cos a

x2
.

490. lim
x→0

tan(a + 2x) − 2 tan(a + x) + tan a

x2
.

491. lim
x→0

cot(a + 2x) − 2 cot(a + x) + cot a

x2
.

492. lim
x→0

sin(a + x) sin(a + 2x) − sin2 a

x
.

493. lim
x→ π

6

2 sin2 x + sinx − 1
2 sin2 x − 3 sinx + 1

. 494. lim
x→0

1 − cosx cos 2x cos 3x

1 − cosx
.

495. lim
x→ π

3

sin
(
x − π

3

)

1 − 2 cosx
. 496. lim

x→ π
3

tan3 x − 3 tanx

cos
(
x +
π

6

) .

497. lim
x→0

tan(a + x) tan(a − x) − tan2 a

x2
.
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498. lim
x→ π

4

1 − cot3 x

2 − cotx − cot3 x
. 499. lim

x→0

√
1 + tan x −

√
1 + sinx

x3
.

500. lim
x→0

x2

√
1 + x sin x −

√
cosx

. 501. lim
x→0

√
cosx − 3

√
cosx

sin2 x
.

502. lim
x→0

√
1 − cosx2

1 − cosx
. 503. lim

x→0

1 −
√

cosx

1 − cos
√

x
.

504. lim
x→0

1 − cosx
√

cos 2x 3
√

cos 3x

x2
. 505. lim

x→+∞

(
sin

√
x + 1 − sin

√
x
)
.

506. (a) lim
x→0

(
1 + x

2 + x

) 1−
√

x
1−x

; (b) lim
x→1

(
1 + x

2 + x

) 1−
√

x
1−x

; (c) lim
x→+∞

(
1 + x

2 + x

) 1−
√

x
1−x

.

507. lim
x→∞

(
x + 2
2x − 1

)x2

. 508. lim
x→∞

(
3x2 − x + 1
2x2 + x + 1

) x3
1−x

.

509. lim
n→∞

(
sinn 2nπ

3n + 1

)
. 510. lim

x→ π
4+0

[
tan

(π
8

+ x
)]tan 2x

.

511. lim
x→∞

(
x2 − 1
x2 + 1

) x−1
x+1

. 512. lim
x→∞

(
x2 + 1
x2 − 2

)x2

.

513. lim
x→∞

(
x2 + 2x − 1
2x2 − 3x − 2

) 1
x

. 514. lim
x→0

x
√

1 − 2x.

515. lim
x→∞

(
x + a

x − a

)x

. 516. lim
x→+∞

(
a1x + b1

a2x + b2

)x

(a1 > 0, a2 > 0).

517. lim
x→0

(
1 + x2

)cot2 x. 518. lim
x→1

(1 + sinπx)cot πx.

519. (a) lim
x→0

(
1 + tan x

1 + sinx

) 1
sin x

; (b) lim
x→0

(
1 + tan x

1 + sinx

) 1
sin3 x

.

520. lim
x→a

(
sinx

sina

) 1
x−a

. 521. lim
x→0

( cosx

cos 2x

) 1
x2

.

522. lim
x→ π

4

(tan x)tan 2x. 523. lim
x→ π

2

(sin x)tan x.

524. lim
x→0

[
tan

(π
4
− x
)]cotx

. 525. lim
x→∞

(
sin

1
x

+ cos
1
x

)x

.

526. lim
x→0

x
√

cos
√

x 527. lim
n→∞

(
n + x

n − 1

)n

.

528. lim
n→∞

cosn x√
n

. 529. lim
x→0

ln(1 + x)
x

.

530. lim
x→+∞

x[ln(x + 1) − ln x]. 531. lim
x→a

ln x − ln a

x − a
(a > 0).
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532. lim
x→+∞

[sin ln(x + 1) − sin lnx]. 533. lim
x→+∞

ln(x2 − x + 1)
ln(x10 + x + 1)

.

534. lim
x→∞

(
lg

100 + x2

1 + 100x2

)
. 535. lim

x→+∞

ln(2 + e3x)
ln(3 + e2x)

.

536. lim
x→+∞

ln(1 +
√

x + 3
√

x)
ln(1 + 3

√
x + 4

√
x)

.

537. lim
h→0

log(x + h) + log(x − h) − 2 logx

h2
(x > 0).

538. lim
x→0

ln tan
(π

4
+ ax

)

sin bx
. 539. lim

x→0

ln cos ax

ln cos bx
.

540. (a) lim
x→0

(
ln

nx +
√

1 − n2x2

x +
√

1 − x2

)
; (b) lim

x→0

ln(nx +
√

1 − n2x2)
ln(x +

√
1 − x2)

.

541. lim
x→0

ax − 1
x

(a > 0). 542. lim
x→a

ax − xa

x − a
(a > 0).

543. lim
x→a

xx − aa

x − a
(a > 0). 544. lim

x→0
(x + ex) 1

x .

545. (a) lim
x→0

(
1 + x · 2x

1 + x · 3x

) 1
x2

; (b) lim
x→0

(
1 + sinx cosαx

1 + sinx cosβx

)cot3 x

;

(c) lim
x→1

sin(πxα)
sin(πxβ)

; (d) lim
x→1

sin2(π · 2x)
ln cos(π · 2x)

.

546. lim
n→∞

tann

(
π

4
+

1
n

)
. 547. lim

x→0

eαx − eβx

sinαx − sinβx
.

548. lim
x→a

xα − aα

xβ − aβ
(a > 0). 549. lim

x→b

ax − ab

x − b
(a > 0).

550. lim
h→0

ax+h + ax−h − 2ax

h2
(a > 0). 551. lim

x→∞

(x + a)x+a(x + b)x+b

(x + a + b)2x+a+b
.

552. lim
n→∞

n( n
√

x − 1) (x > 0). 553. lim
n→∞

n2( n
√

x − n+1
√

x) (x > 0).

554. lim
n→∞

(
a − 1 + n

√
b

a

)n

(a > 0, b > 0).

555. lim
n→∞

(
n
√

a + n
√

b

2

)n

(a > 0, b > 0).

556. lim
x→0

(
ax + bx + cx

3

) 1
x

(a > 0, b > 0, c > 0).

557. lim
x→0

(
ax+1 + bx+1 + cx+1

a + b + c

) 1
x

(a > 0, b > 0, c > 0)
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558. lim
x→0

(
ax2

+ bx2

ax + bx

) 1
x

(a > 0, b > 0).

559. lim
x→0

ax2 − bx2

(ax − bx)2
(a > 0, b > 0). 560. lim

x→a

aax − axa

ax − xa
(a > 0).

561. (a) lim
x→−∞

ln(1 + 3x)
ln(1 + 2x)

; (b) lim
x→+∞

ln(1 + 3x)
ln(1 + 2x)

.

562. lim
x→+∞

ln(1 + 2x) ln
(

1 +
3
x

)
. 563. lim

x→1
(1 − x) logx 2.

564. !!:

lim
x→+∞

xn

ax
= 0 (a > 1, n > 0).

565. !!:

lim
x→+∞

loga x

xε
= 0 (a > 1, ε > 0).

!!!!":

566. (a) lim
x→0

ln(x2 + ex)
ln(x4 + e2x)

; (b) lim
x→+∞

ln(x2 + ex)
ln(x4 + e2x)

.

567. lim
x→0

ln(1 + xex)
ln(x +

√
1 + x2)

.

568. lim
x→+∞

[(x + 2) ln(x + 2) − 2(x + 1) ln(x + 1) + x ln x].

569. lim
x→+0



ln(x ln a) · ln



 ln ax

ln
x

a







 (a > 1).

570. lim
x→+∞

(
ln

x +
√

x2 + 1
x +

√
x2 − 1

· ln−2 x + 1
x − 1

)
.

571. lim
x→0

√
1 + x sin x − 1

ex2 − 1
. 572. lim

x→0

cos(xex) − cos(xe−x)
x3

.

573. lim
x→0

(
2e

x
x+1 − 1

)x2+1
x . 574. lim

x→1
(2 − x)sec πx2 .

575. lim
x→ π

2

1 − sinα+β x√
(1 − sinα x) (1 − sinβ x)

(α > 0, β > 0).

576. (a) lim
x→0

sinh x

x
; (b) lim

x→0

coshx − 1
x2

; (c) lim
x→0

tanh x

x
(!!#! 340).

577. (a) lim
x→0

sinh2 x

ln cosh 3x
(!!#! 340); (b) lim

x→+∞

sinh
√

x2 + x − sinh
√

x2 − x

coshx
.

578. (a) lim
x→a

sinh x − sinha

x − a
; (b) lim

x→a

cosh x − cosh a

x − a
; (c) lim

x→0

ln cosh x

ln cosx
.

579. (a) lim
x→+∞

(x − ln coshx); (b) lim
x→0

esin 2x − esin x

tanh x
.
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580. lim
n→∞




cosh

π

n

cos
π

n





n2

. 581. lim
x→∞

arcsin
1 − x

1 + x
.

582. lim
x→+∞

arccos
(√

x2 + x − x
)
. 583. lim

x→2
arctan

x − 4
(x − 2)2

.

584. lim
x→−∞

arccot
x√

1 + x2
. 585. lim

h→0

arctan(x + h) − arctanx

h
.

586. lim
x→0

ln
1 + x

1 − x
arctan(1 + x) − arctan(1 − x)

.

587. lim
n→∞

[
n arctan

1
n(x2 + 1) + x

· tann
(π

4
+

x

2n

)]
.

588. lim
x→∞

x

(
π

4
− arctan

x

x + 1

)
. 589. lim

x→+∞
x

(
π

2
− arcsin

x√
x2 + 1

)
.

590. lim
n→∞

[
1 +

(−1)n

n

]csc(π√1+n2)
.

591. (a) lim
x→0

1
x100

e−
1

x2 ; (b) lim
x→+0

x ln x.

592. (a) lim
x→−∞

(√
x2 + x − x

)
; (b) lim

x→+∞

(√
x2 + x − x

)
.

593. (a) lim
x→−∞

(√
1 + x + x2 −

√
1 − x + x2

)
;

(b) lim
x→+∞

(√
1 + x + x2 −

√
1 − x + x2

)
.

594. ! f(x) = ln
x +

√
x2 + a2

x +
√

x2 + b2
, ! h = lim

x→+∞
f(x) − lim

x→−∞
f(x).

595. (a) lim
x→1−0

arctan
1

1 − x
; (b) lim

x→1+0
arctan

1
1 − x

.

596. (a) lim
x→−0

1
1 + e 1

x

; (b) lim
x→+0

1
1 + e 1

x

.

597. (a) lim
x→−∞

ln(1 + ex)
x

; (b) lim
x→+∞

ln(1 + ex)
x

.

598. !!:
(a) ! x → −∞ ",

2x

1 + x
→ 2 + 0;

(b) ! x → +∞ ",
2x

1 + x
→ 2 − 0.

599. !!:
(a) ! x → −0 ", 2x → 1 − 0;
(b) ! x → +0 ", 2x → 1 + 0.

600. ! f(x) = x + [x2], ! f(1), f(1 − 0), f(1 + 0).
601. ! f(x) = sgn(sinπx), ! f(n), f(n − 0), f(n + 0) (n = 0,±1, · · · ).
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!!!!":

602. lim
x→0

x

√
cos

1
x

. 603. lim
x→0

x

[
1
x

]
.

604. lim
n→∞

sin(π
√

n2 + 1). 605. lim
n→∞

sin2(π
√

n2 + n).

606. lim
n→∞

sin sin · · · sin︸ ︷︷ ︸
n !

x.

607. ! lim
x→a

ϕ(x) = A " lim
x→A

ψ(x) = B, !!""!"!
lim
x→a

ψ(ϕ(x)) = B?

!!!!:

ϕ(x) =






1
q
, x =

p

q
(p, q #!!""$, q > 0),

0, x !""$,
ψ(x) =

{
1, x %= 0,

0, x = 0,

"" x → 0.
608. !!###": !!$ f(x) #!"## (a, +∞), """""!#"##

(a, b) !##"", !

(a) lim
x→+∞

f(x)
x

= lim
x→+∞

[f(x + 1) − f(x)];

(b) lim
x→+∞

[f(x)] 1
x = lim

x→+∞

f(x + 1)
f(x)

(f(x) ! C > 0),

$#$%$%"!"&#".
609. !!: ! (1) !$ f(x) #!"#% x > a; (2) f(x) """!#"#%

a < x < b !##""; (3) lim
x→+∞

[f(x + 1) − f(x)] = ±∞, !

lim
x→+∞

f(x)
x

= ±∞.

610. !!: ! (1) !$ f(x) #!"#% x > a; (2) f(x) """!#"#%
a < x < b !##""; (3) '""#"$ n, #"#""""$"!"

lim
x→+∞

f(x + 1) − f(x)
xn

= l,

!
lim

x→+∞

f(x)
xn+1

=
l

n + 1
.

611. !!:
(a) lim

n→∞

(
1 +

x

n

)n
= ex;

(b) lim
n→∞

(
1 + x +

x2

2!
+ · · · + xn

n!

)
= ex.

612. !!:
lim

n→∞
n sin(2πen!) = 2π.

!!: #&#! 72 ""% (∗).
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"!!!$"#$:
613. (a) y = 1 − x100; (b) y = lim

n→∞
(1 − x2n) (−1 " x " 1).

614. (a) y =
x100

1 + x100
(x ! 0); (b) y = lim

n→∞

xn

1 + xn
(x ! 0).

615. y = lim
n→∞

xn − x−n

xn + x−n
(x %= 0). 616. y = lim

n→∞

√
x2 +

1
n2

.

617. y = lim
n→∞

n
√

1 + xn (x ! 0). 618. y = lim
n→∞

n
√

1 + xn +
(

x2

2

)n

(x ! 0).

619. y = lim
n→∞

xn+2

√
22n + x2n

(x ! 0).

620. (a) y = sin1000 x; (b) y = lim
n→∞

sin2n x.

621. y = lim
n→∞

ln(2n + xn)
n

(x ! 0). 622. y = lim
n→∞

(x − 1) arctanxn.

623. y = lim
n→∞

n
√

1 + en(x+1).

624. (a) y = lim
t→+∞

x + etx

1 + etx
; (b) y = lim

t→x

1
t − x

ln
t

x
(x > 0).

625. (a) y = lim
n→∞

x tan2n πx

4
+
√

x

tan2n πx

4
+ 1

(x ! 0);

(b) y = lim
n→∞

x sgn | sin2(n!πx)|;

(c) "%% lim
n→∞

n
√
|x|n + |y|n = 1.

626. !

lim
x→∞

[f(x) − (kx + b)] = 0,

!$% y = kx + b "!%% y = f(x) " (") !!!. #&""#"!%#%#""$
###$&.

627. !!!%%"%#%""!#$:

(a) y =
x3

x2 + x − 2
; (b) y =

√
x2 + x; (c) y = 3

√
x2 − x3;

(d) y =
xex

ex − 1
; (e) y = ln(1 + ex); (f) y = x + arccos

1
x

.

!!!!":

628. lim
n→∞

[
xn+1

(n + 1)!
+

xn+2

(n + 2)!
+ · · · + x2n

(2n)!

]
.

629. lim
n→∞

[(1 + x)(1 + x2)(1 + x4) · · · (1 + x2n)] (|x| < 1).

630. lim
n→∞

(
cos

x

2
cos

x

4
· · · cos

x

2n

)
.
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631. !
lim
x→0

ϕ(x)
ψ(x)

= 1,

!% ψ(x) > 0, #!! n → ∞ " αmn ⇒ 0 (m = 1, 2, · · · , n), ##&, '""$ ε > 0,
#"#"$ N(ε), ! m = 1, 2, · · · , n " n > N(ε) " 0 < |αmn| < ε. !!:

lim
n→∞

[ϕ(α1n) + ϕ(α2n) + · · · + ϕ(αnn)] = lim
n→∞

[ψ(α1n) + ψ(α2n) + · · · + ψ(αnn)], (1)

"$$#$% (1) $%"!"#".

#&#&#", !:

632. lim
n→∞

n∑

k=1

(
3√
1 +

k

n2
− 1

)
. 633. lim

n→∞

n∑

k=1

(
sin

ka

n2

)
.

634. lim
n→∞

n∑

k=1

(
a

k
n2 − 1

)
(a > 0). 635. lim

n→∞

n∏

k=1

(
1 +

k

n2

)
.

636. lim
n→∞

n∏

k=1

cos
ka

n
√

n
.

637.1. $! xn !$%

x1 =
√

a, x2 =
√

a +
√

a, x3 =

√
a +

√
a +

√
a, · · · (a > 0)

#!, ! lim
n→∞

xn.

637.2. $! xn !!&"%#!:
x1 = 0, x2 = 1, xn =

1
2
(xn−1 + xn−2) (n = 3, 4, · · · ).

! lim
n→∞

xn.

637.3. $! yn $'"$! xn !!&"&%#!:
y0 = x0, yn = xn − αxn−1 (n = 1, 2, · · · ),

!% |α| < 1. ! lim
n→∞

yn = b, ! lim
n→∞

xn.

637.4. $! xn !!&"%#!:
x0 = 1, xn =

1
1 + xn−1

(n = 1, 2, · · · ).

! lim
n→∞

xn.

!!: !" xn '"# x =
1

1 + x
"$&%.

638. !$$!
yn = yn(x) (0 " x " 1)

&%!"%$#:

(a) y1 =
x

2
, yn =

x

2
−

y2
n−1

2
(n = 2, 3, · · · );

(b) y1 =
x

2
, yn =

x

2
+

y2
n−1

2
(n = 2, 3, · · · ).

! lim
n→∞

yn.
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639.1.! x > 0 " yn = yn−1(2−xyn−1) (n = 1, 2, · · · ). !!: ! yi > 0 (i = 0, 1),
!$! yn '$"

lim
n→∞

yn =
1
x

.

!!: !!% 1
x
− yn.

639.2. !#! y =
√

x, !% x > 0, $&%!%(: y0 > 0 #"$",

yn =
1
2

(
yn−1 +

x

yn−1

)
(n = 1, 2, · · · ).

!!: lim
n→∞

yn =
√

x.

!!: #&"%
yn −

√
x

yn +
√

x
=
(

yn−1 −
√

x

yn−1 +
√

x

)2

(n ! 1).

640. !#!$"%"#
x − ε sinx = m (0 < ε < 1) (1)

"#"%, $!
x0 = m, x1 = m + ε sinx0, · · · , xn = m + ε sinxn−1, · · ·

(!!"!!). !!: #" ξ = lim
n→∞

xn, "$ ξ !"# (1) "$""$.

641. ! ωh(f) !!$ f(x) "## |x − ξ| " h (h > 0) #")$, !$
ω0(f) = lim

h→0
ωh(f)

"!!" f(x) ! ξ !""".
! f(x) = 0, %" x %= 0 " f(x) !!!!$, ! f(x) "( x = 0 ")$:

(a) f(x) = sin
1
x

; (b) f(x) =
1
x2

cos2
1
x

;

(c) f(x) = x

(
2 + sin

1
x

)
; (d) f(x) =

1
π

arctan
1
x

;

(e) f(x) =
| sin x|

x
; (f) f(x) =

1
1 + e 1

x

;

(g) f(x) = (1 + |x|) 1
x .

642. !

f(x) = sin
1
x

,

!!: '"$#$&−1 " α " 1 ""#$α, "%%!$! xn → 0 (n = 1, 2, · · · ),()
lim

n→∞
f(xn) = α.

643. ! l = lim
x→0

f(x) $ L = lim
x→0

f(x):

(a) f(x) = sin2 1
x

+
2
π

arctan
1
x

; (b) f(x) = (2 − x2) cos
1
x

;
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(c) f(x) =
(

1 + cos2
1
x

)sec2 1
x

.

644. ! l = lim
x→∞

f(x) $ L = lim
x→∞

f(x):

(a) f(x) = sin x; (b) f(x) = x2 cos2 x;

(c) f(x) = 2sin x2
; (d) f(x) =

x

1 + x2 sin2 x
(x ! 0).

§6. "" O

1. '%
! x ∈ X " ϕ(x) = O(ψ(x))

&): #"&$ A, ()

! x ∈ X " |ϕ(x)| " A|ψ(x)|. (1)

!"( a (x "= a) ""!%% Ua !'$% (1) '&, '"*"&!
! x → a " ϕ(x) = O(ψ(x)). (2)

%(*, !! x ∈ Ua (x "= a) " ψ(x) "= 0, !*##"#"" lim
x→a

ϕ(x)
ψ(x)

"= 0, "&% (2) &'

&'&. "$+&'!, %#&!
ϕ(x) = O∗(ψ(x)).

!

lim
x→0

ϕ(x)
xp

= k "= 0 (p > 0),

!" ϕ(x) !"""$(( x " p "!!!!. '"*, !

lim
x→∞

ψ(x)
xp

= k "= 0 (p > 0),

!" ψ(x) !"""$%( x " p "!!!!.

2. '%
! x → a " ϕ(x) = o(ψ(x))

&)
ϕ(x) = α(x)ψ(x) (x ∈ Ua, x "= a), (3)

!%! x → a " α(x) → 0. !! x ∈ Ua, x "= a " ψ(x) "= 0, !$% (3) $("

lim
x→a

ϕ(x)

ψ(x)
= 0.

3. !
! x → a " ϕ(x) − ψ(x) = o(ψ(x)), (4)

!"!$ ϕ(x) ' ψ(x) ! x → a "##"",)
ϕ(x) ∼ ψ(x).

!! x ∈ Ua, x "= a " ψ(x) "= 0, !! (4) #

lim
x→a

ϕ(x)
ψ(x)

= 1.
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! x → 0 "'&!!$("&:

sin x ∼ x; tan x ∼ x; ax − 1 ∼ x ln a (a > 0);

ln(1 + x) ∼ x; n
√

1 + x − 1 ∼ x
n

.

""%#, ϕ(x) + o(ϕ(x)) ∼ ϕ(x).

"*#! x → a")!"$( (""$%) !$&)"!"", "&$(!$&#$#!$.

# 4

645. '!%)' AOB = x (# 4) # 1 ("$((, !!!%
"$(("(:

(a) ( AB;
(b) &' CD;
(c) (' AOB "$$;
(d) )'' ABC "$$;
(e) '' ABB1A1 "$$;
(f) (' ABC "$$.

646. ! o(f(x)) #! x → a ")!$ f(x) )+(&(""$!$, O(f(x)) #!
x → a "'!$ f(x) ((&(""$!$, !% f(x) > 0. !!:

(a) o(o(f(x))) = o(f(x)); (b) O(o(f(x))) = o(f(x));
(c) o(O(f(x))) = o(f(x)); (d) O(O(f(x))) = O(f(x));
(e) O(f(x)) + o(f(x)) = O(f(x)).

647. ! x → 0, n > 0. !!:
(a) CO(xn) = O(xn) (C %= 0 !&$);
(b) O(xn) + O(xm) = O(xn) (n < m);
(c) O(xn)O(xm) = O(xn+m).

648. ! x → +∞, n > 0. !!:
(a) CO(xn) = O(xn) (C %= 0 !&$);
(b) O(xn) + O(xm) = O(xn) (n > m);
(c) O(xn)O(xm) = O(xn+m).

649. !!&% ∼ )#%!*,:
(1) $'*: ϕ(x) ∼ ϕ(x);
(2) '"*: ! ϕ(x) ∼ ψ(x), ! ψ(x) ∼ ϕ(x);
(3) &,*: ! ϕ(x) ∼ ψ(x) " ψ(x) ∼ χ(x), ! ϕ(x) ∼ χ(x).

650. ! x → 0. !!!!$%:
(a) 2x − x2 = O(x); (b) x sin

√
x = O(x 3

2 );

(c) x sin
1
x

= O(|x|); (d) lnx = o

(
1
xε

)
(ε > 0);

(e)
√

x +
√

x +
√

x ∼ 8
√

x; (f) arctan
1
x

= O(1);

(g) (1 + x)n = 1 + nx + o(x).
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651. ! x → +∞. !!!!$%:

(a) 2x3 − 3x2 + 1 = O(x3); (b)
x + 1
x2 + 1

= O

(
1
x

)
;

(c) x + x2 sin x = O(x2); (d)
arctanx

1 + x2
= O

(
1
x2

)
;

(e) ln x = o(xε) (ε > 0); (f) xpe−x = o

(
1
x2

)
;

(g)
√

x +
√

x +
√

x ∼
√

x; (h) x2 + x ln100 x ∼ x2.

652.1. !!: ! x $#%", !$"'$%'&:
(a) x2 + 10x + 100 < 0.001x3; (b) ln1000 x <

√
x;

(c) x10ex < e2x.
652.2. !!%#"%: ! x → +∞ ",

√
x2 + px + q = x +

p

2
+ O

(
1
x

)
.

653.! x → 0. #!!!!$"-*, !'%! Cxn (C !&$), "!%'"$(
( x "(:

(a) 2x − 3x3 + x5; (b)
√

1 + x −
√

1 − x;
(c)

√
1 − 2x − 3

√
1 − 3x; (d) tanx − sin x.

654. ! x → 0. !!: "$((

(a) f(x) =
1

ln x
; (b) f(x) = e−

1
x2

"&'"#" n, &"('"$(( xn (x > 0) )). ), '""#" n, $%

lim
x→0

f(x)
xn

= k

&''&, %% k !'"'"#"(.
655. ! x → 1. #!!!!$"-*, !'%! C(x − 1)n, "!%'"$((

x − 1 "(:
(a) x3 − 3x + 2; (b) 3

√
1 −

√
x;

(c) ln x; (d) ex − e; (e) xx − 1.
656. ! x→+∞. #!!!!$"-*, !'%! Cxn, "!%'"$%( x "(:

(a) x2 + 100x + 10 000; (b)
2x5

x3 − 3x + 1
;

(c) 3
√

x2 − x +
√

x; (d)
√

1 +
√

1 +
√

x.

657. ! x → +∞. #!!!!$"-*, !'%! C

(
1
x

)n

, "!%'"$((
1
x

"(:

(a)
x + 1
x4 + 1

; (b)
√

x + 1 −
√

x;

(c)
√

x + 2 − 2
√

x + 1 +
√

x; (d)
1
x

sin
1
x

.
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658. ! x → 1. #!!!!$"-*, !'%! C

(
1

x − 1

)n

, "!%'"$%(
1

x − 1
"(:

(a)
x2

x2 − 1
; (b)

√
1 + x

1 − x
; (c)

x
3
√

1 − x3
; (d)

1
sinπx

; (e)
ln x

(1 − x)2
.

659. ! x → +∞, fn(x) = xn (n = 1, 2, 3, · · · ). !!:
(1) ""!!$ fn(x) &)!'$""!!$ fn−1(x) &+)%;
(2) !$ ex )!$ fn(x) (n = 1, 2, · · · ) %"""!&&+)%.
660. ! x → +∞, fn(x) = n

√
x (n = 1, 2, 3, · · · ). !!:

(1) ""!!$ fn(x) &)!'$""!!$ fn−1(x) &+)(;
(2) !$ f(x) = ln x )!$ fn(x)(n = 1, 2, · · · ) %"""!&&+)(.
661. !!: '""$"!$$!

f1(x), f2(x), · · · , fn(x), · · · (x0 < x < +∞),

"*!"!$ f(x), ! x → +∞"%)!$ fn(x)(n = 1, 2, · · · ) %"""!&&+)%.

§7. !!!!!"

1. !!!!!". !

lim
x→x0

f(x) = f(x0), (1)

), !$ f(x) ' x = x0 ##!, ""'"""! ε > 0, &#" δ = δ(ε, x0) > 0, (!
|x − x0| < δ ", '" f(x) ""(#$!"., '$%

|f(x) − f(x0)| < ε

&'&. "", "!$ f(x) ! x = x0 " (""( x0) #""".

!!$ f(x) "$#,& X = {x} ($##, +##$$) #"""(&#*+", !"!$
f(x) !#" X !#""".

!". x0 *"!$ f(x) "#!% X = {x} "!",&"!"(, %! x = x0 ", $% (1)

''& (), "' (a) $ f(x0) '#", ##&, !$"( x = x0 %##!; "' (b) lim
x→x0

f(x)

'#", "' (c) "% (1) ")%&#$!, -%#')$), !" x0 !!$ f(x) "$$!.

#.( x0 #!)': (1) %!#$$! —— "$,(#"#""',!":

f(x0 − 0) = lim
x→x0−0

f(x) $ f(x0 + 0) = lim
x→x0+0

f(x).

(2) %##$$! —— !(""(#.(. %
f(x0 + 0) − f(x0 − 0)

"!!$"( x0 """.

!$%
f(x0 − 0) = f(x0 + 0)

'&, !#.( x0 "!!"". !!" f(x0 − 0) " f(x0 + 0) %/+#"!$"&% ∞, !"
x0 !!!#$$!.
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!$%
f(x0 − 0) = f(x0) (" f(x0 + 0) = f(x0))

'&, !"!$ f(x) "( x0 ! ("!) "". !$ f(x) "( x0 *+"$###$&!!$)
!$)$:

f(x0 − 0) = f(x0 + 0) = f(x0).

2. !#!!!!!". !!$ f(x) $ g(x) " x = x0 "*+, !!$

(a) f(x) ± g(x); (b) f(x)g(x); (c)
f(x)
g(x)

(g(x0) "= 0)

&" x = x0 "*+.

!%: (a) #"!$
P (x) = a0 + a1x + · · · + anxn

'"#" x .&#*+"; (b) #%#"!$

R(x) =
a0 + a1x + · · · + anxn

b0 + b1x + · · · + bmxm

'$#'(!##!'" x ., &#*+".

""*', %-)$!$: xn, sin x, cos x, tanx, ax, loga x, arcsin x, arccos x, arctan x,

· · · ""((!#$!"(&*+.

)!"""+'%!: !!$ f(x) ! x = x0 "*+, !$ g(y) ! y = f(x0) "*+, !!
$ g(f(x)) ! x = x0 "*+.

3. #!!!!!!!!$". !!$ f(x) "#""+## [a, b] #*+, !: (1) !$ f(x)

""+##!##""; (2) (/!!$" m $#$" M ("$!#$!&%); (3) """!##

(α,β) ⊂ [a, b] %, !$*/$#," f(α) $ f(β) &#". ("#&%). !%, ! f(α)f(β) < 0,

!"(/"!$. γ (α < γ < β), () f(γ) = 0.

662. !*+!$ y = f(x) "#$(-#!. '"##( a '$ ε > 0, &-#"
(&)!$)"$ δ > 0, (! |x − a| < δ ", |f(x) − f(a)| < ε.

663. -#0)"&.( x0 = 10 cm "#"'.*#, !$$ y = x2 '!*.
y0 = 100 cm2 &%'"*(: (a) ±1 cm2; (b) ±0.1 cm2; (c) ±0.01 cm2; (d) ±ε (cm2),
&!.( x +.",&)'!/&?

664. !&")".," 2m $ 3m &#. "0("&").( x "+.*)"/
'(% ∆, ""(*#&"))$""/'(%'*(: (a) ε = 0.1m3; (b) ε = 0.01m3;
(c) ε = 0.001m3?

665. &" x0 = 100 "0"$0%"%%!, !$ y =
√

x "#$"%&1'
y0 = 10 &%(" ε = 10−n (n ! 0)? !! n = 0, 1, 2, 3 "$!%%"%(.

666. #& “ε–δ” )#!!: !$ f(x) = x2 ! x = 5 "*+. *!&:

ε 1 0.1 0.01 0.001 · · ·
δ
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667. ! f(x) =
1
x

, ε = 0.001. '"$. x0 = 0.1; 0.01; 0.001; · · · , !!'%"#

$ δ = δ(ε, x0), ()")'$% |x − x0| < δ "!'$% |f(x) − f(x0)| < ε.
"!'"##" ε = 0.001 %!$)" δ > 0, (%'## (0, 1) %""( x0 .&

-&? ##&, "!(/$)" δ > 0, ()*# |x − x0| < δ, &# |f(x) − f(x0)| < ε,
%'& x0 ∈ (0, 1) !#.?

668. & “ε–δ” )#%'#""%&&%!&.: !$ f(x) "( x0 ##!, %"
$"('*+.

669.!'"",$ ε > 0 "(/'*"$ δ = δ(ε, x0) > 0, ()*# |x−x0| < δ,

! |f(x)−f(x0)| < ε. !: (a) 1$ ε ('"#"",&; (b)$ ε ('#$ ε =
1
2n

(n =
1, 2, · · · ) ""$,&, !"!.#!$ f(x) "( x0 *+?

670. !(2!$
f(x) = x + 0.001[x].

!!: '"""! ε > 0.001, "%%* δ = δ(ε, x) > 0, ()*# |x′ − x| < δ, !
|f(x′) − f(x)| < ε, -! 0 < ε " 0.001 ""('$# x ."%"%*. $!!$"*
+*"%,(+/#'?

671.!'"""!$#("$ δ > 0, &#" ε = ε(δ, x0) > 0,()! |x−x0| < δ,
!'$% |f(x) − f(x0)| < ε '&. !"#!"2!$ f(x) " x = x0 *+? $,'$
%'&#!$ f(x) ",&*,?

672.!'"""!$ ε > 0, &#"$ δ = δ(ε, x0) > 0, ()! |f(x)− f(x0)| < ε,
! |x − x0| < δ. !"#!"2!$f(x) " x = x0 *+? $,'$%'&#!$",
&*,?

673.!'"""!$ δ > 0, &#"$ ε = ε(δ, x0) > 0, ()! |f(x)− f(x0)| < ε,
! |x − x0| < δ. !"#!"2!$ f(x) " x = x0 *+? $,'$%'&#!$",
&*,? !!!!:

f(x) =

{
arctanx, x !#"$,

π− arctanx, x !""$.

674. #& “ε–δ” )#!!!!!$"*+*: (a) ax + b; (b) x2; (c) x3; (d)
√

x;
(e) 3

√
x; (f) sin x; (g) cosx; (h) arctanx.

!!!!!$"*+*"(!!#$:

675. f(x) = |x|. 676. f(x) =






x2 − 4
x − 2

, x %= 2,

A, x = 2.

677. f(x) =






1
(1 + x)2

, x %= −1,

"$., x = −1.
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678. (a) f1(x) =






∣∣∣∣
sinx

x

∣∣∣∣ , x %= 0,

1, x = 0;
(b) f2(x) =






sin x

|x| , x %= 0,

1, x = 0.

679. f(x) =





sin

1
x

, x %= 0,

"$., x = 0.
680. f(x) =





x sin

1
x

, x %= 0,

0, x = 0.

681. f(x) =

{
e−

1
x2 , x %= 0,

0, x = 0.
682. f(x) =






1
1 + e

1
x−1

, x %= 1,

"$., x = 1.

683. f(x) =

{
x ln x2, x %= 0,

a, x = 0.
684. f(x) = sgnx.

685. f(x) = [x]. 686. f(x) =
√

x − [
√

x ].

!!!!!$"#.("!!$,("*,:

687. y =
x

(1 + x)2
. 688. y =

1 + x

1 + x3
.

689. y =
x2 − 1

x3 − 3x + 2
. 690. y =

1
x
− 1

x + 1
1

x − 1
− 1

x

.

691. y =
x

sin x
. 692. y =

√
1 − cosπx

4 − x2
.

693. y = cos2
1
x

. 694. y = sgn
(
sin
π

x

)
.

695. y =
cos
π

x

cos
π

x

. 696. y = arctan
1
x

.

697. y =
√

x arctan
1
x

. 698. y = ex+ 1
x .

699. y =
1

ln x
. 700. y =

1
1 − e

x
1−x

.

!!!!!$"*+*"(!!2#:
701. y = sgn(sin x). 702. y = x − [x].
703. y = x[x]. 704. y = [x] sinπx.

705. y = x2 − [x2]. 706. y =
[

1
x

]
.

707. y = x

[
1
x

]
. 708. y = sgn

(
cos

1
x

)
.

709. y =
[

1
x2

]
sgn

(
sin
π

x

)
. 710. y = cot

π

x
.
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711. y = sec2 1
x

. 712. y = (−1)[x
2].

713. y = arctan
(

1
x

+
1

x − 1
+

1
x − 2

)
. 714. y =

1
x2 sin2 x

.

715. y =
1

sin(x2)
. 716. y = ln

x2

(x + 1)(x − 3)
.

717. y = e− 1
x . 718. y = 1 − e−

1
x2 .

719. y = tanh
2x

1 − x2
.

!!!!!$"*+*""!!#$:

720. y = lim
n→∞

1
1 + xn

(x ! 0). 721. y = lim
n→∞

nx − n−x

nx + n−x
.

722. y = lim
n→∞

n
√

1 + x2n. 723. y = lim
n→∞

cos2n x.

724. y = lim
n→∞

x

1 + (2 sin x)2n
. 725. y = lim

n→∞
[x arctan(n cotx)].

726. y = lim
n→∞

x + x2enx

1 + enx
. 727. y = lim

t→+∞

ln(1 + ext)
ln(1 + et)

.

728. y = lim
t→+∞

(1 + x) tanh tx.

729. $#%!!$#!*+: f(x) =

{
2x, 0 " x " 1,

2 − x, 1 < x " 2.

730. ! f(x) =

{
ex, x < 0,

a + x, x ! 0.
*)%,$ a, "(!$ f(x) *+?

731. !!!!!$"*+*"'!#.("*,:

(a) f(x) =

{
x2, 0 " x " 1,

2 − x, 1 < x " 2;
(b) f(x) =

{
x, |x| " 1,

1, |x| > 1;

(c) f(x) =





cos
πx

2
, |x| " 1,

|x − 1|, |x| > 1;
(d) f(x) =

{
cot2πx, x *"$,

0, x !"$;

(e) f(x) =

{
sinπx, x !#"$,

0, x !""$.

732. !$ d = d(x) #$3 Ox #"( x '%1 0 "
x " 1 " 2 " x " 3 #"(&#"'21+. !!$ d "%
)&(%, "!!#$"!!!*+*.

733. #' E !'! 1 3! 1 "$*)''$3! 1 '
! 2 " 3 "+2')' (# 5). !$ S = S(y) (0 " y < +∞)
##' E ,"$/% Y = 0 " Y = y &#"&"*#$$,
%!$ b = b(y) (0 " y < +∞) #&$/% Y = y ,3#'
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E $)3*&(. !!$ S " b "%)&(%, "!%#"#$"!!!*+*.
734. !!: 4#(,!$

χ(x) = lim
m→∞

{
lim

n→∞
cosn(πm!x)

}

'""! x .&#'*+".
735. !#!$

f(x) = xχ(x),
%% χ(x) !4#(,!$ (!-#!). !!!$ f(x) "*+*""!%"2#.

736. !!: &!!"

f(x) =






1
n

, x =
m

n
, !% m $ n !!!""$, n > 0,

0, x !""$,

! x *""!#"."#'*+", %! x *""!""."#*+". "!$!!$
"2#.

737. !!!$

f(x) =






nx

n + 1
, x !.."#"#$ m

n
(n ! 1),

|x|, x !""$

"*+*""!"!$"2#.

738. !$ f(x) =
1 − cosx

x2
!$/( x *"(*'."&##!. !#("!$

" x = 0 "*+, *!%,&$."!!$"( x = 0 ".?

739. !!: "&*)%*$ f(1), !$ f(x) =
1

1 − x
" x = 1 "&#'*+".

740. !!!$ f(x) ! x = 0"%#$!. #! f(0) ".,() f(x) " x = 0 *+:

(a) f(x) =
√

1 + x − 1
3
√

1 + x − 1
; (b) f(x) =

tan 2x

x
;

(c) f(x) = sin x sin
1
x

; (d) f(x) = (1 + x) 1
x ;

(e) f(x) =
1
x2

e−
1

x2 ; (f) f(x) = xx (x > 0);

(g) f(x) = x ln2 x.
741. !: (a) ! x = x0 ", !$ f(x) #*+", %!$ g(x) #'*+"; (b) !

x = x0 ", !$ f(x) $ g(x) +'&#'*+", !"+!$&$ f(x) + g(x) "(2
( x0 #!#!'*+"? *!)*"!!.

742. !: (a) !$ f(x) " x0 *+, %!$ g(x) " x0 '*+; (b) ! x = x0 ",
!$ f(x) $ g(x) +'&'*+, !"+!$"+$ f(x)g(x) "(2( x0 #!#'*
+? *!)*"!!.

743. "!.#'*+!$"$"-!'*+!$? *!$$'*+-!$"*+
"!$"!!.
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744. !!!$ f [g(x)] $ g[f(x)] "*+*:
(a) f(x) = sgnx, g(x) = 1 + x2; (b) f(x) = sgnx, g(x) = x(1 − x2);
(c) f(x) = sgnx, g(x) = 1 + x − [x].

745. !

f(u) =

{
u, 0 < u " 1,

2 − u, 1 < u < 2,
ϕ(x) =

{
x, x !#"$,

2 − x, x !""$,

!% 0 < x < 1. !!*&!$ y = f(u) "*+*, !% u = ϕ(x).
746. !!: ! f(x) #*+!$, ! F (x) = |f(x)| &#*+!$.
747. !!: !!$ f(x) #*+", !!$

fc(x) =






−c, f(x) < −c,

f(x), |f(x)| " c,

c, f(x) > c

(%% c !"$"#$) &#*+!$.
748. !!: !!$ f(x) "+## [a, b] #*+, !!$

m(x) = inf
a!ξ!x

{f(ξ)} $ M(x) = sup
a!ξ!x

{f(ξ)}

" [a, b] #&#*+".
749. !!: !!$ f(x) $ g(x) #*+", !!$

ϕ(x) = min[f(x), g(x)] $ ψ(x) = max[f(x), g(x)]

&#*+".
750. !!$ f(x) "+## [a, b] ###!"#". !!: !$

m(x) = inf
a!ξ<x

{f(ξ)} $ M(x) = sup
a!ξ<x

{f(ξ)}

"## (a, b] ##)*+".
751. !!: !!$ f(x) "## a " x < +∞ #*+, "#"#"" lim

x→+∞
f(x),

!"!$"+#####"".
752.!!$ f(x) "## (x0, +∞) #*+"#". !!: '""#$ T , "!)$

! xn → +∞, (
lim

n→∞
[f(xn + T ) − f(xn)] = 0.

753. ! ϕ(x) " ψ(x) !#!" −∞ < x < +∞ "*+4%!$, "
lim

x→+∞
[ϕ(x) − ψ(x)] = 0.

!!: ϕ(x) ≡ ψ(x).
754. !!: '5#"!$""(#.(4!6"'#.(.
755. !!: !!$ f(x) )#!!*,: (1) "+## [a, b] ###!"'5; (2) *

," f(a) $ f(b) &#$#"$"!!!$., !"!$" [a, b] #*+.
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756. !!: !$

f(x) =





sin

1
x − a

, x %= a,

0, x = a

""#+## [a, b] #*," f(a) $ f(b) &#""(%#., -" [a, b] #"'*+.
757. !!: !!$ f(x) "## (a, b) !*+, " x1, x2, · · · , xn !"##%""

$., !"%#&#"(/"!$. ξ, ()
f(ξ) =

1
n

[f(x1) + f(x2) + · · · + f(xn)].

758. !!$ f(x) "## (a, b) #*+, "
l = lim

x→a
f(x), L = lim

x→a
f(x).

!!: '"$# l " λ " L ""$"$ λ, #"$! xn → a (n = 1, 2, · · · ), ()
lim

n→∞
f(xn) = λ.

§8. #!!. ""!#"##!!!

1. #!!!!""$!!". !!$ y = f(x) )#!!*,: (1) "## (a, b) ###!"
*+; (2) ""####0,'5", !#"'."'!$ x = f−1(y), "!$"## (A,B) #
##!"*+, %"#0,'5", !% A = lim

x→a+0
f(x), B = lim

x→b−0
f(x).

*+!$ y = f(x) "0.'!$""!"#""%$, "3"%!"!##!"'%#%
#$#"# f [g(y)] = y ""#"!'.*+!$ x = g(y).

2. #"!#"##!!!!!!". !!$ ϕ(t) $ ψ(t) "## (α, β) ###!""*+,

"!$ ϕ(t) ""####0,'5", !"#(

x = ϕ(t), y = ψ(t)

"## (a, b) #$ y #!' x "'.*+!$:

y = ψ(ϕ−1(x)),

!% a = lim
t→α+0

ϕ(t) " b = lim
t→β−0

ϕ(t).

759. !#%%*!$
y =

ax + b

cx + d
(ad − bc %= 0)

"'!$. "*)"&'!, '!$'$#!$)(?
760. ! y = x + [x], !'!$ x = x(y).
761. !!: #"$""*+!$ y = y(x) (−∞ < x < +∞) $##!'&!

y − ε sin y = x (0 " ε < 1).

762. !!: '"""!.$ k (−∞ < k < +∞), "#
cotx = kx

"## 0 < x < π %#$"*+"$ x = x(k).
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763. *'5"!$ y = f(x) (−∞ < x < +∞) "!#'."'!$? !!!!:

y =

{
x, x !#"$,

−x, x !""$.

764. ",&&)!, !$ y = f(x) $'!$ x = f−1(y) #("!!$?
765. !!: '*+!$

y = (1 + x2) sgnx

"'!$#*+!$.
766. !!: !!$ f(x) "+## [a, b] ###!""#0,'5", "

lim
n→∞

f(xn) = f(a) (a " xn " b),
!

lim
n→∞

xn = a.

!!!!$"'!$"*+'.#5:
767. y = x2. 768. y = 2x − x2.

769. y =
2x

1 + x2
. 770. y = sinx.

771. y = cosx. 772. y = tanx.
773. !!: *+!$ y = 1 + sinx "## 0 < x < 2π !".%#+##.
774. !!$%:

arcsinx + arccosx =
π

2
.

775. !!$%:
arctanx + arctan

1
x

=
π

2
sgnx (x %= 0).

776. !!'#(+(#":

arctanx + arctany = arctan
x + y

1 − xy
+ επ,

%% ε = ε(x, y) !* 0, 1,−1 $)!.&""!$.
!## x ".", '"*)" y ., !$ ε "$'*+? " Oxy $$#"!!$

ε *+")*#%, "!"!$"$)#%!"..
777. !!'#(+(#":

arcsinx + arcsin y = (−1)ε arcsin
(
x
√

1 − y2 + y
√

1 − x2
)

+ επ (|x| " 1, |y| " 1) ,

%%

ε =

{
0, xy " 0 " x2 + y2 " 1,

sgnx, xy > 0 " x2 + y2 > 1.

778. !!'((+(#":

arccosx + arccosy = (−1)ε arccos
(
xy −

√
1 − x2

√
1 − y2

)
+ 2πε (|x| " 1, |y| " 1) ,

%%

ε =

{
0, x + y ! 0,

1, x + y < 0.
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779. "!$#$:
(a) y = arcsinx + arcsin

√
1 − x2; (b) y = arcsin

(
2x

√
1 − x2

)
− 2 arcsinx.

780. !!$ y = y(x) !"#
x = arctan t, y = arccot t (−∞ < t < +∞)

#!, !"!$"!#!%.
781. !

x = cosh t, y = sinh t (−∞ < t < +∞).
"!( t "%,/&%#"%$/( y *"/( x "'.!$? ! y "'(/&%#
"&(%.

782. ! y ' x "!$"&!"#(
x = ϕ(t), y = ψ(t) (α < t < β)

#!, & y = y(x) #'.!$"$###$&#,&? !!!!:
x = sin2 t, y = cos2 t.

783. "*)"$&!, )!"#(
x = ϕ(t), y = ψ(t) (a < t < b)

$
x = ϕ(χ(τ)), y = ψ(χ(τ)) (α < τ < β)

#!!("!!$ y = y(x)?
784. !!$ ϕ(x) $ ψ(x) "## (a, b) !##!""*+, "

A = inf
a<x<b

ϕ(x), B = sup
a<x<b

ϕ(x).

"#+&)!#"'.!$ f(x), %"## (A, B) ###!, ""! a < x < b "
ψ(x) = f [ϕ(x)]?

§9. !!!!!!!"

1. !!!!"!$$. !!$ f(x) #!"##,& X = {x} ($##!+##$), !'"
""! ε > 0 &#" δ = δ(ε) > 0, ()'""#$. x′, x′′ ∈ X, !'$%

|x′ − x′′| < δ

")'$%
|f(x′) − f(x′′)| < ε,

!"!$ f(x) " X #!"6*+".

2. !!$$". "#""+## [a, b] ###!"*+!$ f(x) ""+###"6*+.

785. "-,-#0)#"'$#, !.( x " 1 cm / 10 cm &#*.. !.("
/.(% δ !#.", '&0)0%"$# (.("#&)'!), !$$ y '!*.&
%&(" ε? '!!&'5/*#:

(a) ε = 1cm2; (b) ε = 0.01 cm2; (c) ε = 0.0001 cm2.
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786. /+! ε, (! δ "%7'+,+"%% y = 3
√

x #, (%$+1"%%)7,
-+,"324.$/" Ox 3. δ **#., 5"%(",(#*-("%%#!'
$% −10 " x " 10 $"#"*#? !"!!&': (a) ε = 1; (b) ε = 0.1; (c) ε = 0.001;
(d) ε !"$($.

787. % “ε–δ” )#&'#""%&(!&&.: !$ f(x) "",& ($##!+
##$) #*+, -"",&#"'"6*+.

788. !!: !$ f(x) =
1
x

"## (0, 1) #*+, -""###"'"6*+.

789. !!: !$ f(x) = sin
π

x
"## (0,1) #*+""#", -""###"'"

6*+.
790. !!: !$ f(x) = sin x2 ""$## −∞ < x < +∞ #*+""#", -"

"###"'"6*+.
791. !!: !!$ f(x) "## a " x < +∞ ###!""*+, %"#"#""

!"

lim
x→+∞

f(x),

! f(x) ""###"6*+.
792. !!: ""!$ f(x) = x + sin x ".3 −∞ < x < +∞ #"6*+.
793. !$ f(x) = x2 "!!####!"6*+? (a) (−l, l), $- l !"$%"

#$; (b) (−∞, +∞).
!!!!!$"###%#""6*+*:

794. f(x) =
x

4 − x2
(−1 " x " 1). 795. f(x) = ln x (0 < x < 1).

796. f(x) =
sinx

x
(0 < x < π). 797. f(x) = ex cos

1
x

(0 < x < 1).

798. f(x) = arctanx (−∞ < x < +∞).
799. f(x) =

√
x (1 " x < +∞). 800. f(x) = x sin x (0 " x < +∞).

801.1. !!: !$ f(x) =
| sinx|

x
""!##

J1 = {−1 < x < 0} " J2 = {0 < x < 1}
#"6*+, -"%#"$

J1 + J2 = {0 < |x| < 1}
#"'"6*+.

801.2. !!: !!$ f(x) """!+## [a, c] ' [c, b] #"6*+, !$!!$
"&&."+## [a, b] #&"6*+.

802. '" ε > 0, !(!!!$ f(x) "$####$#"6*+$&" δ = δ(ε)
("$"!):

(a) f(x) = 5x − 3 (−∞ < x < +∞);
(b) f(x) = x2 − 2x − 1 (−2 " x " 5);
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(c) f(x) =
1
x

(0.1 " x " 1);

(d) f(x) =
√

x (0 " x < +∞);
(e) f(x) = 2 sin x − cosx (−∞ < x < +∞);

(f) f(x) =





x sin

1
x

, x %= 0,

0, x = 0
(0 " x " π).

803. /+## [1, 10] $#!0+1, &#%/!$ f(x) = x2 """1#")$
(" 0.0001?

804. !!: #"!"## (a, b) #"6*+"!$"$'$""###-#"6
*+".

805. !!: !'5#""!$ f(x) "#"""$"## (a, b) #*+, !"!$
"## (a, b) #"6*+.

806.1. !!: !!$ f(x) "#"## (a, b) #"6*+, !#"!"
A = lim

x→a+0
f(x) " B = lim

x→b−0
f(x).

$!#"'"$## (a, b) #!'&?
806.2. !!: "#"## (a, b) ###!"*+"!$ f(x), "&*+""(3-

/+## [a, b] #, !$###$&#!$ f(x) "## (a, b) #"6*+.
807. !$

ωf(δ) = sup |f(x1) − f(x2)|
(%% x1 $ x2 ! (a, b) %/$& |x1 − x2| " δ "0""$)() "!!$ f(x) "#
# (a, b) #"""!. !!: !$ f(x) "## (a, b) #"6*+"$###$&#

lim
δ→+0

ωf (δ) = 0.

808. !:
(a) f(x) = x3 (0 " x " 1);
(b) f(x) =

√
x (0 " x " a) " (a < x < +∞);

(c) f(x) = sin x + cosx (0 " x " 2π).
' f(x) "*+' ωf (δ) (!-'!) "%!'%",*:

ωf(δ) " Cδα,

%% C $ α !&$.

§10. !!%"

809. !!: '"$#.$ x $ y &$#"#
f(x + y) = f(x) + f(y) (1)

"$""*+!$ f(x) (−∞ < x < +∞) #%*'!!$:
f(x) = ax,
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%% a = f(1) #"$"&$.
810. !!: $#"# (1) "'5!$ f(x) #%*'!".
811. !!: $#"# (1) """$(## (−ε, ε) ##""!$ f(x) #%*'!

!$.
812. !!: '"$# x $ y &$#"#

f(x + y) = f(x)f(y) (2)

"$"'-$"'"*+!$ f(x) (−∞ < x < +∞) #8$!$:

f(x) = ax,

%% a = f(1) !#"&$.
813. !!: "## (0, ε) ##""$#"# (2) "'-$"'"!$ f(x) #8$

!$.
814. !!: '"$##$ x $ y &$#"#

f(xy) = f(x) + f(y)

"$"'-$"'"*+!$ f(x) (0 < x < +∞) #'$!$:

f(x) = loga x,

%% a !#"&$.
815. !!: '"$##$ x $ y &$#"#

f(xy) = f(x)f(y) (3)

"$"'-$"'"*+!$ f(x) (0 < x < +∞) #(!$:
f(x) = xa,

%% a !&$.
816. !'".).$ x $ y &$#"# (3) "$#*+!$ f(x) (−∞ < x <

+∞).
817. !!: '*+!$ f(x) = sgn x $#"# (3).
818. !'".).$ x $ y &$#"#

f(x + y) + f(x − y) = 2f(x)f(y)

"$#*+!$ f(x) (−∞ < x < +∞).
819. !'".).$ x $ y &$#"#(

f(x + y) = f(x)f(y) − g(x)g(y),

g(x + y) = f(x)g(y) + f(y)g(x)

%".)$&
f(0) = 1 $ g(0) = 0

"$#"#"*+!$ f(x) $ g(x) (−∞ < x < +∞).
!!: !!!$ F (x) = f2(x) + g2(x).
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820. !
∆f(x) = f(x + ∆x) − f(x), ∆2f(x) = ∆{∆f(x)}

#(!!$ f(x) ""(!+(#"%#. !!: !!$ f(x) (−∞ < x < +∞) *+"
∆2f(x) ≡ 0,

!"!$#%*", )
f(x) = ax + b,

%% a $ b !&$.



!!! !"!!!"!

§1. !!!"#!

1. #!"$". ! x ! x1 = x + ∆x !!!!!!, !!
∆y = f(x + ∆x) − f(x)

"!!! y = f(x) ""!" [x, x1] "!!!. #!"
y′ = f ′(x) = lim

∆x→0

∆y
∆x

(1)

!!!", !"!!!, !!! f(x) $#"""!!"!!!!! 1©.

! 6

"! f ′(x) "#""$!! y = f(x) !!""# x !##!
"! (tanα = f ′(x)) (! 6).

2. !#!"!!##. ! c!#!$!!u = u(x), v = v(x),

w = w(x) $!"!, !
(1) c′ = 0;

(2) (cu)′ = cu′;

(3) (u + v − w)′ = u′ + v′ − w′;

(4) (uv)′ = u′v + uv′;

(5)
“u

v

”′
=

u′v − uv′

v2
(v "= 0);

(6) (un)′ = nun−1u′ (n !#!);

(7) !!! y = f(u) ! u = ϕ(x) $!"!, ! y′
x = y′

uu′
x.

3. !!!". ! x !!!!, !
I. (xn)′ = nxn−1 (n !#!). II. (sin x)′ = cos x.

III. (cos x)′ = − sin x. IV. (tanx)′ =
1

cos2 x
.

V. (cot x)′ = − 1

sin2 x
. VI. (arcsin x)′ =

1√
1 − x2

.

1©"""$ (1) !!! f(x) #!"!!"!!, !!"!!!"!%""$# §4 #%!$. &"#$!
!, !$$!!"'%"!". "%!!&&"($!!%$!$!. %#
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VII. (arccos x)′ = − 1√
1 − x2

. VIII. (arctan x)′ =
1

1 + x2
.

IX. (arccot x)′ = − 1
1 + x2

. X. (ax)′ = ax ln a (a > 0), (ex)′ = ex.

XI. (loga x)′ =
1

x ln a
(a > 0), (ln x)′ =

1
x

. XII. (sinhx)′ = cosh x.

XIII. (cosh x)′ = sinhx. XIV. (tanh x)′ =
1

cosh2 x
.

XV. (coth x)′ = − 1

sinh2 x
.

4. !"#!. #!"
f ′
−(x) = lim

∆x→−0

f(x + ∆x) − f(x)
∆x

, f ′
+(x) = lim

∆x→+0

f(x + ∆x) − f(x)
∆x

#&%"!! f(x) "# x !!!!#!!!.

"! f ′(x) #"!%#'&"$$
f ′
−(x) = f ′

+(x).

5. ""#!. !!! f(x) "# x "#, $

lim
∆x→0

f(x + ∆x) − f(x)
∆x

= ∞,

!"!! f(x) "# x !"!!!. ""%"!!, !! y = f(x) !!""# x !### Ox

&$".

821. !!!! x $ 1 !) 1000, % x !&! ∆x #!! y = lg x !%%&! ∆y.
822. !!!! x $ 0.01 !) 0.001,% x !&! ∆x #!! y =

1
x2

!%%&! ∆y.
823. !!! x !&!! ∆x, %&! ∆y:

(a) y = ax + b; (b) y = ax2 + bx + c; (c) y = ax.
824. $!:

(a) ∆[f(x) + g(x)] = ∆f(x) + ∆g(x);
(b) ∆[f(x)g(x)] = g(x + ∆x)∆f(x) + f(x)∆g(x).

825. $&# y = x2 "!"# A(2, 4) # A′(2 + ∆x, 4 + ∆y) '"# AA′, %""
#!"!:

(a) ∆x = 1; (b) ∆x = 0.1; (c) ∆x = 0.01; (d) ∆x !#!$!.
#&#"# A !##!"!'"%"?

826. #&!! y = x3 " Ox &"!#* 1 ! x ! 1 + h '&) Oy &", %!"
"'&($. (: (a) h = 0.1; (b) h = 0.01; (c) h = 0.001, &!""'&($!!!. "
# x = 1, "'&!'&($'"%"?

827. +#% Ox &'+!%#$!"!$:
x = 10t + 5t2,

"# t !)" (%#!#), x !#$ (%#!$). %" 20 ! t ! 20 + ∆t )"!'+!
""",. (: (a) ∆t = 1; (b) ∆t = 0.1; (c) ∆t = 0.01, &!""",!!!. - t = 20
)'+",'"%"?
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828. $$"!!%", "!%!$!!!"!:

(a) x2; (b) x3; (c)
1
x

; (d)
√

x; (e) 3
√

x; (f) tanx;

(g) cotx; (h) arcsinx; (i) arccosx; (j) arctanx.
829. ( f(x) = (x − 1)(x − 2)2(x − 3)3, % f ′(1), f ′(2) # f ′(3).
830. ( f(x) = x2 sin(x − 2), % f ′(2).

831. ( f(x) = x + (x − 1) arcsin
√

x

x + 1
, % f ′(1).

832. (!! f(x) "# a !", %

lim
x→a

f(x) − f(a)
x − a

.

833. $!: !!! f(x) !", n !'(!, !

lim
n→∞

n

[
f

(
x +

1
n

)
− f(x)

]
= f ′(x). (1)

$), !&"!! f(x) !'& (1) #", !"%.%"!!!"!? &%/#"%!!
!&$ ((('# 734).

#&"!#, %!$!!!"!:

834. y = 2 + x − x2. $ y′(0), y′
(

1
2

)
, y′(1), y′(−10) '"%"?

835. y =
x3

3
+

x2

2
− 2x. - x !"!):

(a) y′(x) = 0; (b) y′(x) = −2; (c) y′(x) = 10?

836. y = a5 + 5a3x2 − x5. 837. y =
ax + b

a + b
.

838. y = (x − a)(x − b). 839. y = (x + 1)(x + 2)2(x + 3)3.
840. y = (x sinα+ cosα)(x cosα− sinα).
841. y = (1 + nxm)(1 + mxn).
842. (a) y = (1 − x)(1 − x2)2(1 − x3)3; (b) y = (5 + 2x)10(3 − 4x)20.

843. y =
1
x

+
2
x2

+
3
x3

.

844. $!%":
(

ax + b

cx + d

)′
=

1
(cx + d)2

∣∣∣∣∣
a b

c d

∣∣∣∣∣.

%!$!!!"!:

845. y =
2x

1 − x2
. 846. y =

1 + x − x2

1 − x + x2
.

847. y =
x

(1 − x)2(1 + x)3
. 848. y =

(2 − x2)(3 − x3)
(1 − x)2

.

849. y =
(1 − x)p

(1 + x)q
. 850. y =

xp(1 − x)q

1 + x
.

851. y = x +
√

x + 3
√

x. 852. y =
1
x

+
1√
x

+
1
3
√

x
.
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853. y = 3
√

x2 − 2√
x

. 854. y = x
√

1 + x2.

855. y = (1 + x)
√

2 + x2 3
√

3 + x3. 856. y = m+n
√

(1 − x)m(1 + x)n.

857. y =
x√

a2 − x2
. 858. y = 3

√
1 + x3

1 − x3
.

859. y =
1√

1 + x2(x +
√

1 + x2)
. 860. y =

√
x +

√
x +

√
x.

861. y = 3
√

1 + 3
√

1 + 3
√

x. 862. y = cos 2x − 2 sinx.

863. y = (2 − x2) cosx + 2x sin x. 864. y = sin(cos2 x) · cos(sin2 x).
865. y = sinn x cosnx. 866. y = sin[sin(sin x)].

867. y =
sin2 x

sin x2
. 868. y =

cosx

2 sin2 x
.

869. y =
1

cosn x
. 870. y =

sin x − x cosx

cosx + x sin x
.

871. y = tan
x

2
− cot

x

2
. 872. y = tan x − 1

3
tan3 x +

1
5

tan5 x.

873. y = 4 3
√

cot2 x + 3
√

cot8 x. 874. y = sec2 x

a
+ csc2 x

a
.

875. y = sin[cos2(tan3 x)]. 876. y = e−x2
.

877. y = 2tan 1
x . 878. y = ex(x2 − 2x + 2).

879. y =
[
1 − x2

2
sin x − (1 + x)2

2
cosx

]
e−x.

880. y = ex
(
1 + cot

x

2

)
. 881. y =

ln 3 · sin x + cosx

3x
.

882. y = eax a sin bx − b cos bx√
a2 + b2

. 883. y = ex + eex

+ eee
x

.

884. y =
(

a

b

)x( b

x

)a(x

a

)b

(a > 0, b > 0).

885. y = xaa
+ axa

+ aax
(a > 0). 886. y = lg3 x2.

887. y = ln(ln(ln x)). 888. y = ln(ln2(ln3 x)).

889. y =
1
2

ln(1 + x) − 1
4

ln(1 + x2) − 1
2(1 + x)

.

890. y =
1
4

ln
x2 − 1
x2 + 1

. 891. y =
1

4(1 + x4)
+

1
4

ln
x4

1 + x4
.

892. y =
1

2
√

6
ln

x
√

3 −
√

2
x
√

3 +
√

2
.

893. y =
1

1 − k
ln

1 + x

1 − x
−

√
k

1 − k
ln

1 + x
√

k

1 − x
√

k
(0 < k < 1).
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894. y =
√

x + 1 − ln
(
1 +

√
x + 1

)
. 895. y = ln

(
x +

√
x2 + 1

)
.

896. y = x ln
(
x +

√
1 + x2

)
−
√

1 + x2.
897. y = x ln2 (x +

√
1 + x2

)
− 2

√
1 + x2 ln

(
x +

√
1 + x2

)
+ 2x.

898. y =
x

2
√

x2 + a2 +
a2

2
ln
(
x +

√
x2 + a2

)
.

899. y =
1

2
√

ab
ln

√
a + x

√
b

√
a − x

√
b

(a > 0, b > 0).

900. y =
2 + 3x2

x4

√
1 − x2 + 3 ln

1 +
√

1 − x2

x
.

901. y = ln tan
x

2
. 902. y = ln tan

(x

2
+
π

4

)
.

903. y =
1
2

cot2 x + ln sinx. 904. y = ln
√

1 − sinx

1 + sinx
.

905. y = − cosx

2 sin2 x
+ ln

√
1 + cosx

sinx
.

906. y = ln
b + a cosx +

√
b2 − a2 sin x

a + b cosx
(0 ! |a| < |b|).

907. y =
1
x

(ln3 x + 3 ln2 x + 6 lnx + 6). 908. y =
1

4x4
ln

1
x
− 1

16x4
.

909. y =
3
2
(
1 − 3

√
1 + x2

)2
+ 3 ln

(
1 + 3

√
1 + x2

)
.

910. y = ln
[

1
x

+ ln
(

1
x

+ ln
1
x

)]
. 911. y = x[sin(lnx) − cos(ln x)].

912. y = ln tan
x

2
− cosx · ln tanx. 913. y = arcsin

x

2
.

914. y = arccos
1 − x√

2
. 915. y = arctan

x2

a
.

916. y =
1√
2

arccot
√

2
x

. 917. y =
√

x − arctan
√

x.

918. y = x +
√

1 − x2 · arccosx.

919. y = x arcsin
√

x

1 + x
+ arctan

√
x −

√
x.

920. y = arccos
1
x

. 921. y = arcsin(sinx).

922. y = arccos(cos2 x). 923. y = arcsin(sinx − cosx).

924. y = arccos
√

1 − x2. 925. y = arctan
1 + x

1 − x
.

926. y = arccot
(

sin x + cosx

sin x − cosx

)
.
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927. y =
2√

a2 − b2
arctan

(√
a − b

a + b
tan

x

2

)
(a > b " 0).

928. y = arcsin
1 − x2

1 + x2
. 929. y =

1
arccos2 x2

.

930. y = arctanx +
1
3

arctanx3.

931. y = ln(1 + sin2 x) − 2 sinx · arctan(sin x).

932. y = ln
(

arccos
1√
x

)
. 933. y = ln

x + a√
x2 + b2

+
a

b
arctan

x

b
.

934. y =
x

2
√

a2 − x2 +
a2

2
arcsin

x

a
(a > 0).

935. y =
1
6

ln
(x + 1)2

x2 − x + 1
+

1√
3

arctan
2x − 1√

3
.

936. y =
1

4
√

2
ln

x2 + x
√

2 + 1
x2 − x

√
2 + 1

− 1
2
√

2
arctan

x
√

2
x2 − 1

.

937. y = x(arcsinx)2 + 2
√

1 − x2 arcsinx − 2x.

938. y =
arccosx

x
+

1
2

ln
1 −

√
1 − x2

1 +
√

1 − x2
. 939. y = arctan

√
x2 − 1 − ln x√

x2 − 1
.

940. y =
arcsinx√

1 − x2
+

1
2

ln
1 − x

1 + x
.

941. y =
1
12

ln
x4 − x2 + 1
(x2 + 1)2

− 1
2
√

3
arctan

√
3

2x2 − 1
.

942. y =
x6

1 + x12
− arccotx6.

943. y = ln
1 − 3

√
x√

1 + 3
√

x + 3
√

x2

+
√

3 arctan
1 + 2 3

√
x√

3
.

944. y = arctan
x

1 +
√

1 − x2
. 945. y = arccot

a − 2x

2
√

ax − x2
(a > 0).

946. y =
3 − x

2
√

1 − 2x − x2 + 2 arcsin
1 + x√

2
.

947. y =
1
4

ln
4
√

1 + x4 + x
4
√

1 + x4 − x
− 1

2
arctan

4
√

1 + x4

x
.

948. y = arctan(tan2 x).

949. y =
√

1 − x2 · ln
√

1 − x

1 + x
+

1
2

ln
1−

√
1 − x2

1+
√

1 − x2
+
√

1 − x2 + arcsinx.

950. y = x arctanx − 1
2

ln(1 + x2) − 1
2
(arctanx)2.

951. y = ln(ex +
√

1 + e2x). 952. y = arctan(x +
√

1 + x2).

953. y = arcsin
(

sin a sinx

1 − cos a cosx

)
.
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954. y =
1

4
√

3
ln

√
x2 + 2 − x

√
3√

x2 + 2 + x
√

3
+

1
2

arctan
√

x2 + 2
x

.

955. y =
1

2
√

2
arctan

x
√

2√
1 + x4

− 1
4
√

2
ln

√
1 + x4 − x

√
2√

1 + x4 + x
√

2
.

956. y =
x
√

1 − x2

1 + x2
− 3√

2
arccot

x
√

2√
1 − x2

.

957. y = arccos(sinx2 − cosx2). 958. y = arcsin(sinx2) + arccos(cosx2).
959. y = em arcsin x[cos(m arcsinx) + sin(m arcsinx)].

960. (a) y = arctan ex − ln
√

e2x

e2x + 1
; (b) y =

√
1 + 3

√
1 + 4

√
1 + x4;

(c) y = arccot
1√

cot
1
x2

; (d) y = ln2(sec 2 3√x).

961. y = x + xx + xxx
(x > 0). 962. y = xxa

+ xax
+ axx

(a > 0, x > 0).
963. y = x

√
x (x > 0). 964. y = (sin x)cos x + (cosx)sin x.

965.1. y =
(ln x)x

xln x
. 965.2. y =

[
arcsin(sin2 x)
arccos(cos2 x)

]arctan2 x

.

966. y = logx e. 967. y = ln(coshx) +
1

2 cosh2 x
.

968. y =
coshx

sinh2 x
− ln

(
coth

x

2

)
. 969. y = arctan(tanhx).

970. y = arccos
(

1
coshx

)
.

971. y =
b

a
x +

2
√

a2 − b2

a
arctan

(√
a − b

a + b
tanh

x

2

)
(0 ! |b| < a).

972. '$#"!! u = cos2 x, %!! y = ln(cos2 x +
√

1 + cos4 x) !"!.

#&'# 972 #*!&', %!$!!!"!:

973. y = (arccosx)2
[
ln2(arccosx) − ln(arccosx) +

1
2

]
.

974. y =
1
2

arctan( 4
√

1 + x4) +
1
4

ln
4
√

1 + x4 + 1
4
√

1 + x4 − 1
.

975. y =
e−x2

arcsin(e−x2
)√

1 − e−2x2
+

1
2

ln(1 − e−2x2
).

976. y =
ax

1 + a2x
− 1 − a2x

1 + a2x
arccota−x.

977. %!$!!!"!)%$!!!!"!!!":
(a) y = |x|; (b) y = x|x|; (c) y = ln |x|.
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978. %!$!!!"!:
(a) y = |(x − 1)2(x + 1)3|; (b) y = | sin3 x|;
(c) y = arccos

1
|x| ; (d) y = [x] sin2 πx.

%!$!!!"!)%$!!!!"!!!":

979. y =






1 − x, −∞ < x < 1,

(1 − x)(2 − x), 1 ! x ! 2,

−(2 − x), 2 < x < +∞.

980. y =

{
(x − a)2(x − b)2, a ! x ! b,

0, "!" [a, b] )%.
981. y =

{
x, x < 0,

ln(1 + x), x " 0.

982. y =





arctanx, |x| ! 1,
π

4
sgnx +

x − 1
2

, |x| > 1.
983. y =





x2e−x2

, |x| ! 1,
1
e
, |x| > 1.

984. #!!! y = f(x) !&!!"!"!"!!!"!!!:
y′

y
=

d
dx

ln f(x) =
f ′(x)
f(x)

(f(x) > 0).

%!$!! y !&!"!:

(a) y = x

√
1 − x

1 + x
; (b) y =

x2

1 − x

3√ 3 − x

(3 + x)2
;

(c) y = (x − a1)α1(x − a2)α2 · · · (x − an)αn ; (d) y =
(
x +

√
1 + x2

)n
.

985. ( ϕ(x) ! ψ(x) ! x !!"!!. %!$!! y !"!:

(a) y =
√
ϕ2(x) + ψ2(x); (b) y = arctan

ϕ(x)
ψ(x)

;

(c) y = ϕ(x)
√
ψ(x) (ϕ(x) $= 0, ψ(x) > 0);

(d) y = logϕ(x) ψ(x) (ϕ(x) > 0, ψ(x) > 0).
986.1. % y′:

(a) y = f(x2); (b) y = f(sin2 x) + f(cos2 x);
(c) y = f(ex) · ef(x); (d) y = f(f(f(x))),

!# f(u) !!"!!.
986.2. ( f(x) = x(x − 1)(x − 2) · · · (x − 1000), % f ′(0).
987. $! n &'$""#'!:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f11(x) f12(x) · · · f1n(x)
...

...
...

fk1(x) fk2(x) · · · fkn(x)
...

...
...

fn1(x) fn2(x) · · · fnn(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

′

=
n∑

k=1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f11(x) f12(x) · · · f1n(x)
...

...
...

f ′
k1(x) f ′

k2(x) · · · f ′
kn(x)

...
...

...
fn1(x) fn2(x) · · · fnn(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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988. (

F (x) =

∣∣∣∣∣∣∣∣

x − 1 1 2
−3 x 3
−2 −3 x + 1

∣∣∣∣∣∣∣∣
,

% F ′(x).
989. (

F (x) =

∣∣∣∣∣∣∣∣

x x2 x3

1 2x 3x2

0 2 6x

∣∣∣∣∣∣∣∣
,

% F ′(x).
990. )*!!!!", '$0%$!"!!!".
991. $!: !!

f(x) =





x2 sin

1
x

, x $= 0,

0, x = 0

!*"#!"!.
992. "%""$!, !!

f(x) =





xn sin

1
x

, x $= 0,

0, x = 0
(a) " x = 0 &"#; (b) " x = 0 &!"; (c) " x = 0 &!"#!"!?

993. "%""$!, !!

f(x) =





|x|n sin

1
|x|m , x $= 0,

0, x = 0
(m > 0)

(a) "&+)#!%("!!&!"!; (b) ""%("!&'"!?
994. (

f(x) = (x − a)ϕ(x),
!#!! ϕ(x) " x = a &"#, % f ′(a).

995. (
f(x) = |x − a|ϕ(x),

!# ϕ(x) !"#!!$ ϕ(a) $= 0, $!: "!!"# a %!"!. %,"! f ′
−(a) !

f ′
+(a) '"%"?

996. ($"!%# a1, a2, · · · , an %!"!!"#!!!&$.
997. $!: !!

f(x) =





x2
∣∣∣cos
π

x

∣∣∣ , x $= 0,

0, x = 0

"# x = 0 !#"%("$!*!"#, 1"##$!"!. %$"!!!&!.
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998. $!: !!

f(x) =

{
x2, x !!'!,

0, x !&'!
)" x = 0 )%!"!.

999. &%!$!!!!"(:
(a) y = |(x − 1)(x − 2)2(x − 3)3|; (b) y = | cosx|;
(c) y = |π2 − x2| sin2 x; (d) y = arcsin(cosx);

(e) y =






x − 1
4

(x + 1)2, |x| ! 1,

|x|− 1, |x| > 1.

%!! f(x) !'"! f ′
−(x) #)"! f ′

+(x):
1000. f(x) = |x|. 1001. f(x) = [x] sinπx.

1002. f(x) =





x
∣∣∣cos
π

x

∣∣∣ , x $= 0,

0, x = 0.
1003. f(x) =

√
sin x2.

1004. f(x) =






x

1 + e 1
x

, x $= 0,

0, x = 0.
1005. f(x) =

√
1 − e−x2 .

1006. f(x) = |ln |x|| (x $= 0). 1007. f(x) = arcsin
2x

1 + x2
.

1008. f(x) =





(x − 2) arctan

1
x − 2

, x $= 2,

0, x = 2.

1009.1. $!: !!

f(x) =





x sin

1
x

, x $= 0,

0, x = 0

"# x = 0 "#, 1""#(&'"!, *&)"!.
1009.2. ( x0 !!! f(x) !2#(".#. #!"

f ′
−(x0) = lim

h→−0

f(x0 + h) − f(x0 − 0)
h

,

f ′
+(x0) = lim

h→+0

f(x0 + h) − f(x0 + 0)
h

"!!! f(x) "# x0 !"!!!!! (&"'"!#&")"!). %!! f(x) ""
.# x0 ! f ′

−(x0) # f ′
+(x0):

(a) f(x) =
√

x2 + x3

x
; (b) f(x) = arctan

1 + x

1 − x
; (c) f(x) =

1
1 + e 1

x

.

1010. (

f(x) =

{
x2, x ! x0,

ax + b, x > x0.
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!'+!! f(x) "# x = x0 &"#!$!", %-%")&(! a # b?
1011. (

F (x) =

{
f(x), x ! x0,

ax + b, x > x0,

!#!! f(x) "# x = x0 &!'!"!. %-%")&(! a # b, +!! F (x) "
# x0 &"#!$!"?

1012. ,-0)%(! A # c, &)&#'#
y = A(x − a)(x − b)(x − c)

""!" a ! x ! b ""*"&#:

y = k1(x − a) (−∞ < x < a) ! y = k2(x − b) (b < x < +∞)

'!0"!$+.
1013. &#'# y = a + bx2 (|x| ! c) (!# a # b !(*!(!) '-%&#

y =
m2

|x| (|x| > c), $.3)#"'!&#.

1014. !: (a) !! f(x) "# x0 !"!, !!! g(x) ""#%!"!; (b) !!
f(x) # g(x) "%"# x0 $%!"!, !"%.%%&!#

F (x) = f(x) + g(x)

"# x = x0 %!"!?
1015. !: (a) !! f(x) "# x0 !"!, !!! g(x) ""#%!"!; (b) !!

f(x) # g(x) "%"# x0 $%!"!, !"%.%%&!"
F (x) = f(x)g(x)

"# x = x0 %!"!? &%&$:
(a) f(x) = x, g(x) = |x|, x0 = 0; (b) f(x) = |x|, g(x) = |x|, x0 = 0.
1016. !: (a) !! f(x) "# x = g(x0) !"!, !!! g(x) "# x = x0 %!"

!; (b) !! f(x) "# x = g(x0) %!"!, !!! g(x) "# x = x0 !"!; (c) !!
f(x) "# x = g(x0) %!"!, !! g(x) "# x = x0 %!"!!!("!!

F (x) = f(g(x))
"!%# x = x0 !!"(!%"(.? &%&$:

(a) f(x) = x2, g(x) = |x|, x0 = 0; (b) f(x) = |x|, g(x) = x2, x0 = 0;

(c) f(x) = 2x + |x|, g(x) =
2
3
x − 1

3
|x|, x0 = 0.

1017. !!
y = x + 3

√
sin x

!!""#*#!-"##? %$"!".
1018. !! f(x) "!".#"%!: (a) !&!"!; (b)&'"!? &%&$:

f(x) = sgn x.
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1019. !!! f(x) "!&!!" (a, b) "!", $
lim
x→a

f(x) = ∞,

!$%'!
(1) lim

x→a
f ′(x) = ∞; (2) lim

x→a
|f ′(x)| = +∞?

&%&$: f(x) =
1
x

+ cos
1
x

, - x → 0 ).

1020. !!! f(x) "!&!!" (a, b) "!", $
lim
x→a

f ′(x) = ∞,

!$%'!
lim
x→a

f(x) = ∞?

&%&$: f(x) = 3
√

x, - x → 0 ).
1021. (!! f(x) "!" (x0, +∞) "!", $ lim

x→+∞
f(x) #". $""%$$

lim
x→+∞

f ′(x) #"? &%&$:

f(x) =
sin(x2)

x
.

1022. (!*!! f(x) "!" (x0, +∞) "!", $ lim
x→+∞

f ′(x) #". $""%

$$!&!#&'! lim
x→+∞

f(x) #"? &%&$:

f(x) = cos(ln x).

1023. &!!)"!*'""%+)"#?
1024. "$%#%":

(a) Pn = 1 + 2x + 3x2 + · · · + nxn−1,

Qn = 12 + 22x + 32x2 + · · · + n2xn−1;

!": &% (x + x2 + · · · + xn)′.

(b) Sn = sin x + sin 2x + · · · + sin nx,

Tn = cosx + 2 cos 2x + · · · + n cosnx.

1025. "$%#%":

Sn = coshx + 2 cosh2x + · · · + n coshnx.

!": Sn = (sinh x + sinh 2x + · · · + sinh nx)′.
1026. #&)'"

cos
x

2
cos

x

4
· · · cos

x

2n
=

sinx

2n sin
x

2n

$$%#%":

Sn =
1
2

tan
x

2
+

1
4

tan
x

4
+ · · · + 1

2n
tan

x

2n
.

1027. $!: !"$!!!"!!%!!, !!"%!!!"!!$!!. !$*
&./!#"+0.
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1028. $!: !",&!!!"!(!,!%%,&!,&!!.
1029. !+#-$ 2 cm/s !",,"&), !-+#- R = 10 cm), +'"&)

!",%"?
1030. !.!!#/$ 1m/s !",&4, )#/$ 2m/s !",'&, !-**

"/!) x = 20m # y = 15m), .!!'"#&/#!$!",%"?
1031. "*' A # B (%#+&%)$(, A ')0, B ')5. ! A '!",

! 30 km/h, B '!",! 40 km/h, $"'"!#$&)!",%"?
1032. (

f(x) =

{
x, 0 ! x ! 2,

2x − 2, 2 < x < +∞,

*( S(x) #*$&# y = f(x), & Ox !'$# x (x " 0) $$"" Ox !"#)%
*'!'". +$!! S(x) !++#!", %"! S′(x), )%!! S′(x) !!".

1033. !! S(x)$$+% y =
√

a2 − x2!& Ox !#&'$# O # x (|x| ! a) $
$""& Ox !*""#'%*'!'". +$!! S(x) !++#!", %"! S′(x),
)%""!!!".

§2. $!!"#!. !#!"""!"!!"#!. #!!"#!

1. $!!"#!. ,!"! f ′(x) "= 0 !!"!! y = f(x) (a < x < b) ,!%!"#!
$!! x = f−1(y), "$!!*!", )$')%"

x′
y =

1
y′

x
.

2. !#!"""!"!!"#!. &(((
x = ϕ(t),

y = ψ(t)
(a < t < b),

!# ϕ(t) # ψ(t) !!"!!$ ϕ′(t) "= 0, "%!(!*% y ! x !%!"#!!:

y = ψ(ϕ−1(x)),

)$"!!!"!!&%"
y′

x =
y′

t

x′
t

%$.

3. #!!"#!. !!"!! y = y(x) ""&(
F (x, y) = 0,

!"+!!)"! y′ = y′(x) !($!&(%3:

d
dx

[F (x, y)] = 0,

!# F (x, y) $!! x !'*!!.

(("+!!"#'!(*+!,1!((2,# §3.)

1034. $!: $&( y3 + 3y = x *%!%!!! y = y(x) #", )%"! y′
x.
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1035. $!: $&( y − ε sin y = x (0 ! ε < 1) *%!%!!! y = y(x) #", )
%"! y′

x.
1036. %$!! x = x(y) !#"(, )%%&!"!:

(a) y = x + ln x (x > 0); (b) y = x + ex;
(c) y = sinh x; (d) y = tanh x.

1037. )$$!! x = x(y) !%!"#!)-, %%&!"!)%!":

(a) y = 2x2 − x4; (b) y =
x2

1 + x2
; (c) y = 2e−x − e−2x.

1038. %$!! y = y(x) !&!, )%"! y′
x(x):

x = −1 + 2t − t2, y = 2 − 3t + t3.
- x = 0 ! x = −1 ), y′

x(x) '"%"? ""# M(x, y) !"! y′
x(x) = 0?

%"! y′
x ((!$'!):

1039. x = 3
√

1 −
√

t, y =
√

1 − 3
√

t. 1040. x = sin2 t, y = cos2 t.

1041. x = a cos t, y = b sin t. 1042. x = a cosh t, y = b sinh t.

1043. x = a cos3 t, y = a sin3 t. 1044. x = a(t − sin t), y = a(1 − cos t).
1045. x = e2t cos2 t, y = e2t sin2 t.

1046. x = arcsin
t√

1 + t2
, y = arccos

1√
1 + t2

.

1047. $!: $&(( {
x = 2t + |t|,
y = 5t2 + 4t|t|

#*%!!! y = y(x) - t = 0 )!", 1%!"!""#*"&''!%"%3.

%!$+!!!"! y′
x:

1048. x2 + 2xy − y2 = 2x. - x = 2 # y = 4 )!- x = 2 # y = 0 ), y′ '"
%"?

1049. y2 = 2px (#'#). 1050.
x2

a2
+

y2

b2
= 1 ((+).

1051.
√

x + √
y =

√
a (#'#). 1052. x

2
3 + y

2
3 = a

2
3 (-!#).

1053. arctan
y

x
= ln

√
x2 + y2 (&!-#).

1054. % y′
x:

(a) r = aϕ ($&$6-#); (b) r = a(1 + cosϕ) (.-#);
(c) r = aemϕ (&!-#),

!# r =
√

x2 + y2 ! ϕ = arctan
y

x
$'&+.
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§3. #!"!"$"

1. #"##""%". !"!! y = f(x) !"")## M(x, y) &!"! MT #!!
MN (! 7) !&(#&,!$!!":

Y − y = y′(X − x), Y − y = − 1
y′ (X − x),

!# X, Y !###'#"!#!&+, ! y′ = f ′(x) !##&"!!!.

2. #"%##"%. &"####'#!(!#*#*: PT !)##, PN !)'#, MT

!##*, MN !'#* (! 7), #.) tanα = y′, ,&3)!$&,!:

PT =

˛̨
˛̨ y
y′

˛̨
˛̨ , PN = |yy′|, MT =

˛̨
˛̨ y
y′

˛̨
˛̨ p

1 + y′2, MN = |y|
p

1 + y′2.

3. #""#&"!#!!""#". ! r = f(ϕ) !&#!'&+&(, β !## MT ##

# M !-,! OM #'!/ (! 8), ! tan β =
r
r′

.

! 7 ! 8

1055. +$&#
y = (x + 1) 3

√
3 − x

"!$)#&!###'#&(:
(a) A(−1, 0); (b) B(2, 3); (c) C(3, 0).

1056. "&#
y = 2 + x − x2

"!#*#, !## (a) "'" Ox &; (b) "'"2#-&/!"##?
1057. $!: #'#

y = a(x − x1)(x − x2) (a $= 0, x1 < x2)

# Ox &%0#'!*/ α ! β
(
0 < α <

π

2
, 0 < β <

π

2

)
1"%'.

1058. "&#
y = 2 sinx (−π ! x ! π)

"%$ “&#!(,” (* |y′|) *" 1 !2#.
1059. !!

y = x ! y1 = x + 0.01 sin1000 πx
"%%!**" 0.01. **!!!"!!!!)*!%"? %$%%!!".

1060. &# y = ln x # Ox &%0#'!/%"?
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1061. &# y = x2 # x = y2 %0#'!/%"?
1062. &# y = sin x # y = cosx %0#'!/%"?
1063.1. %").(! n, !+&#

y = arctannx (n > 0)

# Ox &%0#'!/*" 89◦?
1063.2. $!: &# y = |x|α "*%"!!#!$&+&%#:

(a) - 0 < α < 1 )# Oy &%#; (b) - 1 < α < +∞ )# Ox &%#.
1063.3. $!: &"!!

y =

{
|x|α, x $= 0, α $= 0,

1, x = 0

!!", 1$# A(0, 1) !"#!'&#.$ Oy &.
1064. %&#"!%#!'###)##)"!+/:

(a) y =
√

1 − e−a2x2 , x = 0; (b) y = arcsin
2x

1 + x2
, x = 1.

1065. $!: &!-# r = aemϕ (a ! m !#!) !#####!-,!#'!
/,!##!.

1066. %&# y = axn !)##&, )$"!$%"&#!##!&'.
1067. $!: &"#'# y2 = 2px, (a) )##&'"##!+&+ (2&!) !*

3; (b) )'#&4)*!. !$%#'#!##!&'.
1068. $!: /!&# y = ax (a > 0) !&,*!!)##. !$%/!&#!#

#!&'.
1069. %/,#

y = a cosh
x

a
"#"# M(x0, y0) &!'#*&.

1070. $!: -!#
x

2
3 + y

2
3 = a

2
3 (a > 0)

!##3"&+&"!2#!&,4)*!.
1071. !#'# y = ax2 + bx + c # Ox &%#, !(! a, b, c )"!((%"?
1072. "%""$!, )&#'#

y = x3 + px + q

# Ox &%#?
1073. -(! a !"!), #'# y = ax2 #&# y = ln x %#?
1074. $!: ! f(x) !!"!!, !&#

y = f(x) (f(x) > 0)
#

y = f(x) sin ax

"%,#1"%#.
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1075. $!: (&#* x2 − y2 = a ! xy = b !'#!!#, ****&#%0#
'/,4!"/.

1076. $!: #'#*
y2 = 4a(a − x) (a > 0)

!
y2 = 4b(b + x) (b > 0)

!''0-.
1077. +$&# x = 2t− t2 ! y = 3t− t3 "!$)#!###'#&(: (a) t = 0;

(b) t = 1.
1078. +$&#

x =
2t + t2

1 + t3
, y =

2t − t2

1 + t3

"!$)#!###'#&(: (a) t = 0; (b) t = 1; (c) t = ∞.
1079. +$%# (0*#)

x = a(t − sin t), y = a(1 − cos t)
"#!## t = t0 &!##&(. !$%%#!##!&'.

1080. $!: ,'#
x = a

(
ln tan

t

2
+ cos t

)
, y = a sin t (a > 0, 0 < t < π)

!&,*!!##*.

+$!$&#"/%#!###'#&(:

1081.
x2

100
+

y2

64
= 1, M(6, 6.4). 1082. xy + ln y = 1, M(1, 1).

§4. !!"!"

1. !!"!". !!!!! x !!! y = f(x) )&!!#*!$!!":

∆y = A(x) dx + o( dx),

!# dx = ∆x, !"&!!#(2#"!!! y #!":

dy = A(x) dx.

!! y = f(x) !"##"!%#'&"$!#"!&!"! y′ = f ′(x), *),&!
dy = y′ dx. (1)

-!!! x !1!!!!!!), %" (1) (+') (""!"#"#!).

2. !!"!#$!"$$.!'&!!"!! f(x) !"$&!, !#&%"
f(x + ∆x) − f(x) ≈ f ′(x)∆x;

! f ′(x) "= 0, !- |∆x| %#$), "%"!%&.!!$$#!$!.

&%, !!!! x !2&.!'" ∆x, !!! y = f(x) !2&.! ∆y #%&.! δy !
&!$%"'$0#*$+:

∆y = |y′|∆x, δy =

˛̨
˛̨y

′

y

˛̨
˛̨ ∆x.
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1083. (
(a) ∆x = 1; (b) ∆x = 0.1; (c) ∆x = 0.01.

&"!!
f(x) = x3 − 2x + 1,

%: (1) ∆f(1), (2) df(1), )5'&5.
1084. ('+&($$!%"!$:

x = 5t2,
!# t !%#$#, x !%#$$. ! (a) ∆t = 1 s; (b) ∆t = 0.1 s; (c) ∆t = 0.001 s, %
t = 2 s )/(!&! ∆x !"# dx, )%56.

%!$!! y !"#:

1085. y =
1
x

. 1086. y =
1
a

arctan
x

a
(a $= 0).

1087. y =
1
2a

ln
∣∣∣∣
x − a

x + a

∣∣∣∣. 1088. y = ln
∣∣x +

√
x2 + a

∣∣.

1089. y = arcsin
x

a
(a $= 0).

1090. %:
(a) d(xex); (b) d(sinx − x cosx);

(c) d
(

1
x3

)
; (d) d

(
ln x√

x

)
;

(e) d(
√

a2 + x2); (f) d
(

x√
1 − x2

)
;

(g) d ln(1 − x2); (h) d
(

arccos
1
|x|

)
;

(i) d
[

sin x

2 cos2 x
+

1
2

ln
∣∣∣tan

(x

2
+
π

4

)∣∣∣
]

.

( u, v, w ! x !!"!!, %!$!! y !"#:

1091. y = uvw. 1092. y =
u

v2
.

1093. y =
1√

u2 + v2
. 1094. y = arctan

u

v
.

1095. y = ln
√

u2 + v2.
1096. %:

(a)
d

d(x3)
(x3 − 2x6 − x9); (b)

d
d(x2)

(
sinx

x

)
;

(c)
d(sin x)
d(cosx)

; (d)
d(tanx)
d(cotx)

; (e)
d(arcsinx)
d(arccosx)

.

1097. (#,!!#-! R = 100 cm, +./! α = 60◦. ! (a) !#- R &)
1 cm; (b) / α ,2 30′, !,!'"%"!$? %$7*+#'$+.
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1098. %!0+,&&!"*%:

T = 2π

√
l

g
,

!# l!%&, g = 9.8m/s2 !1-)",.!'+,& T &* 0.05 s , &%& l = 20 cm
2&%(23*?

&!!)"#+)!&!, %!$)")'$!:
1099. 3

√
1.02. 1100. sin 29◦. 1101. cos 151◦.

1102. arctan 1.05. 1103. lg 11.
1104.1. $!'$%": √

a2 + x ≈ a +
x

2a
(a > 0),

!# |x| ' a ('! A # B )"!((" A ' B #* A /$" B). #&"%"'$
0&!: (a)

√
5; (b)

√
34; (c)

√
120, )#"&$##!!!%56.

1104.2. $!%":√
a2 + x = a +

x

2a
− r (a > 0, x > 0),

!# 0 < r <
x2

8a3
.

1105. $!'$%":
n√
an + x ≈ a +

x

nan−1
(a > 0),

!# |x| ' a. #&"%"'$0&!:
(a) 3

√
9; (b) 4

√
80; (c) 7

√
100; (d) 10

√
1000.

1106. '&!!/ x = 2.4m± 0.05m. $"&!$!'&!'"!%&.!#2
&.!%"?

1107.!'" 1% !7,!&!$(!*",$,!(#- R )#04!%&.!
%"?

1108. !'*%1-)",, !$#&%!0+%" g =
4π2l

T 2
, !# l !%&, T

!0+,&. -6! (a) &, l, (b) ,& T ), %&.! δ %"+. g !!?
1109. %! x (x > 0) !#&&! ($ 10 !7) !2&.!, ("!!%&.!'

" δ.
1110. $!: $$'#&!#%3!/,5$$,!%-(#$!!'/&!#%

3!/,(!7*.

§5. ##"#!#!"

1. !!$". !! y = f(x) !!"!!.)$!$(("%" (-(%%'!$!!"!):

f (n)(x) =
`
f (n−1)(x)

´′
(n = 2, 3, · · · ).

!!! f(x) "!" (a, b) !!"#!"! f (n)(x), !.+!: f(x) ∈ C(n)(a, b). +&0,
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! f(x) " (a, b) "!"#!)&"!, !+&/- f(x) ∈ C(∞)(a, b).

!! y = f(x) !!"!"$$$!$%"))%"!:

dny = d(dn−1y) (n = 2, 3, · · · ),
!#-! d1y = dy = y′ dx.

! x !!!!, !-!:

d2x = d3x = · · · = 0.

*)')%"
dny = y(n) dxn ! y(n) =

dny
dxn

.

2. !!!".

I. (ax)(n) = ax lnn a (a > 0); (ex)(n) = ex.

II. (sin x)(n) = sin(x +
nπ
2

).

III. (cos x)(n) = cos(x +
nπ
2

).

IV. (xm)(n) = m(m − 1) · · · (m − n + 1)xm−n.

V. (lnx)(n) =
(−1)n−1(n − 1)!

xn
.

3. "$!"!". !!! u = ϕ(x) ! v = ψ(x) ! n &"! (n &!"), !

(uv)(n) =
nX

i=0

Ci
nu(i)v(n−i),

!# u(0) = u, v(0) = v, Ci
n !$ n &$*()& i &!(*!.

($0&""# dn(uv) 3:

dn(uv) =
nX

i=0

Ci
n dn−iudiv,

!#-! d0u = u ! d0v = v.

% y′′:

1111. y = x
√

1 + x2. 1112. y =
x√

1 − x2
.

1113. y = e−x2
. 1114. y = tan x.

1115. y = (1 + x2) arctanx. 1116. y =
arcsinx√

1 − x2
.

1117. y = x ln x. 1118. y = ln f(x).
1119. y = x(sin lnx + cos ln x).
1120. ( y = esin x cos sin x, % y(0), y′(0) ! y′′(0).

( u = ϕ(x) ! v = ψ(x) !"&!"!!, % y′′:

1121. y = u2. 1122. y = ln
u

v
.

1123. y =
√

u2 + v2. 1124. y = uv (u > 0).

( f(x) !)&!"!!, % y′′ ! y′′′:

1125. y = f(x2). 1126. y = f

(
1
x

)
.
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1127. y = f(ex). 1128. y = f(ln x).
1129. y = f(ϕ(x)), !# ϕ(x) $%#()!"!!.
1130. &"!! y = ex, "$!*%"!!% d2y: (a) x !!!!, (b) x !#"

!!.

! x !!!!, % d2y:

1131. y =
√

1 + x2. 1132. y =
ln x

x
. 1133. y = xx.

0 u ! v !!! x !"&!"!!, % d2y:

1134. y = uv. 1135. y =
u

v
.

1136. y = umvn (m ! n !#!). 1137. y = au (a > 0).

1138. y = ln
√

u2 + v2. 1139. y = arctan
u

v
.

(!! y = y(x) $(!!"!$, %"! y′
x, y′′

x2 , y′′′
x3 :

1140. x = 2t − t2, y = 3t − t3. 1141. x = a cos t, y = a sin t.

1142. x = a(t − sin t), y = a(1 − cos t). 1143. x = et cos t, y = et sin t.
1144. x = f ′(t), y = tf ′(t) − f(t).
1145. (!! y = f(x) %#()!". %$!! x = f−1(y) !"! x′, x′′, x′′′,

x(4) ((**"!$#").

%+!! y = y(x) ! y′
x, y′′

x2 ! y′′′
x3 :

1146. x2 + y2 = 25. "# M(3, 4) ! y′, y′′ ! y′′′ '"%"?
1147. y2 = 2px. 1148. x2 − xy + y2 = 1.

% y′
x ! y′′

x2 :
1149. y2 + 2 ln y = x4. 1150.

√
x2 + y2 = aearctan y

x (a > 0).
1151. (!! f(x) - x ! x0 )!%"$"&!". %-%").(! a, b ! c,

+!!

F (x) =

{
f(x), x ! x0,

a(x − x0)2 + b(x − x0) + c, x > x0

"&!"?
1152. 2#%"#'+!%#!

s = 10 + 20t− 5t2.

%!'+",#)",. " t = 2 !)$, ",#)",'"%"?
1153. 2# M(x, y) %+, x2 + y2 = a2 ,"'+, '+#,!)"! T . !2#

")$ t = 0 #"# M0(a, 0), %2#!",#)"," Ox &"!,+ v # w.
1154. "1-*#, 2# M(x, y) "-""' Oxy !$+", v0 %#+"'' α

/!&,#$. 0)'+&( ('&%)+-), )*%", v #)", w !*$!'+
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.1. 2#!)*"3+,#&('"(2?
1155. 2#!'+&(!

x = 4 sinωt − 3 cosωt, y = 3 sinωt + 4 cosωt (ω !#!).
%'+.1!",#)",!*$.

"!$)##, %/%&!"!:
1156. y = x(2x − 1)2(x + 3)3, % y(6) ! y(7).

1157. y =
a

xm
, % y′′′. 1158. y =

√
x, % y(10).

1159. y =
x2

1 − x
, % y(8). 1160. y =

1 + x√
1 − x

, % y(100).

1161. y = x2e2x, % y(20). 1162. y =
ex

x
, % y(10).

1163. y = x ln x, % y(5). 1164. y =
ln x

x
, % y(5).

1165. y = x2 sin 2x, % y(50). 1166. y =
cos 3x

3
√

1 − 3x
, % y′′′.

1167. y = sin x sin 2x sin 3x, % y(10). 1168. y = x sinh x, % y(100).
1169. y = ex cosx, % y(4). 1170. y = sin2 x ln x, % y(6).

"!$)##, 4 x !!!!, %/%&!"#:

1171. y = x5, % d5y. 1172. y =
1√
x

, % d3y.

1173. y = x cos 2x, % d10y. 1174. y = ex ln x, % d4y.
1175. y = cosx · coshx, % d6y.

"!$)##, ( u ! x !%#()!"!!, %/%&!"#:
1176. y = u2, % d10y. 1177. y = eu, % d4y.
1178. y = ln u, % d3y.
1179. 4 x !%&!!!!!!, %!! y = f(x) ! d2y, d3y ! d4y.
1180. $!! x # y !+)"#+#*!! y = f(x) !"! y′′ ! y′′′, 1*-%

x !!!!.
1181. $!: !!

y = C1 cosx + C2 sin x,

!# C1 ! C2 !#!!#!, ""&(
y′′ + y = 0.

1182. $!: !!
y = C1 coshx + C2 sinh x,
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!# C1 ! C2 !#!!#!, ""&(
y′′ − y = 0.

1183. $!: !!
y = C1eλ1x + C2eλ2x,

!# C1 ! C2 !#!!#!, λ1 ! λ2 !#!, ""&(
y′′ − (λ1 + λ2)y′ + λ1λ2y = 0.

1184. $!: !!
y = xn[C1 cos(ln x) + C2 sin(ln x)],

!# C1 ! C2 !#!!#!, n !#!, ""&(
x2y′′ + (1 − 2n)xy′ + (1 + n2)y = 0.

1185. $!: !!

y = e
x√
2

(
C1 cos

x√
2

+ C2 sin
x√
2

)
+ e−

x√
2

(
C3 cos

x√
2

+ C4 sin
x√
2

)
,

!# C1, C2, C3 ! C4 !#!#!, ""&(
y(4) + y = 0.

1186. $!: !!! f(x) ! n &"!, !
[f(ax + b)](n) = anf (n)(ax + b).

1187. !
P (x) = a0x

n + a1x
n−1 + · · · + an,

% P (n)(x).

% y(n):

1188. y =
ax + b

cx + d
. 1189. y =

1
x(1 − x)

.

1190. y =
1

x2 − 3x + 2
. !": #+!!!).#".

1191. y =
1√

1 − 2x
. 1192. y =

x
3
√

1 + x
.

1193. y = sin2 x. 1194. y = cos2 x.
1195. y = sin3 x. 1196. y = cos3 x.
1197. y = sin ax sin bx. 1198. y = cos ax cos bx.
1199. y = sin ax cos bx. 1200. y = sin2 ax cos bx.
1201. y = sin4 x + cos4 x. 1202. y = x cos ax.
1203. y = x2 sin ax. 1204. y = (x2 + 2x + 2)e−x.

1205. y =
ex

x
. 1206. y = ex cosx.

1207. y = ex sinx. 1208. y = ln
a + bx

a − bx
.

1209. y = eaxP (x), !# P (x) !()". 1210. y = x sinh x.
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% dny:

1211. y = xnex. 1212. y =
ln x

x
.

1213. $!'":
(1) [eax sin(bx + c)](n) = eax(a2 + b2)n

2 sin(bx + c + nϕ),
(2) [eax cos(bx + c)](n) = eax(a2 + b2)n

2 cos(bx + c + nϕ),

!# sinϕ =
b√

a2 + b2
, cosϕ =

a√
a2 + b2

.

1214. % y(n):
(a) y = coshax cos bx; (b) y = coshax sin bx.

1215. 2!!
f(x) = sin2p x (p !'(!)

$!)/()"

f(x) =
p∑

k=0

Ak cos 2kx,

$.% f (n)(x).

!": 0 sin x =
1
2i

(t − t), !# t = cosx + i sin x ! t = cosx − i sin x, )$#&
!&,%"+&!.

1216. % f (n)(x) ((()#):
(a) f(x) = sin2p+1 x; (b) f(x) = cos2p x; (c) f(x) = cos2p+1 x,

!# p !'(!.

!

f(x) = f1(x) + if2(x),

!# i $5!%#, f1(x) # f2(x) !/!! x !/!!, !&%"!:

f ′(x) = f ′
1(x) + if ′

2(x).

1217. #&)'"
1

x2 + 1
=

1
2i

(
1

x − i
− 1

x + i

)

$!: (
1

x2 + 1

)(n)

=
(−1)nn!

(1 + x2)
n+1

2
sin[(n + 1) arccotx].

!": #&!&,%".
1218. %!! f(x) = arctanx ! n &"!.

% f (n)(0):

1219. (a) f(x) =
1

(1 − 2x)(1 + x)
; (b) f(x) =

x√
1 − x

.

1220. (a) f(x) = x2eax; (b) f(x) = arctanx; (c) f(x) = arcsinx.
1221. (a) f(x) = cos(m arcsinx); (b) f(x) = sin(m arcsinx).
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1222. (a) f(x) = (arctanx)2; (b) f(x) = (arcsinx)2.
1223. (

f(x) = (x − a)nϕ(x),
!#!! ϕ(x) "# a !%(!!"#! n − 1 &"!, % f (n)(a).

1224. $!: !!

f(x) =





x2n sin

1
x

, x $= 0,

0, x = 0

(n !'(!) "# x = 0 !#") n &!"!, !& n + 1 &"!.
1225. $!: !!

f(x) =

{
e−1/x2

, x $= 0,

0, x = 0

" x = 0 &$&')!"!. % f (n)(0). %$"!!!!".
1226. $!: "$"#$"#

Tm(x) =
1

2m−1
cos(m arccosx) (m = 1, 2, · · · )

""&(
(1 − x2)T ′′

m(x) − xT ′
m(x) + m2Tm(x) = 0.

1227. $!: "!%$"#
Pm(x) =

1
2mm!

[
(x2 − 1)m

](m) (m = 0, 1, 2, · · · )
""&(

(1 − x2)P ′′
m(x) − 2xP ′

m(x) + m(m + 1)Pm(x) = 0.

!": "'" (x2 − 1)u′ = 2mxu % m + 1 )"#, !# u = (x2 − 1)m.

1228. "$"#–#"$$"#%"%!:
Lm(x) = ex(xme−x)(m) (m = 0, 1, 2, · · · ).

%()" Lm(x) !$"#!". $!: Lm(x) ""&(
xL′′

m(x) + (1 − x)L′
m(x) + mL(x) = 0.

!": #&'" xu′ + (x − m)u = 0, !# u = xme−x.
1229. ( y = f(u) ! u = ϕ(x), !# f(u) ! ϕ(x) ! n &!"!!. $!:

dny

dxn
=

n∑

k=1

Ak(x)f (k)(u),

!#(! Ak(x) (k = 0, 1, · · · , n) #!! f(u) &(.
1230. $!: &"'*!! y = f(x2) ! n &"!, ')%"

dny

dxn
= (2x)nf (n)(x2) +

n(n − 1)
1!

(2x)n−2f (n−1)(x2)

+
n(n − 1)(n − 2)(n − 3)

2!
(2x)n−4f (n−2)(x2) + · · · .

1231. "$"#–!$!"$"#%"%!:
Hm(x) = (−1)mex2

(e−x2
)(m) (m = 0, 1, 2, · · · ).
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%()" Hm(x) !$"#!". $!: Hm(x) ""&(
H ′′

m(x) − 2xH ′
m(x) + 2mHm(x) = 0.

!": #&'" u′ + 2xu = 0, !# u = e−x2
.

1232.1. $!'": (
xn−1e

1
x

)(n)
=

(−1)n

xn+1
e

1
x .

!": '&!6/''.
1232.2. $!%":

(a)
dn

dxn
(xn ln x) = n!

(
ln x +

n∑

k=1

1
k

)
(x > 0);

(b)
d2n

dx2n

(
sinx

x

)
=

(2n)!
x2n+1

[Cn(x) sin x − Sn(x) cos x],

!#
Cn(x) = 1 − x2

2!
+ · · · + (−1)n x2n

(2n)!
,

Sn(x) = x − x3

3!
+ · · · + (−1)n−1 x2n−1

(2n − 1)!
.

1233. (
d
dx

= D #*"#!$,

f(D) =
n∑

k=0

pk(x)Dk

!"#!$()", !# pk(x) (k = 0, 1, · · · , n) ! x !%*"#!!. $!:

f(D){eλxu(x)} = eλxf(D + λ)u(x),

!# λ !#!.
1234. $!: !"&(

n∑

k=0

akxky(k)
x = 0

#0
x = et,

!# t !!!!, !"&($!
n∑

k=0

akD(D − 1) · · · (D − k + 1)y = 0,

!# D =
d
dt

.

§6. !&$#!$$%!$##!#$#

1. !&$#. !: (1) !! f(x) ""!" [a, b] "!%")$"#; (2) "! f ′(x) ""!
"!!&; (3) f(a) = f(b), !"!" (a, b) !32#"#&! c, +

f ′(c) = 0.

2. $$%!$#. !: (1) !! f(x) ""!" [a, b] "!%")$"#; (2) "! f ′(x) "
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!" (a, b) !!&, !
f(b) − f(a) = (b − a)f ′(c), !# a < c < b

("#!!##).

3. !#$#. !: (1) !! f(x) ! g(x) ""!" [a, b] "!%")$"#; (2) "! f ′(x)

! g′(x) " (a, b) !!&; (3) - a < x < b ), f ′2(x) + g′2(x) "= 0; (4) g(a) "= g(b), !
f(b) − f(a)
g(b) − g(a)

=
f ′(c)
g′(c)

, !# a < c < b.

1235. 3/1)%'&"!!
f(x) = (x − 1)(x − 2)(x − 3)

!'*(.
1236. !! f(x) = 1 − 3

√
x2 "# x1 = −1 ! x2 = 1 &!2, 1- −1 ! x ! 1

), f ′(x) $= 0. *$(#1)%'!)8. !$+0.
1237.(!! f(x) "!&#&'!!" (a, b) #!#!##!!&!"!f ′(x), $

lim
x→a+0

f(x) = lim
x→b−0

f(x).

$!:
f ′(c) = 0,

!# c !!" (a, b) #!%#.
1238. (: (1) !! f(x) ""!" [x0, xn] "!%"$!"#! n − 1 &"!

f (n−1)(x); (2) f(x) "!" (x0, xn) !! n &"! f (n)(x); (3) !$'"'):
f(x0) = f(x1) = · · · = f(xn) (x0 < x1 < · · · < xn).

$!: "!" (x0, xn) !32#"## ξ, +
f (n)(ξ) = 0.

1239.(: (1) !! f(x) ""!" [a, b] "!%"$!"#! p+q &"! f (p+q)(x);
(2) f(x) "!" (a, b) !! p + q + 1 &"! f (p+q+1)(x); (3) !$'"'):

f(a) = f ′(a) = · · · = f (p)(a) = 0,

f(b) = f ′(b) = · · · = f (q)(b) = 0.

$!: ""%"!!
f (p+q+1)(c) = 0,

!# c !!" (a, b) !!%#.
1240. $!: !,!/(! ak (k = 0, 1, · · · , n) !()"

Pn(x) = a0x
n + a1x

n−1 + · · · + an (a0 $= 0)

)##$!/!, !!"! P ′
n(x), P ′′

n (x), · · · , P (n−1)
n (x) *)!/$.

1241. $!: ..6()"
Pn(x) =

1
2nn!

dn

dxn
{(x2 − 1)n}

!##$$$/!$'0"!" (−1, 1) #.
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1242. $!: #57*–/-)()"
Ln(x) = ex dn

dxn
(xne−x)

#!!$$$'!.
1243. $!: #57*–()$+()"

Hn(x) = (−1)nex2 dn

dxn
(e−x2

)

#!!$$$/!.
1244. "&# y = x3 "%##, +&#"##!##"'""!# A(−1,−1) !

# B(2, 8) #'!/.
1245. ""!" [a, b] ", ! ab < 0, !!&&!%"&"!!

f(x) =
1
x

$%')?
1246.1. (

(a) f(x) = ax2 + bx + c (a $= 0); (b) f(x) = x3;

(c) f(x) =
1
x

; (d) f(x) = ex,

%""
f(x + ∆x) − f(x) = ∆xf ′(x + θ∆x) (0 < θ < 1)

!!! θ = θ(x, ∆x).
1246.2. ( f(x) ∈ C(1)(−∞, +∞), $&"#" x # h '))'"

f(x + h) − f(x) ≡ hf ′(x).

$!:
f(x) = ax + b,

!# a # b !#!.
1246.3. ( f(x) ∈ C(2)(−∞, +∞), $&"#" x # h '))'"

f(x + h) − f(x) ≡ hf ′
(

x +
h

2

)
.

$!:
f(x) = ax2 + bx + c,

!# a, b # c !#!.
1247. $!: ! x " 0, !

√
x + 1 −

√
x =

1
2
√

x + θ(x)
,

!# 1
4

! θ(x) ! 1
2
, )$ lim

x→0
θ(x) =

1
4
, lim

x→+∞
θ(x) =

1
2
.

1248. (

f(x) =






3 − x2

2
, 0 ! x ! 1,

1
x

, 1 < x < +∞,
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""!" [0, 2] "%!! f(x) !!&&!%"#!#"! c.
1249. (

f(x) − f(0) = xf ′(ξ(x)),

!# 0 < ξ(x) < x. $!: !

f(x) =

{
x sin(ln x), x > 0,

0, x = 0,

!!! ξ = ξ(x) "#!$!!" (0, ε) (ε > 0) !$*"#!.
1250. (!! f(x) "!" (a, b) !!"#!"! f ′(x). &"!" (a, b) !#"#

# ξ, "%/$"!"#)%!*# x1 ! x2, +3
f(x2) − f(x1)

x2 − x1
= f ′(ξ) (x1 < ξ < x2)?

&%#&&$:

f(x) = x3 (−1 ! x ! 1), ξ = 0.

1251. $!!$*'":
(a) | sinx − sin y| ! |x − y|;
(b) pyp−1(x − y) ! xp − yp ! pxp−1(x − y) (0 < y < x, p > 1);
(c) | arctana − arctan b| ! |a − b|;

(d)
a − b

a
< ln

a

b
<

a − b

b
(0 < b < a).

1252. +0: ""!" [−1, 1] ", &/%'&"!! f(x) = x2 ! g(x) = x3 !%
"*')?

1253. (!! f(x) ""!" [x1, x2] "!", )$ x1x2 > 0. $!:
1

x1 − x2

∣∣∣∣∣
x1 x2

f(x1) f(x2)

∣∣∣∣∣ = f(ξ) − ξf ′(ξ),

!# x1 < ξ < x2.
1254. $!: !!! f(x) "!&!!" (a, b) !!"1&*, !!"! f ′(x) "!

" (a, b) !*&*. (*#*') (($&$).
1255. $!: !!! f(x) "!&#&'!!" (a, b) !!!*!"! f ′(x), !

f(x) " (a, b) "#4"#.
1256. $!: !!! f(x) "&'!!" (x0, +∞) !!"$

lim
x→+∞

f ′(x) = 0,

!

lim
x→+∞

f(x)
x

= 0,

*- x → +∞ ), f(x) = o(x).
1257. $!: !!! f(x) "&'!!" (x0, +∞) !!"$

- x → +∞ ), f(x) = o(x),
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!

lim
x→+∞

|f ′(x)| = 0.

+&0, !#" lim
x→+∞

f ′(x) = k, ! k = 0.

1258.1. $!: !: (1) !! f(x) ""!" [x0, X ] "!%")$"#; (2) f(x) "
!" (x0, X) !!!&!"! f ′(x); (3) #"!&#&'!'&

lim
x→x0+0

f ′(x) = f ′(x0 + 0),

!%%0#"!&#&'!%,"! f ′
+(x0) $

f ′
+(x0) = f ′(x0 + 0).

1258.2. $!: &"!!

f(x) =





arctan

1 + x

1 − x
, x $= 1,

0, x = 1
#"!&!'& lim

x→1
f ′(x), 1$!! f(x) %!%,"! f ′

−(1) ! f ′
+(1). !$*&.

/!#"+0. +!, "*&##"&"%,"! (4'# 1009.2).
1259. $!: !- a < x < b ) f ′(x) = 0, !

- a < x < b ), f(x) = const.

1260. $!: "!!#!
f ′(x) = k

!0#!! f(x) (−∞ < x < +∞) $#(!!
f(x) = kx + b.

1261.1. ! f (n)(x) ≡ 0, !&!! f(x) !%"(.?
1261.2. ( f(x) ∈ C(∞)(−∞, +∞), )$&(& x $#"'(!nx (nx ! n),+3

f (nx)(x) = 0.

$!: !! f(x) $()".
1262. $!: ""&(

y′ = λy (λ = const)

!0#!! y = y(x) (−∞ < x < +∞) $/!!! y = Ceλx, !# C !#!#!.
!": &% (ye−λx)′.
1263. 3/: !!

f(x) = arctan
1 + x

1 − x
, g(x) = arctanx

"!" (1) x < 1 ! (2) x > 1 !!%%!"!. $$**!!)"!((.
1264. $!!$)'":

(a) 2 arctanx + arcsin
2x

1 + x2
= π sgnx, - |x| " 1;

(b) 3 arccosx − arccos(3x − 4x3) = π, - |x| ! 1
2
.
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1265. !!: !: (1) !! f(x) !!!! [a, b] "!!; (2) f(x) !!!!!"!!
!!"! f ′(x); (3) f(x) #"""!!, "!!! (a, b) !"#"##!$ c, $%

|f ′(c)| >

∣∣∣∣
f(b) − f(a)

b − a

∣∣∣∣ .

!!$"%&!""!'.
1266. !!: !: (1) !! f(x) !!!! [a, b] "!!""! f ′′(x); (2) f ′(a) =

f ′(b) = 0, "!!! (a, b) !"#"!!$ c, $%

|f ′′(c)| ! 4
(b − a)2

|f(b) − f(a)|.

1267. !"##$!(#), " t "!!!!"#, !##!$"" s. !!: !"

%&!#"'!##*#$" 4s

t2
.

§7. !!!!!!!. !!"

1. !!!!!!!. !
( a " x1 < x2 " b *, f(x2) > f(x1) (!( a " x1 < x2 " b *, f(x2) < f(x1)),

"$!! f(x) "!!! [a, b] "!!!! (!!!!).

!"#!! f(x) "!!! [a, b] "!&!! (!$!!), "
( a " x " b *, f ′(x) ! 0 (!( a " x " b *, f ′(x) " 0).

2. !!"! (!"!) #!!!". !!! f(x) !!!! [a, b] "!!, $"!"!"!#

(!#) !"! f ′(x), "!! f(x) ! [a, b] ")& (!)$).

###!!!%$$* (&!$) !!:
1268. y = 2 + x − x2. 1269. y = 3x − x3.

1270. y =
2x

1 + x2
. 1271. y =

√
x

x + 100
(x ! 0).

1272. y = x + sin x. 1273. y = x + | sin 2x|.

1274. y = cos
π

x
. 1275. y =

x2

2x
.

1276. y = xne−x (n > 0, x ! 0). 1277. y = x2 − ln x2.

1278. f(x) =






x

(√
3
2

+ sin ln x

)
, x > 0,

0, x = 0.

1279. !!: '!!%# n %&!$% pn (%!!$ n &#*&#, "!'!$
$# n %&!$% Pn !*"$$. &!!!: ( n → ∞ *, pn $ Pn !$!!%!.

1280. !!: !! (
1 +

1
x

)x

!!! (−∞,−1) & (0, +∞) !)&.
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1281. !!: !#!!
P (x) = a0 + a1x + · · · + anxn (n ! 1, an %= 0)

"!! (−∞,−x0) & (x0, +∞) "! (%$) $*!!, "% x0 "&#%!#!.
1282. !!: #%"'!!!#!!

R(x) =
a0 + a1x + · · · + anxn

b0 + b1x + · · · + bmxm
(anbm %= 0)

"!! (−∞,−x0) & (x0, +∞) "! (%$) $*!!, "% x0 "&#%!#!.
1283. $*!!!"!"$"&"$*!? ''!"$": f(x) = x + sin x.

1284. !!: ! ϕ(x) ""#!$*&!!, "( x ! x0 *, |f ′(x)| " ϕ′(x), "
( x ! x0 *, |f(x) − f(x0)| " ϕ(x) − ϕ(x0).

!!$"%&!""!'.
1285. +!! f(x) !!! a " x < +∞ !!!, ""( x > a *, f ′(x) > k > 0,

"% k "'!. !!: ! f(a) < 0, "!!!
(

a, a − f(a)
k

)
!%# f(x) = 0 !"(!

!"&%.
1286. !!$ x0 !#$# |x− x0| < δ !, !!&% ∆f(x0) = f(x)− f(x0) !&

&$#'%&% ∆x0 = x − x0 !&&$!, "$!! f(x) "! x0 $!!!!. !!:
!!! f(x) (a < x < b) !!!!%%!#!! (a, b) !!#!$)"&!!, "$!
!!!!"&!!.

1287. !!: !!

f(x) =





x + x2 sin

2
x

, x %= 0,

0, x = 0

!$ x = 0 "&!!, +!!'!$!#"!! (−ε, ε) %$'&!!, "% ε > 0 "#
#$!!. $!!!!!%".

1288. !!,#: + (1) !! ϕ(x) & ψ(x) " n ""#!!; (2) ϕ(k)(x0) =
ψ(k) (x0) (k = 0, 1, · · · , n − 1); (3) ( x > x0 *, ϕ(n)(x) > ψ(n)(x), "( x > x0 *(
&#-,

ϕ(x) > ψ(x).
1289. !!###-,:

(a) ex > 1 + x (x %= 0);

(b) x − x2

2
< ln(1 + x) < x (x > 0);

(c) x − x3

6
< sin x < x (x > 0);

(d) tan x > x +
x3

3

(
0 < x <

π

2

)
;

(e) (xα + yα) 1
α > (xβ + yβ)

1
β (x > 0, y > 0, 0 < α < β).

!!#-, (a)—(d) !""!'.
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1290. !!#-,:
( 0 < x <

π

2
*,

2
π

x < sin x < x.

1291. !!: ( x > 0 *(&#-,
(

1 +
1
x

)x

< e <

(
1 +

1
x

)x+1

.

1292. +-)!#$-(!#!%!$!,-%$%%#)$!, $"!$%."
#!. !!: -)!#&%&$%"-"-(!#&%&$.

1293. '%#-,
n∑

k=1

(akx + bk)2 ! 0,

"% x, ak, bk (k = 1, · · · , n) "&!, !!!!!!":
(

n∑

k=1

akbk

)2

"
n∑

k=1

a2
k ·

n∑

k=1

b2
k.

1294. !!: !'#!!%.#*'#%"$(!!#%#*', '

1
n

n∑

k=1

xk "

√√√√ 1
n

n∑

k=1

x2
k.

1295. !!: !'#!!""#*'#%"$(!!%.#*', '
n√
x1x2 · · ·xn " 1

n
(x1 + x2 + · · · + xn).

!#: %!)(&(.
1296. + a & b "("#!, "&-,

∆s(a, b) =






(
as + bs

2

) 1
s

, s %= 0,

lim
t→0

∆t(a, b), s = 0

!,$&!!$"#! a $ b & s !!"!. #)/, ( s = −1 *%#""!"!, (
s = 0 *%#"#!"! (/!!!), ( s = 1 *%#!$!"!, ( s = 2 *%#!!
!"!. !!:

(1) min{a, b} " ∆s(a, b) " max{a, b};
(2) ( a %= b *, !! ∆s(a, b) "'% s !&!!;
(3) lim

s→−∞
∆s(a, b) = min{a, b}, lim

s→+∞
∆s(a, b) = max{a, b}.

!#: #*
d
ds

[ln ∆s(a, b)].

1297. !!#-,:
(a) xα − 1 > α(x − 1) (α ! 2, x > 1);
(b) n√

x − n√
a <

n√
x − a (n > 1, x > a > 0);

(c) 1 + 2 lnx " x2 (x > 0).
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§8. !"". "%

1. !""#!!!". !&"#!!,$!!0&" y = f(x) (a " x " b) &""##!
$!$"&" (&#), "$$""#!! y = f(x) !"&!!!! [a, b] """ (!) ! 1©. !
(+!""! f ′′(x) "!!'$#, ( a < x < b *#-,

f ′′(x) > 0 (f ′′(x) < 0)

(&, ""&$ (") !&#%).

2. "%#!!!". !!!"&!"$"!#$(', "$!$"$#. !!$ x0 !

f ′′(x0) = 0, !( f ′′(x0) &#"!+ f ′(x0) !#$, $"%&!'('&#, f ′′(x) ! x ##

x0 *('&&, " x0 ")$.

1298. ''&" y = 1 + 3
√

x " A(−1, 0), B(1, 2) & C(0, 1) )$!"$".

###!!!"&!"!$!!!&)$:

1299. y = 3x2 − x3. 1300. y =
a2

a2 + x2
(a > 0).

1301. y = x + x
5
3 . 1302. y =

√
1 + x2.

1303. y = x + sin x. 1304. y = e−x2
.

1305. y = ln(1 + x2). 1306. y = x sin lnx (x > 0).
1307. y = xx (x > 0).
1308. !!: &"

y =
x + 1
x2 + 1

!&"!!*""!$")$. $!$"!!!"&.
1309. %"*)*% h, "$ “)'&"”

y =
h√
π

e−h2x2
(h > 0)

!)$ x = ±σ?
1310. ''#" (+(")

x = a(t − sin t), y = a(1 − cos t) (a > 0)

!"$".
1311. +!! f(x) !!! a " x < +∞ %!""#, $":
(1) f(a) = A > 0; (2) f ′(a) < 0; (3) ( x > a *, f ′′(x) " 0.

!!: !!! (a, +∞) !%# f(x) = 0 !""(!!"&%.
1312. !1"!! (a, b) !##($ x1 $ x2 &##(!λ1 $λ2 (λ1 > 0, λ2 > 0,

λ1 + λ2 = 1) (&#-,
f(λ1x1 + λ2x2) < λ1f(x1) + λ2f(x2)

1©*!$!,$*'& 1312. *0%$$"#$!"", %"$"#"!"$, %'&&+*+"*'%
!.',(. +""$"*()!(&, *$+0$)!*#0: !,', -"$. ,%2(%!)#)'&-
)'+( (3!,). -+: +-,(!'1, 2010. 3!, §2.8. %%
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(!$)!#-, f(λ1x1 + λ2x2) > λ1f(x1) + λ2f(x2)), "$!! f(x) !!! (a, b)
""" (!) !. !!: (1) !( a < x < b * f ′′(x) > 0, "!! f(x) ! (a, b) ""$
!; (2) !( a < x < b * f ′′(x) < 0, " f(x) ! (a, b) """!.

1313. !!: !!
xn (n > 1), ex, x ln x

!!! (0, +∞) ""$!, "!!
xn (0 < n < 1), ln x

!!! (0, +∞) """!.
1314.1. !!###-,, $!'"""#$:

(a)
1
2
(xn + yn) >

(
x + y

2

)n

(x > 0, y > 0, x %= y, n > 1);

(b)
ex + ey

2
> e

x+y
2 (x %= y);

(c) x ln x + y ln y > (x + y) ln
x + y

2
(x > 0, y > 0).

1314.2. +( a " x " b * f ′′(x) ! 0, !!: 1"#" x1, x2 ∈ [a, b], .!

f

(
x1 + x2

2

)
" 1

2
[f(x1) + f(x2)].

1315. !!: !-!$!!&&!!, $!&"!$)"! 1©.
1316. +!! f(x) !!! (a, b) !!""#, " f ′′(ξ) %= 0, "% a < ξ < b. !!:

!!! (a, b) %"#!("' x1 $ x2, )'
f(x2) − f(x1)

x2 − x1
= f ′(ξ).

1317. !!: !!! f(x) !%%!!! (x0, +∞) !!""#, "
lim

x→x0+0
f(x) = 0, lim

x→+∞
f(x) = 0,

"!!! (x0, +∞) !"#!!$ ξ, )' f ′′(ξ) = 0.

§9. !&"#!!#

!"!#$. '& 1: #,, 0
0

!#'(. !: (1) !! f(x) $ g(x) !$ a !#$# Uε
2©

!!,$$"!! (!& a "!!&& ∞), $"( x → a *, $("!!.("*:

lim
x→a

f(x) = lim
x→a

g(x) = 0;

(2) "! f ′(x) $ g′(x) !$ a !$# Uε !"! (+!$ a +2"#"!), $"( x #= a *,

!(#!*"*; (3) !!!%%!%!'

lim
x→a

f ′(x)
g′(x)

1©*&%!, !-"%)"&2*. !!&&!)(."(": !!!"!$!!&&!!. %%
2©!*$ a !$# Uε, *+)'###-,!! x !-,: (1) 0 < |x − a| < ε, ! a "!"!;

(2) |x| >
1

ε
, ! a "&& ∞. ($),$!$#''/(!!!!. %%)
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"!, "!

lim
x→a

f(x)
g(x)

= lim
x→a

f ′(x)
g′(x)

.

'& 2: #,, ∞
∞ !#'(. !: (1) ( x → a *, !! f(x) $ g(x) .("%%%:

lim
x→a

f(x) = lim
x→a

g(x) = ∞,

"% a "!!&& ∞; (2) 1"*" a "3"$ a !$# Uε !!$ x ', "! f ′(x) $ g′(x)

."!, $"1"$)! x !
f ′2(x) + g′2(x) #= 0;

(3) !!!%%!%!

lim
x→a

f ′(x)
g′(x)

"!, "

lim
x→a

f(x)
g(x)

= lim
x→a

f ′(x)
g′(x)

.

1"$."!"!)'!(".

'%'!'#$&1!!%(, "$#,, 0 ·∞, ∞−∞, 1∞, 00 -!#'($"
0
0

$ ∞
∞

$("%+).!#,,!#'(.

#!##&,&':

1318. lim
x→0

sin ax

sin bx
. 1319. lim

x→0

cosh x − cosx

x2
.

1320. lim
x→0

tan x − x

x − sin x
. 1321. lim

x→0

3 tan 4x − 12 tanx

3 sin 4x − 12 sinx
.

1322. lim
x→ π

2

tan 3x

tan x
. 1323. lim

x→0

x cotx − 1
x2

.

1324. lim
x→ π

4

3
√

tan x − 1
2 sin2 x − 1

. 1325. lim
x→0

x(ex + 1) − 2(ex − 1)
x3

.

1326. lim
x→0

1 − cosx2

x2 sinx2
. 1327. lim

x→0

arcsin 2x − 2 arcsinx

x3
.

1328. lim
x→0

1
x
√

x

(√
a arctan

√
x

a
−
√

b arctan
√

x

b

)
.

1329. lim
x→0

ax − asin x

x3
(a > 0). 1330. lim

x→1

xx − x

ln x − x + 1
.

1331. lim
x→0

ln sin ax

ln sin bx
. 1332. lim

x→0

ln cos ax

ln cos bx
.

1333. lim
x→0

cos sin x − cosx

x4
. 1334. lim

x→0

1
x

(
1

tanh x
− 1

tanx

)
.

1335. lim
x→0

arcsinh sinhx − arcsinh sin x

sinh x − sin x
, "% arcsinhx = ln(x +

√
1 + x2).
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1336. lim
x→+∞

ln x

xε
(ε > 0). 1337. lim

x→+∞

xn

eax
(a > 0, n > 0).

1338. lim
x→0

e−
1

x2

x1000
. 1339. lim

x→+∞
x2e−0.01x.

1340. lim
x→1−0

ln x · ln(1 − x). 1341. lim
x→+0

xε ln x (ε > 0).

1342. lim
x→+0

xx. 1343. lim
x→0

xxx−1.

1344. lim
x→0

(
xxx − 1

)
. 1345. lim

x→+0
x

k
1+ln x .

1346. lim
x→1

x
1

1−x . 1347. lim
x→1

(2 − x)tan πx
2 .

1348. lim
x→ π

4

(tan x)tan 2x. 1349. lim
x→0

(cotx)sin x.

1350. lim
x→+0

(
ln

1
x

)x

. 1351. lim
x→∞

(
tan

πx

2x + 1

) 1
x

.

1352. lim
x→a

(
tan x

tan a

)cot(x−a)

. 1353. lim
x→0

(
ax − x ln a

bx − x ln b

) 1
x2

.

1354. lim
x→0

(
1
x
− 1

ex − 1

)
. 1355. lim

x→1

(
1

ln x
− 1

x − 1

)
.

1356. lim
x→0

(
cotx − 1

x

)
. 1357. lim

x→0

[
1

ln(x +
√

1 + x2)
− 1

ln(1 + x)

]
.

1358. lim
x→a

ax − xa

x − a
(a > 0). 1359. lim

x→0

(1 + x) 1
x − e

x
.

1360. lim
x→0

(a + x)x − ax

x2
(a > 0). 1361. lim

x→+∞

(
2
π

arctanx

)x

.

1362. lim
x→+∞

(tanhx)x.

1363. (a) lim
x→0

(
arcsinx

x

) 1
x2

; (b) lim
x→0

(
sin x

x

) 1
x2

;

(c) lim
x→0

(
tan x

x

) 1
x2

; (d) lim
x→0

(
arctanx

x

) 1
x2

;

(e) lim
x→0

(
arcsinhx

x

) 1
x2

, "% arcsinhx = ln
(
x +

√
1 + x2

)
.

1364. lim
x→0

[
(1 + x) 1

x

e

] 1
x

. 1365. lim
x→0

(
2
π

arccosx

) 1
x

.
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1366. lim
x→0

( cosx

coshx

) 1
x2

. 1367. lim
x→0

ln coshx
m
√

coshx −
n√
coshx

.

1368. (a) lim
x→0

(
1 + ex

2

)coth x

; (b) lim
x→+∞

xln x

(ln x)x
.

1369. lim
x→+∞

[
3
√

x3 + x2 + x + 1 −
√

x2 + x + 1 · ln(ex + x)
x

]
.

1370. lim
x→+∞

[
(x + a)1+ 1

x − x1+ 1
x+a

]
.

1371. !( x → 0 *, &" y = f(x) '#)/*$ (0, 0) ( lim
x→0

f(x) = 0), "!!

!*0 α, # lim
x→0

y

x
.

1372. !( x → +0 *, !!&" y = f(x) '#)/*$ (0, 0) ( lim
x→+0

f(x) = 0),

$"( 0 < x < ε *, !&"!'&"(*" y = −kx & y = kx (k %= ∞) !*(!(
0&!, !!: lim

x→+0
xf(x) = 1.

1373.1. !!: !!! f(x) !!""! f ′′(x) "!, "

f ′′(x) = lim
h→0

f(x + h) + f(x − h) − 2f(x)
h2

.

1373.2. ''!!

f(x) =






1
x
− 1

ex − 1
, x %= 0,

1
2
, x = 0

!$ x = 0 !"#".

1373.3. #&" y =
x1+x

(1 + x)x
(x > 0) !.1".

1374. ''%%+&((""##&$!""":

(a) lim
x→0

x2 sin
1
x

sinx
; (b) lim

x→∞

x − sinx

x + sinx
;

(c) lim
x→+∞

e−2x(cosx + 2 sinx) + e−x2
sin2 x

e−x(cosx + sin x)
;

(d) lim
x→∞

1 + x + sin x cosx

(x + sin x cosx)esin x
.

1375. +!!,&, "+%" b, -+" h, (2" R, +!!%"!,&!-+$
0&. !( R #'*,&!&%("*, #,&''$!%-+$0&''&(!%
!. '%!%3-*!,&''!1'.,:

S ≈ 2
3
bh.
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§10. #!!"

1. #!!#!". !: (1) !! f(x) !$ x0 !#$# |x − x0| < ε !!,$; (2) f(x) !
!$#!!!*# n− 1 "!"! f ′(x), · · · , f (n−1)(x); (3) !$ x0 "! n ""! f (n)(x0), "

f(x) =
nX

k=0

ak(x − x0)
k + o ((x − x0)

n) , (1)

"% ak =
f (k)(x0)

k!
(k = 0, 1, · · · , n). #)/, ( x0 = 0 *, !:

f(x) =
nX

k=0

f (k)(0)
k!

xk + o(xn). (2)

!"4%)#, (1) ,"+!!.

!!$ x0 "!"! f (n+1)(x0), "., (1) %!*%",&" O∗((x − x0)
n+1) !&,.

#+*4"., (2) %!##,",-!-!,:

I. ex = 1 + x +
x2

2!
+ · · · + xn

n!
+ o(xn);

II. sin x = x − x3

3!
+ · · · + (−1)n−1 x2n−1

(2n − 1)!
+ o(x2n);

III. cos x = 1 − x2

2!
+ · · · + (−1)n x2n

(2n)!
+ o(x2n+1);

IV. (1 + x)m = 1 + mx +
m(m − 1)

2!
x2 + · · · + m(m − 1) · · · (m − n + 1)

n!
xn + o(xn);

V. ln(1 + x) = x − x2

2
+ · · · + (−1)n−1 xn

n
+ o(xn).

2. #!!". !: (1) !! f(x) !!!! [a, b] "!,$; (2) f(x) !!!!!"!!!!

"! f ′(x), · · · , f (n−1)(x); (3) ( a < x < b *"!!!!"! f (n)(x), "

f(x) =
n−1X

k=0

f (k)(a)

k!
(x − a)k + Rn(x) (a " x " b),

"%

Rn(x) =
f (n)(a + θ(x − a))

n!
(x − a)n (0 < θ < 1)

(!!"""!), !

Rn(x) =
f (n)(a + θ1(x − a))

(n − 1)!
(1 − θ1)

n−1(x − a)n (0 < θ1 < 1)

(!!"!).

1376. /2%,
P (x) = 1 + 3x + 5x2 − 2x3

(/"!%, x + 1 !'#-!)(2%,.

/!##!!&'% x !'#-!)(-!,, #'!!+"!!%".:

1377.
1 + x + x2

1 − x + x2
, x4. f (4)(0) -"5)?

1378.
(1 + x)100

(1 − 2x)40(1 + 2x)60
, x2. 1379. m

√
am + x (a > 0), x2.
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1380.
√

1 − 2x + x3 − 3
√

1 − 3x + x2, x3. 1381. e2x−x2
, x5.

1382.
x

ex − 1
,x4. 1383. 3

√
sinx3, x13.

1384. ln cosx, x6. 1385. sin sin x, x3.

1386. tanx, x5. 1387. ln
sin x

x
, x6.

1388. #!! f(x) =
√

x &+ x − 1 !'#-!)(-!,!)$%.
1389. /!! f(x) = xx − 1 &+ x− 1 !'#-!)(-!"'! (x− 1)3 !%.
1390. !$ x = 0 !$#%, %&-" (!)2%,) 1'/',!!

y = a cosh
x

a
(a > 0).

1391. &#, 1
x

!'#-!)(-!!! f(x) =
√

1 + x2 − x (x > 0) #' 1
x3

!%.
1392. #!! f(h) = ln(x + h) (x > 0) &&% h !#-!)(-!,, #' hn

!% (n "#-!).
1393.1. +

f(x + h) = f(x) + hf ′(x) + · · · + hn

n!
f (n)(x + θh) (0 < θ < 1),

" f (n+1)(x) %= 0. !!:

lim
h→0

θ =
1

n + 1
.

1393.2. +( x → 0 *! f(x) = 1 + kx + o(x). !!:

lim
x→0

(f(x))
1
x = ek.

1393.3. + f(x) ∈ C(2)[0, 1], f(0) = f(1) = 0, "( x ∈ (0, 1) * |f ′′(x)| " A. !
!: ( 0 " x " 1 *

|f ′(x)| " A

2
.

1393.4. + f(x) (−∞ < x < +∞) "!""#!!, "
Mk = sup

−∞<x<+∞
|f (k)(x)| < +∞ (k = 0, 1, 2).

!!#-,:

M2
1 " 2M0M2.

1394. .0##1'.,!51.):

(a) ex ≈ 1 + x +
x2

2!
+ · · · + xn

n!
, 0 " x " 1;

(b) sinx ≈ x − x3

6
, |x| " 1

2
;

(c) tan x ≈ x +
x3

3
, |x| " 0.1;

(d)
√

1 + x ≈ 1 +
x

2
− x2

8
, 0 " x " 1.
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1395.1. 1'.,

cosx = 1 − x2

2
1".)! x 6)# 0.0001?

1395.2. !!.,:
n√
an + x = a +

x

nan−1
− r (n ! 2, a > 0, x > 0),

"% 0 < r <
n − 1
2n2

· x2

a2n−1
.

1396. '%+*.,1'/0%$.0.):
(a) 3

√
30; (b) 5

√
250; (c) 12

√
4000;

(d)
√

e; (e) sin 18◦; (f) ln 1.2;
(g) arctan 0.8; (h) arcsin 0.45; (i) 1.11.2.

1397. 0%:
(a) e, 6)# 10−9; (b) sin 1◦, 6)# 10−8; (c) cos 9◦, 6)# 10−5;
(d)

√
5, 6)# 10−4; (e) lg 11, 6)# 10−5.

'%-!, I—V, ###%!:

1398. lim
x→0

cosx − e−x2
2

x4
. 1399. lim

x→0

ex sin x − x(1 + x)
x3

.

1400. lim
x→+∞

x
3
2
(√

x + 1 +
√

x − 1 − 2
√

x
)
.

1401. lim
x→+∞

( 6
√

x6 + x5 − 6
√

x6 − x5).

1402. lim
x→+∞

[(
x3 − x2 +

x

2

)
e 1

x −
√

x6 + 1
]
.

1403. lim
x→0

ax + a−x − 2
x2

(a > 0).

1404. lim
x→∞

[
x − x2 ln

(
1 +

1
x

)]
. 1405. lim

x→0

(
1
x
− 1

sin x

)
.

1406. (a) lim
x→0

1
x

(
1
x
− cotx

)
; (b) lim

x→0

sin sin x − x 3
√

1 − x2

x5
;

(c) lim
x→0

1 − (cosx)sin x

x3
; (d) lim

x→0

sinh tan x − x

x3
.

( x → 0 *, #!%%$% y !&% Cxn (C "'!) !/%:
1407. y = tan sin x − sin tanx. 1408. y = (1 + x)x − 1.

1409. y = 1 − (1 + x) 1
x

e
.

1410.1. (*).)!*! a $ b *, % x − (a + b cosx) sin x 1" x " 5 "%
%$?

1410.2. *)*! A $ B, $( x → 0 *(&.1.,

cotx =
1 + Ax2

x + Bx3
+ O(x5).
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1410.3. *! A, B, C, D ""'*, ! x → 0 *!.1.,

ex =
1 + Ax + Bx2

1 + Cx + Dx2
+ O(x5)?

1411. (+ |x| "$%, *!##&,!1$!1'.,:

(a)
1

R2
− 1

(R + x)2
(R > 0); (b)

3√1 + x

1 − x
−

3√1 − x

1 + x
;

(c)
A

x

[
1 −

(
1 +

x

100

)−n
]
; (d)

ln 2

ln
(
1 +

x

100

) .

1412. (+ x !51'"$%, *!&%
x = α sin x + β tanx

"6)# x5 %!1'.,. ,%!.,1'/#$0'&%.
1413. .0#'!!"""#"!$1.): '&%1'/-",!&!+"4!

,"-+!
√

4
3
"+!-+$0&!(+&$.

§11. !!##!. !!#!"!#!#!

1. #!#%#""!". !!!!$ x0 !(.$#%!,$, "1"#!# 0 < |x−x0| < δ

!!!$$ x, ###-,#)(&:

f(x) < f(x0) ! f(x) > f(x0),

")!! f(x) !$ x0 !#! (#!!!##!). !!%'!$"! f ′(x0) = 0 (!$"!).

2. #!#%#!!!".

$!#": !: (1) !! f(x) !$ x0 !#$# |x − x0| < δ !!,$$"!!, "!$ x0

"! f ′(x0) = 0 !#"! ("##); (2) f(x) !!# 0 < |x − x0| < δ !!!!!"! f ′(x);

(3) "! f ′(x) ! x0 !&.$).!/,!&&, "!! f(x) !"0"&#0),:

"!!&&
x < x0 x > x0

3 &

I + + %%'
II + − %%'
III − + %$'
IV − − %%'

$$#": !!! f(x) !!""! f ′′(x), $"!#$ x0 ##%)(&:

f ′(x0) = 0 $ f ′′(x0) #= 0,

"!! f(x) !!$!%', $"( f ′′(x0) < 0 *!%%', ( f ′′(x0) > 0 *!%$'.

$##": +!! f(x) !#!! |x− x0| < δ !!"! f ′(x), · · · , f (n−1)(x), !$ x0 !"
! f (n)(x0), $"

f (k)(x0) = 0 (k = 1, · · · , n − 1), f (n)(x′
0) #= 0.

!!'&#, (1) ! n "(!, "!! f(x) !$ x0 !%', $"( f (n)(x0) < 0 *!%%', (
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f (n)(x0) > 0 *!%$'; (2) ! n "%!, "!! f(x) !$ x0 %%'.

3. "'#!. !!!! [a, b] ", !!!! f(x) !(!",-$ (7""! f ′(x) -"*!

#"!!$) (#+% (+$) ', !(!!!!!!!5$ a ! b (#+% (+$) '.

''##!!!%':
1414. y = 2 + x − x2. 1415. y = (x − 1)3.
1416. y = (x − 1)4. 1417. y = xm(1 − x)n (m & n "#-!).
1418. y = cosx + coshx. 1419. y = (x + 1)10e−x.

1420. y =
(

1 + x +
x2

2!
+ · · · + xn

n!

)
e−x (n "#-!)

1421. y = |x|. 1422. y = x
1
3 (1 − x) 2

3 .

1423. +
f(x) = (x − x0)nϕ(x) (n "#-!),

"%!! ϕ(x) ( x = x0 *!!, " ϕ(x0) %= 0. ''!!!!$ x = x0 !%'.

1424. + f(x) =
P (x)
Q(x)

, f ′(x) =
P1(x)
Q2(x)

, x0 "!! f(x) !,$, ' P1(x0) = 0,

Q(x0) %= 0. !!: sgn f ′′(x0) = sgn P ′
1(x0).

1425. "$6,: !!! f(x) !$ x0 !%%', "!!$!#&#$$#!, !
! f(x) !$ x0 !&.)&, "!").)$? ''!"$":

f(x) =





2 − x2

(
2 + sin

1
x

)
, x %= 0,

2, x = 0.

1426. !!: !!

f(x) =

{
e−

1
x2 , x %= 0,

0, x = 0
!$ x = 0 !%$', "!!

g(x) =

{
xe−

1
x2 x %= 0,

0, x = 0
!$ x = 0 *!%', 80

f (n)(0) = 0, g(n)(0) = 0 (n = 1, 2, · · · ).
$!$(!!!"&.

1427. ''##!!!%'$$!""&:

(a) f(x) =





e−

1
|x|

(√
2 + sin

1
x

)
, x %= 0,

0, x = 0;

(b) f(x) =





e−

1
|x|

(√
2 + cos

1
x

)
, x %= 0,

0, x = 0.
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1428. ''!!

f(x) =





|x|
(

2 + cos
1
x

)
, x %= 0,

0, x = 0
!$ x = 0 &!%', $$!!!!!"&.

###!!!%':
1429. y = x3 − 6x2 + 9x − 4. 1430. y = 2x2 − x4.

1431. y = x(x − 1)2(x − 2)3. 1432. y = x +
1
x

.

1433. y =
2x

1 + x2
. 1434. y =

x2 − 3x + 2
x2 + 2x + 1

.

1435. y =
√

2x − x2. 1436. y = x 3
√

x − 1.
1437. y = xe−x. 1438. y =

√
x ln x.

1439. y =
ln2 x

x
. 1440. y = cosx +

1
2

cos 2x.

1441. y =
10

1 + sin2 x
. 1442. y = arctanx − 1

2
ln(1 + x2).

1443. y = ex sinx. 1444. y = |x|e−|x−1|.

###!!!!!!!!"!+%'$+$':
1445. f(x) = 2x, [−1, 5].
1446. f(x) = x2 − 4x + 6, [−3, 10].
1447. f(x) = |x2 − 3x + 2|, [−10, 10].

1448. f(x) = x +
1
x

, [0.01, 100].

1449. f(x) =
√

5 − 4x, [−1, 1].

###!!!!!!!"!#)- (inf) $")- (sup):
1450. f(x) = xe−0.01x, (0, +∞).

1451. f(x) =
(

1 + x +
x2

2!
+ · · · + xn

n!

)
e−x, (0, +∞).

1452. f(x) =
1 + x2

1 + x4
, (0, +∞).

1453. f(x) = e−x2
cos x2, (−∞, +∞).

1454.1. #!! f(ξ) =
1 + ξ

3 + ξ2
!!! x < ξ < +∞ !!#)-$")-. $!#

#!!!"&:
M(x) = sup

x<ξ<+∞
f(ξ), m(x) = inf

x<ξ<+∞
f(ξ).
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1454.2. +
Mk = sup

x
|f (k)(x)| (k = 0, 1, 2, · · · ).

! f(x) = e−x2
, # M0, M1 $ M2.

1455. #,#&!#!+%%:

(a)
n10

2n
(n = 1, 2, · · · ); (b)

√
n

n + 10 000
(n = 1, 2, · · · );

(c) n√
n (n = 1, 2, · · · ).

1456.1. !!###-,:
(a) |3x − x3| " 2 (|x| " 2);

(b)
1

2p−1
" xp + (1 − x)p " 1 (0 " x " 1, p > 1);

(c) xm(a − x)n " mmnn

(m + n)m+n
am+n (0 " x " a, m > 0, n > 0);

(d)
x + a

2
n−1

n

" n√
xn + an " x + a (x > 0, a > 0, n > 1);

(e) |a sin x + b cosx| "
√

a2 + b2.
1456.2. !!#-,:

2
3

" x2 + 1
x2 + x + 1

" 2 (−∞ < x < +∞).

1457. #2%,
P (x) = x(x − 1)2(x + 2)

!!!! [−2, 1] " “$*!')”, '#
EP = sup

−2!x!1
|P (x)|.

1458. ,(*).)!*! q, $2%,
P (x) = x2 + q

!!!! [−1, 1] "$*!')+$, '
EP = sup

−1!x!1
|P (x)| = min?

1459. !
∆ = sup

a!x!b
|f(x) − g(x)|

$"!! f(x) $ g(x) !!!! [a, b] "!$%"!. #!! f(x) = x2 $ g(x) = x3

!!!! [0, 1] "!51').
1460. !!!! [x1, x2] "%""!!

g(x) = (x1 + x2)x + b

1'/',!!
f(x) = x2,

$!! f(x) $ g(x) !51') (*/"&) +$, $#!+$!51').
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1461. #!!
f(x) = max{2|x|, |1 + x|}

!%$'.

),##&%#&%!!$, $(#!$(%!!!!!:
1462. x3 − 6x2 + 9x − 10 = 0. 1463. x3 − 3x2 − 9x + h = 0.
1464. 3x4 − 4x3 − 6x2 + 12x − 20 = 0. 1465. x5 − 5x = a.
1466. ln x = kx. 1467. ex = ax2.
1468. sin3 x · cosx = a (0 " x " π). 1469. cosh x = kx.
1470. !5)%)#%#

x3 + px + q = 0
!: (a) !"&%; (b) $"&%? !#' (p, q) ")!$,!!#.

§12. ##!!#$"%"!!%!

"!$!!! y = f(x) !"&, 0-: (1) ),!!!!"!#$''!!!""!#%-
$!"0; (2) +!"&!1$"$$("; (3) #!!!!!6$&!!!!; (4) ),!!!*
$&!&!!; (5) #!%'$$+!!!!&$!!; (6) ),)$&!!"&!"$!!; (7)

!.1""!*#!.1"; (8) +!!!"&!&(#". !#6'&#, $!!"&!!$1
1"!!1$.

!2!1&!&%, "1'/0%)$.

$!##!!!"&:

1471. y = 3x − x3. 1472. y = 1 + x2 − x4

2
.

1473. y = (x + 1)(x − 2)2. 1474∗. y =
2 − x2

1 + x4
.

1475∗. y =
x2 − 1

x2 − 5x + 6
. 1476∗. y =

x

(1 + x)(1 − x)2
.

1477. y =
x4

(1 + x)3
. 1478. y =

(
1 + x

1 − x

)4

.

1479. y =
x2(x − 1)
(x + 1)2

. 1480. y =
x

(1 − x2)2
.

1481. y =
(x + 1)3

(x − 1)2
. 1482∗. y =

x4 + 8
x3 + 1

.

1483. y =
1

1 + x
− 10

3x2
+

1
1 − x

. 1484. y = (x − 3)
√

x.

1485. (a) y = ±
√

8x2 − x4; (b) y =
x − 2√
x2 + 1

.

1486. y = ±
√

(x − 1)(x − 2)(x − 3). 1487∗. y = 3
√

x3 − x2 − x + 1.
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1488. y = 3
√

x2 − 3
√

x2 + 1. 1489. y = (x + 2) 2
3 − (x − 2) 2

3 .

1490. y = (x + 1) 2
3 + (x − 1) 2

3 . 1491. y =
x

3
√

x2 − 1
.

1492. y =
x2

√
x2 − 1

2x2 − 1
. 1493. y =

|1 + x| 32√
x

.

1494. y = 1 − x +
√

x3

3 + x
. 1495. y =

3√
x2

x + 1
.

1496∗. y =
√

x4 + 3
x2 + 1

. 1497. y = sin x + cos2 x.

1498. y = (7 + 2 cosx) sin x. 1499. y = sin x +
1
3

sin 3x.

1500. y = cosx − 1
2

cos 2x. 1501. y = sin4 x + cos4 x.

1502. y = sin x · sin 3x. 1503. y =
sinx

sin
(
x +
π

4

) .

1504. (a) y =
cosx

cos 2x
; (b) y =

sin x

2 + cosx
.

1505. y = 2x − tan x. 1506. y = e2x−x2
.

1507. y = (1 + x2)e−x2
. 1508. y = x + e−x.

1509. (a) y = x
2
3 e−x; (b) y = e−2x sin2 x.

1510. y =
ex

1 + x
. 1511. y =

√
1 − e−x2 .

1512. y =
ln x√

x
. 1513. y = ln(x +

√
x2 + 1).

1514. y =
√

x2 + 1 · ln(x +
√

x2 + 1). 1515. y =
arcsinx√

1 − x2
.

1516. y = x + arctanx. 1517. y =
x

2
+ arccotx.

1518. y = x arctanx. 1519. y = arcsin
2x

1 + x2
.

1520. y = arccos
1 − x2

1 + x2
. 1521. y = (x + 2)e 1

x .

1522. y = 2
√

x2+1−
√

x2−1. 1523∗. y = ln
x2 − 3x + 2

x2 + 1
.

1524. y = a arcsin
x

a
−
√

a2 − x2 (a > 0).

1525. y = arccos
1 − x

1 − 2x
. 1526. y = xx.

1527. y = x
1
x . 1528. y = (1 + x) 1

x .

1529∗. y = x

(
1 +

1
x

)x

(x > 0). 1530∗. y =
e

1
1−x2

1 + x2
(#''"$").
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$!##*!%#!07!&":

1531. x =
(t + 1)2

4
, y =

(t − 1)2

4
. 1532. x = 2t − t2, y = 3t − t3.

1533∗. x =
t2

t − 1
, y =

t

t2 − 1
. 1534. x =

t2

1 − t2
, y =

1
1 + t2

.

1535. x = t + e−t, y = 2t + e−2t. 1536. x = a cos 2t, y = a cos 3t (a > 0).

1537. x = cos4 t, y = sin4 t. 1538. x = t ln t, y =
ln t

t
.

1539. x =
a

cos3 t
, y = a tan3 t (a > 0).

1540. x = a(sinh t − t), y = a(cosh t − 1) (a > 0).

%##&"%#$"*!%#, **$!$(&"!"&:
1541. x3 + y3 − 3axy = 0 (a > 0).
!#: - y = tx.

1542. x2 + y2 = x4 + y4. 1543. x2y2 = x3 − y3.
1544. xy = yx (x > 0, y > 0).
1545. $!&" cosh2 x − cosh2 y = 1 !"&.

$!##%%)/ (ϕ, r) (r ! 0) 07!!!!"&:
1546. r = a + b cosϕ (0 < a " b). 1547. r = a sin 3ϕ (a > 0).

1548. r =
a√

cos 3ϕ
(a > 0). 1549∗. r = a

tanhϕ
ϕ− 1

(ϕ > 1, a > 0).

1550∗. ϕ = arccos
r − 1
r2

.

$!##&"-!"& (a "*'%):

1551. y = x2 − 2x + a. 1552. y = x +
a2

x
.

1553. y = x ±
√

a(1 − x2). 1554. y =
x

2
+ e−ax.

1555. y = xe− x
a .

§13. !!##"!!##!"&

1556. !!: !!! f(x) #"#, "!! F (x) = Cf2(x) (C > 0) $!! f(x) !
!'$!!%'$.

1557. !!: !( −∞ < x < +∞ *!! ϕ(x) %$$*)&, "!! f(x) $
ϕ(f(x)) !%'$$!.

1558. !!#!&$-"'! a, #!!!! m )($ n )( (m > 0, n > 0) &
'!+%'.
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1559. !!#!&'-"'! a, #!!!! m )($ n )( (m > 0, n > 0) &
$!+$'.

1560. (1!&4&"'*"!$)!!, $+2$$!1!$-?
1561. #''"!,' S !!$9&%, #"$%"+$(.
1562. !*0$0&!!*0%$2%&$"'!, #:!+%''!*0$0&.
1563. -$+'"!,' V !'2&!,+):!+$!0'', ",*%"?
1564. !#-#('!!,,&!$!:!+%''!!%9&.
1565. !-'

x2

a2
+

y2

b2
= 1

!$!:!+%''"%##"-'3!!%9&.
1566. !4" b +" h !$0&!$!:!+%$%!!%9&. ''!/&!

!!""".
1567. #*2" d !'&;'*)$!4" b +" h !9&;'+. !+!+'

$ bh2 (#(, "!"(,*#, "+'+%?
1568. !(2" R !(,%$!:!+%.'"4"#%&!!%%%..
1569. !(2" R !,!$!:!+%.'!!%'2..
1570. !(2" R !,!$!:!+%0''!!%'2..
1571. !&4,$$!:!+$.'!$$'...
1572. #*""!,' l !'.&+%.'.
1573. !70" 2α 4(2" R !*'..%$!:!+%0'!!%'2..
1574. ##$ M(p, p) #&-" y2 = 2px !+8$".
1575. ##$ A(2, 0) #' x2 + y2 = 1 !+8$+%$".

1576. #-' x2

a2
+

y2

b2
= 1 (0 < b < a) !##7$ B(0,−b) !+%+.

1577. #-' x2

a2
+

y2

b2
= 1 "!$ M(x, y) ($",$&!$"$)/31(!$

0&:!+$!''.
1578. *2$!!'2.$(,.*%!!+1(!-., ".'" V. -$!-

.:!+$!0'', ",*%"?
1579. +!-!2;'"-+/&, -%*.!2;'''" S, *8" h. /*

-.%!*0 ϕ %", 2$"2;'%-3*<9!"#:!+$!%'?
1580.+*!&"!0''" S, "/&"!$%$''!" S !'!$%&($

"*!&"!""&.+-+/& ABCD (AD//BC) !4% AD = 2a, (0 BAD = α,
/"(&/!-+/&!+$!1&'?

1581. #(2" R !'%,$,.)!-&, 2"$:*"#"=(!"+'+
%/9?
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1582. #+"-!0"## B ., 0/ A $!0"!+8$"" a, $'-%!
B .!!2"!$"" b. "!# A " B %;+-+#3, #0/,4!%0"0".
!#:+-30"%;!5$" p 0/km, "3'30"" q 0/km (p > q), "5",
,'30"&.)!0' ϕ?

1583. !+&,%,!"' u $ v 3*")>, !()>%,!(!0" θ. !!
#*%$+#"""?$!$"#)" a $ b, #!+!+$$".

1584. ! A $ B !$&&!!41, "+4+'#)" S1 $ S2. !"0 AB = a

"#!+$+'$ M .
1585. +(2" R $ r (R > r) !!,,#$?, !"+4$&"$+!!4"

", $!!,&$. !+4$!&6%", 2"$!,0'"3+!"#&$+%?
1586. +'1'!(2" a. ,(!#11'%.2+!/%)6;<, 2"$1

'%2!+'+%?
!#: +'"%##.,07:

I = I0
sinϕ
r2

,

,% ϕ "4"11'!*0, r "41$3+'!$", I0 "41!+4+'.
1587. ,&" a !5,4&" b !%5, !(,$,*, /")>!%5!+, "

+%!%'%"?
1588. +6#!7/!7,&("#*(: /,"#-" a 0, '&"#$"'!

&%(#(&#. !.)!"' v *, 6#+"#3?
1589. !-.&"-4!*#'", 0%,%$#*&60&. !-.,51"-

" k, /$%,1*#'!*2#'%", 2$!0!,+$?
1590. !!06, "&/"(2" a !(,, !06%-!%" l > 2a !1, #1

!#8&6.

§14. ""###. ""&. $$"

1. n $##. 1"(&" y = ϕ(x) & y = ψ(x), !!$ x0 !

ϕ(k)(x0) = ψ(k) (x0) (k = 0, 1, · · · , n) " ϕ(n+1)(x0) #= ψ(n+1)(x0),

7)$(&"!!$ n !"! (!%$!#$"6!). !$('&#, ( x → x0 *!:

ϕ(x) − ψ(x) = O∗((x − x0)
n+1).

2. ""&. !'$
(x − ξ)2 + (y − η)2 = R2

$&4&" y = f(x) !"!*+"$$, "$!'"!$,$!"##. $"'!(2

R =
(1 + y′2)

3
2

|y′′|
$""#"%, "% k =

1
R

$""#.
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3. $$".&''%4 (ξ, η) ("#"!)

ξ = x − y′(1 + y′2)
y′′ , η = y +

1 + y′2

y′′

!97$"&4&" y = f(x) !$##.

1591. *)*"
y = kx + b

!*! k $ b, $$$&"
y = x3 − 3x2 + 2

!"!*+"$$.
1592. ,/.)*)*! a, b $ c, 2"$&-"

y = ax2 + bx + c

!$ x = x0 $&" y = ex !"$$?
1593. ##&"$ Ox 3!$ x = 0 $$!"%"?

(a) y = 1 − cosx; (b) y = tan x − sin x; (c) y = ex −
(

1 + x +
x2

2

)
.

1594. !!: &"

y =

{
e−

1
x2 , x %= 0,

0, x = 0
!$ x = 0 $ Ox 3$$!""%%%.

1595. #(&"
xy = 1

!##&$!&'(2$&'%4:
(a) M(1, 1); (b) N(100, 0.01).

###&"!&'(2:

1596. y2 = 2px (&-"). 1597.
x2

a2
+

y2

b2
= 1 (a ! b > 0) (-').

1598.
x2

a2
− y2

b2
= 1 ((&"). 1599. x

2
3 + y

2
3 = a

2
3 (1&").

1600. x = a cos t, y = b sin t (-').
1601. x = a(t − sin t), y = a(1 − cos t) (#").
1602. x = a(cos t + t sin t), y = a(sin t − t cos t) ('!.<").
1603. !!: !)&"

y2 = 2px − qx2

!&'(2$("0!&%(#(.
1604. /!,%)/%#07!&"!&'(2.,.

###%)/%#!07!&"!&'(2 (*%"#):
1605. r = aϕ (*%%=0"). 1606. r = aemϕ (1!0").
1607. r = a(1 + cosϕ) (43"). 1608. r2 = a2 cos 2ϕ ((-").
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1609. !&" y = ln x "#&'+%!$.

1610. $)&-" y =
kx3

6
(0 " x < +∞, k > 0) !+%&'-" 1

1000
, #(#

!+%&'!$ x.

###&&"!.."%#:

1611. y2 = 2px (&-"). 1612.
x2

a2
+

y2

b2
= 1 (-').

1613. x
2
3 + y

2
3 = a

2
3 (1&").

1614. x = a ln
a +

√
a2 − y2

y
−
√

a2 − y2 (2-").

1615. r = aemϕ (1!0").
1616. !!: #"

x = a(t − sin t), y = a(1 − cos t)
!.."."!#", ("&6$!!#"#!"&.

§15. $"#%!&#

1. $"# ($"#). !!! f(x) !!!! [a, b] "!!"
f(a)f(b) < 0,

"( a < x < b *, f ′(x) #= 0, "%#

f(x) = 0 (1)

!!! (a, b) !!""(!!"&% ξ. "&#'!'$"!%!3!"1'':

x1 = a + δ1,

,%
δ1 = − f(a)

f(b) − f(a)
(b − a).

>", 1!! (a, x1) $ (x1, b) %$!! f(x) !"(5*&!.!"!!%%!%(, %#
% ξ !3!"1'' x2, $#6,2!##. 1"3 n "1'' xn, !,#.0:

|xn − ξ| "
˛̨
˛̨f(xn)

m

˛̨
˛̨ , (2)

"% m = inf
a<x<b

|f ′(x)|, $" lim
n→∞

xn = ξ.

2. !(# (#"#). !!!!! [a, b] ! f ′′(x) #= 0, " f(a)f ′′(a) > 0, ""&!'

ξ1 = a − f(a)
f ′(a)

$"%# (1) !% ξ !3!"1'' ξ1.

,2'%$"%(, :'7%#("% ξ !!*#1'' ξn (n = 1, 2, · · · ), $(1''!
6'"%&)% (2) !.,-.0.

$!!! y = f(x) !"&!8"%9),%#!%.

'%($(###%#!%, 6)# 0.001:
1617. x3 − 6x + 2 = 0. 1618. x4 − x − 1 = 0.
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1619. x − 0.1 sinx = 2. 1620. cosx = x2.

'%/>(###%#!%, 6)#+,6':

1621. x2 +
1
x2

= 10x (6)# 10−3). 1622. x lg x = 1 (6)# 10−4).

1623. cosx · coshx = 1 (6)# 10−3) (("#%).
1624. x + ex = 0 (6)# 10−5). 1625. x tanh x = 1 (6)# 10−6).
1626. #%#

tan x = x

+$!$"#%, 6)# 0.001.
1627. #%#

cotx =
1
x
− x

2
!("#%, 6)# 10−3.



!!! !"!!

§1. !!!#!"!!

1. !"!!#!!. !!! f(x) !!! (a, b) !!!!"!!, F (x) "!""!!, "#
a < x < b # F ′(x) = f(x), #

Z
f(x) dx = F (x) + C, a < x < b,

!! C !""!!.

2. !"!!#""!!.

(a) d

»Z
f(x) dx

–
= f(x) dx; (b)

Z
dΦ(x) = Φ(x) + C;

(c)

Z
Af(x) dx = A

Z
f(x) dx (A !!!, A != 0);

(d)

Z
[f(x) + g(x)] dx =

Z
f(x) dx +

Z
g(x) dx.

3. !!!!#.

I.

Z
xn dx =

xn+1

n + 1
+ C (n != −1). II.

Z
dx
x

= ln |x| + C (x != 0).

III.

Z
dx

1 + x2
=

(
arctan x + C,

− arccot x + C.
IV.

Z
dx

1 − x2
=

1
2

ln

˛̨
˛̨1 + x
1 − x

˛̨
˛̨ + C.

V.

Z
dx√

1 − x2
=

(
arcsin x + C,

− arccos x + C.
VI.

Z
dx√

x2 ± 1
= ln

˛̨
˛x +

p
x2 ± 1

˛̨
˛ + C.

VII.

Z
ax dx =

ax

ln a
+ C (a > 0, a != 1);

Z
ex dx = ex + C.

VIII.

Z
sin xdx = − cos x + C. IX.

Z
cos xdx = sin x + C.

X.

Z
dx

sin2 x
= − cot x + C. XI.

Z
dx

cos2 x
= tan x + C.

XII.

Z
sinh xdx = cosh x + C. XIII.

Z
cosh xdx = sinh x + C.
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XIV.

Z
dx

sinh2 x
= − coth x + C. XV.

Z
dx

cosh2 x
= tanhx + C.

4. !!#"""#.

(a) !!!!!!. ! Z
f(x) dx = F (x) + C,

# Z
f(u) du = F (u) + C,

$! u = ϕ(x) "!!!"!!.

(b) "!!"!. !
f(x) = f1(x) + f2(x),

# Z
f(x) dx =

Z
f1(x) dx +

Z
f2(x) dx.

(c) !"!. ! f(x) !!, !
x = ϕ(t),

$! ϕ(t) #!$! ϕ′(t) !!!, #%
Z

f(x) dx =

Z
f(ϕ(t))ϕ′(t) dt.

(d) ""!"!. ! u " v ! x "!"!!, #
Z

udv = uv −
Z

v du.

""!$!!!, #!"!!:

1628.
∫

(3 − x2)3 dx. 1629.
∫

x2(5 − x)4 dx.

1630.
∫

(1 − x)(1 − 2x)(1 − 3x)dx. 1631.
∫ (

1 − x

x

)2

dx.

1632.
∫ (

a

x
+

a2

x2
+

a3

x3

)
dx. 1633.

∫
x + 1√

x
dx.

1634.
∫ √

x − 2 3
√

x2 + 1
4
√

x
dx. 1635.

∫
(1 − x)3

x 3
√

x
dx.

1636.
∫ (

1 − 1
x2

)√
x
√

xdx. 1637.
∫ (√

2x − 3
√

3x
)2

x
dx.

1638.
∫ √

x4 + x−4 + 2
x3

dx. 1639.
∫

x2 dx

1 + x2
.

1640.
∫

x2 dx

1 − x2
. 1641.

∫
x2 + 3
x2 − 1

dx.

1642.
∫ √

1 + x2 +
√

1 − x2

√
1 − x4

dx. 1643.
∫ √

x2 + 1 −
√

x2 − 1√
x4 − 1

dx.
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1644.
∫

(2x + 3x)2 dx. 1645.
∫

2x+1 − 5x−1

10x
dx.

1646.
∫

e3x + 1
ex + 1

dx. 1647.
∫

(1 + sin x + cosx)dx.

1648.
∫ √

1 − sin 2xdx (0 ! x ! π). 1649.
∫

cot2 xdx.

1650.
∫

tan2 xdx. 1651.
∫

(a sinhx + b coshx)dx.

1652.
∫

tanh2 xdx. 1653.
∫

coth2 xdx.

1654. "!: ! ∫
f(x)dx = F (x) + C,

# ∫
f(ax + b)dx =

1
a
F (ax + b) + C (a #= 0).

#!"!!:

1655.
∫

dx

x + a
. 1656.

∫
(2x − 3)10 dx.

1657.
∫

3
√

1 − 3xdx. 1658.
∫

dx√
2 − 5x

.

1659.
∫

dx

(5x − 2) 5
2
. 1660.

∫ 5
√

1 − 2x + x2

1 − x
dx.

1661.
∫

dx

2 + 3x2
. 1662.

∫
dx

2 − 3x2
.

1663.
∫

dx√
2 − 3x2

. 1664.
∫

dx√
3x2 − 2

.

1665.
∫

(e−x + e−2x)dx. 1666.
∫

(sin 5x − sin 5α)dx.

1667.
∫

dx

sin2
(
2x +

π

4

) . 1668.
∫

dx

1 + cosx
.

1669.
∫

dx

1 − cosx
. 1670.

∫
dx

1 + sinx
.

1671.
∫

[sinh(2x + 1) + cosh(2x − 1)] dx.

1672.
∫

dx

cosh2 x

2

. 1673.
∫

dx

sinh2 x

2

.
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"%#""#!!!""##!"!!:

1674.
∫

xdx√
1 − x2

. 1675.
∫

x2 3
√

1 + x3 dx.

1676.
∫

xdx

3 − 2x2
. 1677.

∫
xdx

(1 + x2)2
.

1678.
∫

xdx

4 + x4
. 1679.

∫
x3 dx

x8 − 2
.

1680.
∫

dx

(1 + x)
√

x
. !!:

dx√
x

= 2d
√

x.

1681.
∫

sin
1
x
· dx

x2
. 1682.

∫
dx

x
√

x2 + 1
.

1683.
∫

dx

x
√

x2 − 1
. 1684.

∫
dx

(x2 + 1) 3
2
.

1685.
∫

xdx

(x2 − 1) 3
2
. 1686.

∫
x2 dx

(8x3 + 27) 2
3
.

1687.
∫

dx√
x(1 + x)

. 1688.
∫

dx√
x(1 − x)

.

1689.
∫

xe−x2
dx. 1690.

∫
ex dx

2 + ex
.

1691.
∫

dx

ex + e−x
. 1692.

∫
dx√

1 + e2x
.

1693.
∫

ln2 x

x
dx. 1694.

∫
dx

x ln x ln(lnx)
.

1695.
∫

sin5 x cos xdx. 1696.
∫

sin x√
cos3 x

dx.

1697.
∫

tan xdx. 1698.
∫

cotxdx.

1699.
∫

sinx + cosx
3
√

sin x − cosx
dx.

1700. (a)
∫

sinx cos x√
a2 sin2 x + b2 cos2 x

dx; (b)
∫

sin x√
cos 2x

dx;

(c)
∫

cosx√
cos 2x

dx; (d)
∫

sinh x√
cosh 2x

dx.

1701.
∫

dx

sin2 x 4
√

cotx
. 1702.

∫
dx

sin2 x + 2 cos2 x
.

1703.
∫

dx

sin x
. 1704.

∫
dx

cosx
.

1705.
∫

dx

sinh x
. 1706.

∫
dx

coshx
.
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1707.
∫

sinh x coshx√
sinh4 x + cosh4 x

dx. 1708.
∫

dx

cosh2 x
3
√

tanh2 x
.

1709.
∫

arctanx

1 + x2
dx. 1710.

∫
dx

(arcsinx)2
√

1 − x2
.

1711.
∫ √

ln(x +
√

1 + x2)
1 + x2

dx.

1712.
∫

x2 + 1
x4 + 1

dx. !!:
(

1 +
1
x2

)
dx = d

(
x − 1

x

)
.

1713.
∫

x2 − 1
x4 + 1

dx. 1714.
∫

x4 dx

(x5 + 1)4
.

1715.
∫

x
n
2 dx√

1 + xn+2
. 1716.

∫
1

1 − x2
ln

1 + x

1 − x
dx.

1717.
∫

cosxdx√
2 + cos 2x

. 1718.
∫

sin x cosx

sin4 x + cos4 x
dx.

1719.
∫

2x · 3x

9x − 4x
dx. 1720.

∫
xdx√

1 + x2 +
√

(1 + x2)3
.

"!"!!#%"!"!!:

1721. (a)
∫

x2(2 − 3x2)2 dx; (b)
∫

x(1 − x)10 dx.

1722.
∫

1 + x

1 − x
dx. 1723.

∫
x2

1 + x
dx.

1724.
∫

x3

3 + x
dx. 1725.

∫
(1 + x)2

1 + x2
dx.

1726.
∫

(2 − x)2

2 − x2
dx. 1727.

∫
x2

(1 − x)100
dx.

1728.
∫

x5

x + 1
dx. 1729.

∫
dx√

x + 1 +
√

x − 1
.

1730.
∫

x
√

2 − 5xdx. !!: x ≡ −1
5
(2 − 5x) +

2
5
.

1731.
∫

xdx
3
√

1 − 3x
. 1732.

∫
x3 3
√

1 + x2 dx.

1733.
∫

dx

(x − 1)(x + 3)
. !!: 1 ≡ 1

4
[(x + 3) − (x − 1)].

1734.
∫

dx

x2 + x − 2
. 1735.

∫
dx

(x2 + 1)(x2 + 2)
.

1736.
∫

dx

(x2 − 2)(x2 + 3)
. 1737.

∫
xdx

(x + 2)(x + 3)
.
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1738.
∫

xdx

x4 + 3x2 + 2
. 1739.

∫
dx

(x + a)2(x + b)2
(a #= b).

1740.
∫

dx

(x2 + a2)(x2 + b2)
(a2 #= b2). 1741.

∫
sin2 xdx.

1742.
∫

cos2 xdx. 1743.
∫

sin x sin(x + α)dx.

1744.
∫

sin 3x sin 5xdx. 1745.
∫

cos
x

2
cos

x

3
dx.

1746.
∫

sin
(
2x − π

6

)
cos
(
3x +

π

4

)
dx. 1747.

∫
sin3 xdx.

1748.
∫

cos3 xdx. 1749.
∫

sin4 xdx.

1750.
∫

cos4 xdx. 1751.
∫

cot2 xdx.

1752.
∫

tan3 xdx. 1753.
∫

sin2 3x sin3 2xdx.

1754.
∫

dx

sin2 x cos2 x
. !!: 1 ≡ sin2 x + cos2 x.

1755.
∫

dx

sin2 x cos x
. 1756.

∫
dx

sin x cos3 x
.

1757.
∫

cos3 x

sinx
dx. 1758.

∫
dx

cos4 x
.

1759.
∫

dx

1 + ex
. 1760.

∫
(1 + ex)2

1 + e2x
dx.

1761.
∫

sinh2 xdx. 1762.
∫

cosh2 xdx.

1763.
∫

sinh x sinh 2xdx. 1764.
∫

coshx cosh 3xdx.

1765.
∫

dx

sinh2 x cosh2 x
.

"%#"!"#!"!!:

1766.
∫

x2 3
√

1 − xdx. 1767.
∫

x3(1 − 5x2)10 dx.

1768.
∫

x2

√
2 − x

dx. 1769.
∫

x5

√
1 − x2

dx.

1770.
∫

x5(2 − 5x3)
2
3 dx. 1771.

∫
cos5 x ·

√
sin xdx.

1772.
∫

sin x cos3 x

1 + cos2 x
dx. 1773.

∫
sin2 x

cos6 x
dx.
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1774.
∫

ln xdx

x
√

1 + lnx
. 1775.

∫
dx

e x
2 + ex

.

1776.
∫

dx√
1 + ex

. 1777.
∫

arctan
√

x√
x

· dx

1 + x
.

"" x = a sin t, x = a tan t, x = a sin2 t &#"!!!", #!"!! ($!!#):

1778.
∫

dx

(1 − x2) 3
2
. 1779.

∫
x2 dx√
x2 − 2

.

1780.
∫ √

1 − x2 dx. 1781.
∫

dx

(x2 + a2) 3
2
.

1782.
∫ √

a + x

a − x
dx. 1783.

∫
x

√
x

2a − x
dx.

1784.
∫

dx√
(x − a)(b − x)

. !!: ""!" x − a = (b − a) sin2 t.

1785.
∫ √

(x − a)(b − x) dx.

"" x = a sinh t, x = a cosh t &#$!!!", #!"!! ($!!#):

1786.
∫ √

a2 + x2 dx. 1787.
∫

x2 dx√
a2 + x2

.

1788.
∫ √

x − a

x + a
dx.

1789.
∫

dx√
(x + a)(x + b)

. !!: ! x + a = (b − a) sinh2 t.

1790.
∫ √

(x + a)(x + b)dx.

"!%!!##!"!!:

1791.
∫

ln xdx. 1792.
∫

xn ln xdx (n #= −1).

1793.
∫ (

ln x

x

)2

dx. 1794.
∫ √

x ln2 xdx.

1795.
∫

xe−x dx. 1796.
∫

x2e−2x dx.

1797.
∫

x3e−x2
dx. 1798.

∫
x cosxdx.

1799.
∫

x2 sin 2xdx. 1800.
∫

x sinh xdx.

1801.
∫

x3 cosh 3xdx. 1802.
∫

arctanxdx.
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1803.
∫

arcsinxdx. 1804.
∫

x arctanxdx.

1805.
∫

x2 arccosxdx. 1806.
∫

arcsinx

x2
dx.

1807.
∫

ln(x +
√

1 + x2)dx. 1808.
∫

x ln
1 + x

1 − x
dx.

1809.
∫

arctan
√

xdx. 1810.
∫

sinx ln(tanx)dx.

#!"!!:

1811.
∫

x5ex3
dx. 1812.

∫
(arcsinx)2 dx.

1813.
∫

x(arctan x)2 dx. 1814.
∫

x2 ln
1 − x

1 + x
dx.

1815.
∫

x ln(x +
√

1 + x2)√
1 + x2

dx. 1816.
∫

x2

(1 + x2)2
dx.

1817.
∫

dx

(a2 + x2)2
. 1818.

∫ √
a2 − x2 dx.

1819.
∫ √

x2 + adx. 1820.
∫

x2
√

a2 + x2 dx.

1821.
∫

x sin2 xdx. 1822.
∫

e
√

x dx.

1823.
∫

x sin
√

xdx. 1824.
∫

xearctan x

(1 + x2) 3
2

dx.

1825.
∫

earctan x

(1 + x2) 3
2

dx. 1826.
∫

sin(ln x)dx.

1827.
∫

cos(ln x)dx. 1828.
∫

eax cos bxdx.

1829.
∫

eax sin bxdx. 1830.
∫

e2x sin2 xdx.

1831.
∫

(ex − cosx)2 dx. 1832.
∫

arccot ex

ex
dx.

1833.
∫

ln(sin x)
sin2 x

dx. 1834.
∫

xdx

cos2 x
.

1835.
∫

xex

(x + 1)2
dx.

!#!""!!#, "#!$"#"$#"&"#$, '""!"!$:

I.

Z
dx

a2 + x2
=

1
a

arctan
x
a

+ C (a != 0).

II.

Z
dx

a2 − x2
=

1
2a

ln

˛̨
˛̨a + x
a − x

˛̨
˛̨ + C (a != 0).
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III.

Z
xdx

a2 ± x2
= ±1

2
ln

˛̨
a2 ± x2

˛̨
+ C.

IV.

Z
dx√

a2 − x2
= arcsin

x
a

+ C (a > 0).

V.

Z
dx√

x2 ± a2
= ln

˛̨
˛x +

p
x2 ± a2

˛̨
˛ + C (a > 0).

VI.

Z
xdx√
a2 ± x2

= ±
p

a2 ± x2 + C (a > 0).

VII.

Z p
a2 − x2 dx =

x
2

p
a2 − x2 +

a2

2
arcsin

x
a

+ C (a > 0).

VIII.

Z p
x2 ± a2 dx =

x
2

p
x2 ± a2 ± a2

2
ln

˛̨
˛x +

p
x2 ± a2

˛̨
˛ + C (a > 0).

#!"!!:

1836.
∫

dx

a + bx2
(ab #= 0). 1837.

∫
dx

x2 − x + 2
.

1838.
∫

dx

3x2 − 2x − 1
. 1839.

∫
xdx

x4 − 2x2 − 1
.

1840.
∫

x + 1
x2 + x + 1

dx. 1841.
∫

xdx

x2 − 2x cosα+ 1
.

1842.
∫

x3 dx

x4 − x2 + 2
. 1843.

∫
x5 dx

x6 − x3 − 2
.

1844.
∫

dx

3 sin2 x − 8 sinx cosx + 5 cos2 x
. 1845.

∫
dx

sin x + 2 cosx + 3
.

1846.
∫

dx√
a + bx2

(b #= 0). 1847.
∫

dx√
1 − 2x − x2

.

1848.
∫

dx√
x + x2

. 1849.
∫

dx√
2x2 − x + 2

.

1850. "!: !
y = ax2 + bx + c (a #= 0),

#

∫
dx
√

y
=






1√
a

ln
∣∣∣∣
y′

2
+
√

ay

∣∣∣∣+ C, a > 0,

1√
−a

arcsin
−y′

√
b2 − 4ac

+ C, a < 0.

1851.
∫

xdx√
5 + x − x2

. 1852.
∫

x + 1√
x2 + x + 1

dx.

1853. (a)
∫

xdx√
1 − 3x2 − 2x4

; (b)
∫

cosxdx√
1 + sinx + cos2 x

.

1854.
∫

x3 dx√
x4 − 2x2 − 1

. 1855.
∫

x + x3

√
1 + x2 − x4

dx.

1856.
∫

dx

x
√

x2 + x + 1
. 1857.

∫
dx

x2
√

x2 + x − 1
.
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1858.
∫

dx

(x + 1)
√

x2 + 1
. 1859.

∫
dx

(x − 1)
√

x2 − 2
.

1860.
∫

dx

(x + 2)2
√

x2 + 2x − 5
. 1861.

∫ √
2 + x − x2 dx.

1862.
∫ √

2 + x + x2 dx. 1863.
∫ √

x4 + 2x2 − 1 xdx.

1864.
∫

1 − x + x2

x
√

1 + x − x2
dx. 1865.

∫
x2 + 1

x
√

x4 + 1
dx.

§2. !!!!#!!#

""#!#!#, #!"!!:

1866.
∫

2x + 3
(x − 2)(x + 5)

dx. 1867.
∫

xdx

(x + 1)(x + 2)(x + 3)
.

1868.
∫

x10 dx

x2 + x − 2
. 1869.

∫
x3 + 1

x3 − 5x2 + 6x
dx.

1870.
∫

x4

x4 + 5x2 + 4
dx. 1871.

∫
xdx

x3 − 3x + 2
.

1872.
∫

x2 + 1
(x + 1)2(x − 1)

dx. 1873.
∫ (

x

x2 − 3x + 2

)2

dx.

1874.
∫

dx

(x + 1)(x + 2)2(x + 3)3
. 1875.

∫
dx

x5 + x4 − 2x3 − 2x2 + x + 1
.

1876.
∫

x2 + 5x + 4
x4 + 5x2 + 4

dx. 1877.
∫

dx

(x + 1)(x2 + 1)
.

1878.
∫

dx

(x2 − 4x + 4)(x2 − 4x + 5)
. 1879.

∫
xdx

(x − 1)2(x2 + 2x + 2)
.

1880.
∫

dx

x(1 + x)(1 + x + x2)
. 1881.

∫
dx

x3 + 1
.

1882.
∫

xdx

x3 − 1
. 1883.

∫
dx

x4 − 1
.

1884.
∫

dx

x4 + 1
. 1885.

∫
dx

x4 + x2 + 1
.

1886.
∫

dx

x6 + 1
. 1887.

∫
dx

(1 + x)(1 + x2)(1 + x3)
.

1888.
∫

dx

x5 − x4 + x3 − x2 + x − 1
. 1889.

∫
x2 dx

x4 + 3x3 +
9
2
x2 + 3x + 1

.

1890. !&#!&!, !! ∫
ax2 + bx + c

x3(x − 1)2
dx
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!!#!!?

"""$"#"$$$"##!!:

1891.
∫

xdx

(x − 1)2(x + 1)3
. 1892.

∫
dx

(x3 + 1)2
.

1893.
∫

dx

(x2 + 1)3
. 1894.

∫
x2 dx

(x2 + 2x + 2)2
.

1895.
∫

dx

(x4 + 1)2
. 1896.

∫
x2 + 3x − 2

(x − 1)(x2 + x + 1)2
dx.

1897.
∫

dx

(x4 − 1)3
.

!#!"!!"!!%!:

1898.
∫

x2 + 1
(x4 + x2 + 1)2

dx. 1899.
∫

dx

(x3 + x + 1)3
.

1900.
∫

4x5 − 1
(x5 + x + 1)2

dx.

1901. %"!!
∫

dx

x4 + 2x3 + 3x2 + 2x + 1
.

1902. !&#!&!, !! ∫
αx2 + 2βx + γ

(ax2 + 2bx + c)2
dx

!!#!!?

""(#"#%"!"!!:

1903.
∫

x3

(x − 1)100
dx. 1904.

∫
xdx

x8 − 1
.

1905.
∫

x3 dx

x8 + 3
. 1906.

∫
x2 + x

x6 + 1
dx.

1907.
∫

x4 − 3
x(x8 + 3x4 + 2)

dx. 1908.
∫

x4 dx

(x10 − 10)2
.

1909.
∫

x11 dx

x8 + 3x4 + 2
. 1910.

∫
x9 dx

(x10 + 2x5 + 2)2
.

1911.
∫

x2n−1

xn + 1
dx. 1912.

∫
x3n−1

(x2n + 1)2
dx.

1913.
∫

dx

x(x10 + 2)
. 1914.

∫
dx

x(x10 + 1)2
.

1915.
∫

1 − x7

x(1 + x7)
dx. 1916.

∫
x4 − 1

x(x4 − 5)(x5 − 5x + 1)
dx.
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1917.
∫

x2 + 1
x4 + x2 + 1

dx. 1918.
∫

x2 − 1
x4 + x3 + x2 + x + 1

dx.

1919.
∫

x5 − x

x8 + 1
dx. 1920.

∫
x4 + 1
x6 + 1

dx.

1921. '$#"#%"!!
In =

∫
dx

(ax2 + bx + c)n
(a #= 0)

"'$!$. ""$#!$%"
I3 =

∫
dx

(x2 + x + 1)3
.

!!: ""#&$ 4a(ax2 + bx + c) ≡ (2ax + b)2 + (4ac − b2).

1922. ""!" t =
x + a

x + b
%"!!

I =
∫

dx

(x + a)m(x + b)n
(m " n !#$!).

""$#!", # ∫
dx

(x − 2)2(x + 3)3
.

1923. ! Pn(x) ! x " n "("$, %"∫
Pn(x)

(x − a)n+1
dx.

!!: ""%%!$.
1924.( R(x) = R∗(x2), !! R∗ !!#!!. !! R(x) !#!!#!$#!&

#")?
1925. %" ∫

dx

1 + x2n
,

$! n !#$!.

§3. !!!!#!!#

""##!!!!!#!!""#, #!"!!:

1926.
∫

dx

1 +
√

x
. 1927.

∫
dx

x(1 + 2
√

x + 3
√

x)
.

1928.
∫

x 3
√

2 + x

x + 3
√

2 + x
dx. 1929.

∫
1 −

√
x + 1

1 + 3
√

x + 1
dx.

1930.
∫

dx√
x(1 + 4

√
x)3

. 1931.
∫ √

x + 1 −
√

x − 1√
x + 1 +

√
x − 1

dx.

1932.
∫

dx
3
√

(x + 1)2(x − 1)4
. 1933.

∫
xdx

4
√

x3(a − x)
(a > 0).

1934.
∫

dx
n√
(x − a)n+1(x − b)n−1

(n !#$!).
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1935.
∫

dx

1 +
√

x +
√

1 + x
. !!: ! x =

(
u2 − 1

2u

)2

.

1936. "$!! ∫
R[x, (x − a)

p
n (x − b)

q
n ] dx,

!! R !!#!!, p, q, n !$!. "!: ! p + q = kn, !! k !$!, #$!!!
$&!!.

#!$%$"##$"!!:

1937.
∫

x2

√
1 + x + x2

dx. 1938.
∫

dx

(x + 1)
√

x2 + x + 1
.

1939.
∫

dx

(1 − x)2
√

1 − x2
. 1940.

∫ √
x2 + 2x + 2

x
dx.

1941.
∫

xdx

(1 + x)
√

1 − x − x2
. 1942.

∫
1 − x + x2

√
1 + x − x2

dx.

""!$ ∫
Pn(x)

y
dx = Qn−1(x)y + λ

∫
dx

y
,

$! y =
√

ax2 + bx + c, Pn(x) ! n "("$, Qn−1(x) ! n− 1 "("$, λ !!!,
#!"!!:

1943.
∫

x3

√
1 + 2x − x2

dx. 1944.
∫

x10 dx√
1 + x2

.

1945.
∫

x4
√

a2 − x2 dx. 1946.
∫

x3 − 6x2 + 11x − 6√
x2 + 4x + 3

dx.

1947.
∫

dx

x3
√

x2 + 1
. 1948.

∫
dx

x4
√

x2 − 1
.

1949.
∫

dx

(x − 1)3
√

x2 + 3x + 1
. 1950.

∫
dx

(x + 1)5
√

x2 + 2x
.

1951. !&#!&!, !! ∫
a1x2 + b1x + c1√

ax2 + bx + c
dx

"!!!!?

!#!#!! P (x)
Q(x)

!!$!$, #!!
∫

P (x)
Q(x)y

dx, $! y =
√

ax2 + bx + c :

1952.
∫

xdx

(x − 1)2
√

1 + 2x − x2
. 1953.

∫
xdx

(x2 − 1)
√

x2 − x − 1
.

1954.
∫ √

x2 + x + 1
(x + 1)2

dx. 1955.
∫

x3

(1 + x)
√

1 + 2x − x2
dx.

1956.
∫

xdx

(x2 − 3x + 2)
√

x2 − 4x + 3
. 1957.

∫
dx

(1 + x2)
√

1 − x2
.
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1958.
∫

dx

(x2 + 1)
√

x2 − 1
. 1959.

∫
dx

(1 − x4)
√

1 + x2
.

1960.
∫ √

x2 + 2
x2 + 1

dx.

#$"#"$!&"#$, %"!"!!:

1961.
∫

dx

(x2 + x + 1)
√

x2 + x − 1
. 1962.

∫
x2 dx

(4 − 2x + x2)
√

2 + 2x − x2
.

1963.
∫

(x + 1)dx

(x2 + x + 1)
√

x2 + x + 1
.

1964. ""!$$$!" x =
α+ βt

1 + t
%"!!

∫
dx

(x2 − x + 1)
√

x2 + x + 1
.

1965. #
∫

dx

(x2 + 2)
√

2x2 − 2x + 5
.

"""$!":
(1) ! a > 0,

√
ax2 + bx + c = ±

√
ax + z;

(2) ! c > 0,
√

ax2 + bx + c = xz ±
√

c;
(3)

√
a(x − x1)(x − x2) = z(x − x1),

#!"!!:

1966.
∫

dx

x +
√

x2 + x + 1
. 1967.

∫
dx

1 +
√

1 − 2x − x2
.

1968.
∫

x
√

x2 − 2x + 2dx. 1969.
∫

x −
√

x2 + 3x + 2
x +

√
x2 + 3x + 2

dx.

1970.
∫

dx
[
1 +

√
x(1 + x)

]2 .

""(#"#%"!"!!:

1971.
∫

dx√
x2 + 1 −

√
x2 − 1

. 1972.
∫

xdx

(1 − x3)
√

1 − x2
.

1973.
∫

dx√
2 +

√
1 − x +

√
1 + x

. 1974.
∫

x +
√

1 + x + x2

1 + x +
√

1 + x + x2
dx.

1975.
∫ √

x(x + 1)
√

x +
√

x + 1
dx. 1976.

∫
(x2 − 1)dx

(x2 + 1)
√

x4 + 1
.

1977.
∫

(x2 + 1)dx

(x2 − 1)
√

x4 + 1
. 1978.

∫
dx

x
√

x4 + 2x2 − 1
.
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1979.
∫

(x2 + 1)dx

x
√

x4 + x2 + 1
.

1980. "!: !!∫
R(x,

√
ax + b,

√
cx + d )dx (R !!#!!)

"##$$!!#!!"!!#.

#!!""!!" Z
xm(a + bxn)p dx (m, n " p !!#!)

%!!"#%%#!!#!!#!!"!! (!#"$""):

%# 1, p !$!. &#! x = zN , !! N !!! m " n "!!#.

%# 2,
m + 1

n
!$!. &#! a + bxn = zN , !! N !!! p "!#.

%# 3,
m + 1

n
+ p !$!. &#""!" ax−n + b = zN , !! N !!! p "!#.

! n = 1, #$%%#&'#: (1) p !$!; (2) m !$!; (3) m + p !$!.

%"!"!!:

1981.
∫ √

x3 + x4 dx. 1982.
∫ √

x

(1 + 3
√

x)2
dx.

1983.
∫

xdx√
1 + 3

√
x2

. 1984.
∫

x5 dx√
1 − x2

.

1985.
∫

dx
3
√

1 + x3
. 1986.

∫
dx

4
√

1 + x4
.

1987.
∫

dx

x 6
√

1 + x6
. 1988.

∫
dx

x3 5

√
1 +

1
x

.

1989.
∫

3
√

3x − x3 dx.

1990. !&#%#!, !!
∫ √

1 + xm dx (m !!#!) !$&!!?

§4. !!!!#!!#

#$ Z
sinm x cosn xdx (m # n !$!)

"!!!""&$"""%%"'$!$%".

#!"!!:

1991.
∫

cos5 xdx. 1992.
∫

sin6 xdx.

1993.
∫

cos6 xdx. 1994.
∫

sin2 x cos4 xdx.
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1995.
∫

sin4 x cos5 xdx. 1996.
∫

sin5 x cos5 xdx.

1997.
∫

sin3 x

cos4 x
dx. 1998.

∫
cos4 x

sin3 x
dx.

1999.
∫

dx

sin3 x
. 2000.

∫
dx

cos3 x
.

2001.
∫

dx

sin4 x cos4 x
. 2002.

∫
dx

sin3 x cos5 x
.

2003.
∫

dx

sin x cos4 x
. 2004.

∫
tan5 xdx.

2005.
∫

cot6 xdx. 2006.
∫

sin4 x

cos6 x
dx.

2007.
∫

dx√
sin3 x cos5 x

. 2008.
∫

dx

cosx
3
√

sin2 x
.

2009.
∫

dx√
tanx

. 2010.
∫

dx
3
√

tan x
.

2011. $#!"!!"'$!$:

(a) In =
∫

sinn xdx; (b) Kn =
∫

cosn xdx (n > 2).

""$%!$%" ∫
sin6 xdx "

∫
cos8 xdx.

2012. $#!"!!"'$!$:
(a) In =

∫
dx

sinn x
; (b) Kn =

∫
dx

cosn x
(n > 2).

""$%!$%" ∫
dx

sin5 x
"

∫
dx

cos7 x
.

!%%"!""!!, !$%"!$:

I. sinα sin β =
1
2
[cos(α− β) − cos(α+ β)];

II. cosα cosβ =
1
2
[cos(α− β) + cos(α+ β)];

III. sinα cos β =
1
2
[sin(α− β) + sin(α+ β)].

#!!:
2013.

∫
sin 5x cosxdx. 2014.

∫
cosx cos 2x cos 3xdx.

2015.
∫

sin x sin
x

2
sin

x

3
dx. 2016.

∫
sin x sin(x + a) sin(x + b)dx.

2017.
∫

cos2 ax cos2 bxdx. 2018.
∫

sin3 2x cos2 3xdx.
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!%%"!""!!, !$%"#&$:

sin(α− β) ≡ sin[(x + α) − (x + β)],

cos(α− β) ≡ cos[(x + α) − (x + β)].

#!!:

2019.
∫

dx

sin(x + a) sin(x + b)
. 2020.

∫
dx

sin(x + a) cos(x + b)
.

2021.
∫

dx

cos(x + a) cos(x + b)
. 2022.

∫
dx

sin x − sin a
.

2023.
∫

dx

cosx + cos a
. 2024.

∫
tan x tan(x + a)dx.

#$ Z
R(sin x, cos x) dx (R !!#!!)

"!!, !%#%#!!""!" tan
x
2

= t #!!#!!"!!.

(a) !&$

R(− sin x, cos x) ≡ −R(sin x, cos x)

%

R(sin x,− cos x) ≡ −R(sin x, cos x)

"&, #!%""%$"!" cos x = t % sin x = t.

(b) !&$
R(− sin x,− cos x) ≡ R(sin x, cos x)

"&, #!%""!" tanx = t.

#!!:

2025.
∫

dx

2 sin x − cosx + 5
. 2026.

∫
dx

(2 + cosx) sin x
.

2027.
∫

sin2 x

sin x + 2 cosx
dx.

2028.
∫

dx

1 + ε cosx
, (a) 0 < ε < 1; (b) ε > 1.

2029.
∫

sin2 x

1 + sin2 x
dx. 2030.

∫
dx

a2 sin2 x + b2 cos2 x
.

2031.
∫

cos2 xdx

(a2 sin2 x + b2 cos2 x)2
. 2032.

∫
sin x cosx

sinx + cosx
dx.

2033.
∫

dx

(a sin x + b cosx)2
. 2034.

∫
sin xdx

sin3 x + cos3 x
.

2035.
∫

dx

sin4 x + cos4 x
. 2036.

∫
sin2 x cos2 x

sin8 x + cos8 x
dx.
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2037.
∫

sin2 x − cos2 x

sin4 x + cos4 x
dx. 2038.

∫
sinx cos x

1 + sin4 x
dx.

2039.
∫

dx

sin6 x + cos6 x
. 2040.

∫
dx

(sin2 x + 2 cos2 x)2
.

2041. !!##!*!"#$ 1©, #!!∫
dx

a sin x + b cosx
.

2042. "!:∫
a1 sin x + b1 cosx

a sin x + b cosx
dx = Ax + B ln |a sin x + b cosx| + C,

$! A, B, C !!!.
!!: ! a1 sin x + b1 cosx = A(a sin x + b cosx) + B(a cosx − b sinx), $! A "

B !!!.

#!!:

2043. (a)
∫

sin x − cosx

sin x + 2 cosx
dx; (b)

∫
sin x

sin x − 3 cosx
dx.

2044.
∫

dx

3 + 5 tanx
. 2045.

∫
a1 sin x + b1 cosx

(a sin x + b cosx)2
dx.

2046. "!:∫
a1 sinx + b1 cosx + c1

a sinx + b cosx + c
dx

= Ax + B ln |a sin x + b cosx + c| + C

∫
dx

a sin x + b cosx + c
,

$! A, B, C "$%!#!.

#!!:

2047.
∫

sin x + 2 cosx − 3
sin x − 2 cosx + 3

dx. 2048.
∫

sin x√
2 + sinx + cosx

dx.

2049.
∫

2 sinx + cosx

3 sinx + 4 cosx − 2
dx.

2050. "!:
∫

a1 sin2 x + 2b1 sin x cosx + c1 cos2 x

a sin x + b cosx
dx = A sin x + B cosx + C

∫
dx

a sinx + b cosx
,

$! A, B, C "!#!.

#!!:

2051.
∫

sin2 x − 4 sinx cosx + 3 cos2 x

sin x + cosx
dx.

2052.
∫

sin2 x − sin x cosx + 2 cos2 x

sinx + 2 cosx
dx.

1©"$$&, !$"$!#!!!#!*!#$. &#
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2053. "!: ! (a − c)2 + b2 #= 0, #
∫

a1 sinx + b1 cosx

a sin2 x + 2b sinx cosx + c cos2 x
dx = A

∫
du1

k1u2
1 + λ1

+ B

∫
du2

k2u2
2 + λ2

,

$! A, B !#!#!, λ1, λ2 !"%
∣∣∣∣∣
a − λ b

b c − λ

∣∣∣∣∣ = 0 (λ1 #= λ2)

"%, %
ui = (a − λi) sin x + b cosx, ki =

1
a − λi

(i = 1, 2).

#!!:

2054.
∫

2 sinx − cosx

3 sin2 x + 4 cos2 x
dx. 2055.

∫
(sin x + cosx)dx

2 sin2 x − 4 sinx cosx + 5 cos2 x
.

2056.
∫

sinx − 2 cosx

1 + 4 sinx cosx
dx.

2057. "!:
∫

dx

(a sin x + b cosx)n
=

A sinx + B cosx

(a sin x + b cosx)n−1
+ C

∫
dx

(a sinx + b cosx)n−2
,

$! A, B, C !#!#!.

2058. #
∫

dx

(sin x + 2 cosx)3
.

2059. ! n !'# 1 "#$!, "!:
∫

dx

(a + b cosx)n
=

A sin x

(a + b cosx)n−1
+ B

∫
dx

(a + b cosx)n−1
+ C

∫
dx

(a + b cosx)n−2
,

!! |a| #= |b|, '###! A, B " C.

#!!:

2060.
∫

sinxdx

cosx
√

1 + sin2 x
. 2061.

∫
sin2 x

cos2 x
√

tan x
dx.

2062.
∫

sinxdx√
2 + sin 2x

. 2063.
∫

dx

(1 + ε cosx)2
(0 < ε < 1).

2064.
∫ cosn−1 x + a

2
sinn+1 x − a

2

dx. !!: ! t =
cos

x + a

2
sin

x − a

2

.

2065. $#!!

In =
∫



sin

x − a

2
sin

x + a

2





n

dx (n !#$!)

"'$!$.
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§5. ""!"!!#!!#

2066. "!: ! P (x) ! n "("$, #
∫

P (x)eax dx = eax

[
P (x)

a
− P ′(x)

a2
+ · · · + (−1)n P (n)(x)

an+1

]
+ C.

2067. "!: ! P (x) ! n "("$, #
∫

P (x) cos axdx =
sinax

a

[
P (x) − P ′′(x)

a2
+

P (4)(x)
a4

− · · ·
]

+
cosax

a2

[
P ′(x) − P ′′′(x)

a2
+

P (5)(x)
a4

− · · ·
]

+ C,

∫
P (x) sin axdx = −cosax

a

[
P (x) − P ′′(x)

a2
+

P (4)(x)
a4

− · · ·
]

+
sinax

a2

[
P ′(x) − P ′′′(x)

a2
+

P (5)(x)
a4

− · · ·
]

+ C.

#!!:

2068.
∫

x3e3x dx. 2069.
∫

(x2 − 2x + 2)e−x dx.

2070.
∫

x5 sin 5xdx. 2071.
∫

(1 + x2)2 cosxdx.

2072.
∫

x7e−x2
dx. 2073.

∫
x2e

√
x dx.

2074.
∫

eax cos2 bxdx. 2075.
∫

eax sin3 bxdx.

2076.
∫

xex sin xdx. 2077.
∫

x2ex cosxdx.

2078.
∫

xex sin2 xdx. 2079.
∫

(x − sin x)3 dx.

2080.
∫

cos2
√

xdx.

2081. "!: ! R !!#!!, ! a1, a2, · · · , an !!!&", #!!∫
R(ea1x, ea2x, · · · , eanx)dx

!!)!$&!!"#$.

#!!:

2082.
∫

dx

(1 + ex)2
. 2083.

∫
e2x

1 + ex
dx.

2084.
∫

dx

e2x + ex − 2
. 2085.

∫
dx

1 + e x
2 + e x

3 + e x
6
.

2086.
∫

1 + e x
2

(
1 + e x

4
)2 dx. 2087.

∫
dx√

ex − 1
.
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2088.
∫ √

ex − 1
ex + 1

dx. 2089.
∫ √

e2x + 4ex − 1dx.

2090.
∫

dx√
1 + ex +

√
1 − ex

.

2091. "!: ! R !!#!!, !!#%!*%, #!!∫
R(x)eax dx

!"$&!!"&'!!∫
eax

x
dx = li(eax) + C, $! li x =

∫
dx

ln x
'!).

2092. ! P

(
1
x

)
= a0 +

a1

x
+ · · · + an

xn
, a0, a1, · · · , an !!!, #!&#%#!,

!!
∫

P

(
1
x

)
ex dx

!$&!!?

#!!:

2093.
∫ (

1 − 2
x

)2

ex dx. 2094.
∫ (

1 − 1
x

)
e−x dx.

2095.
∫

e2x

x2 − 3x + 2
dx. 2096.

∫
xex

(x + 1)2
dx.

2097.
∫

x4e2x

(x − 2)2
dx.

#&! ln f(x), arctan f(x), arcsin f(x), arccos f(x) &!!"!!, !! f(x) !
!!!!:

2098.
∫

lnn xdx (n !#$!). 2099.
∫

x3 ln3 xdx.

2100.
∫ (

ln x

x

)3

dx.

2101.
∫

ln
[
(x + a)x+a(x + b)x+b

] dx

(x + a)(x + b)
.

2102.
∫

ln2(x +
√

1 + x2)dx. 2103.
∫

ln(
√

1 − x +
√

1 + x)dx.

2104.
∫

ln x

(1 + x2) 3
2

dx. 2105.
∫

x arctan(x + 1)dx.

2106.
∫ √

x arctan
√

xdx. 2107.
∫

x arcsin(1 − x)dx.

2108.
∫

arcsin
√

xdx. 2109.
∫

x arccos
1
x

dx.
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2110.
∫

arcsin
2
√

x

1 + x
dx. 2111.

∫
arccosx

(1 − x2) 3
2

dx.

2112.
∫

x arccosx

(1 − x2) 3
2

dx. 2113.
∫

x arctanx ln(1 + x2)dx.

2114.
∫

x ln
1 + x

1 − x
dx. 2115.

∫
ln(x +

√
1 + x2)dx

(1 + x2) 3
2

.

#&!#$!!"!!:

2116.
∫

sinh2 x cosh2 xdx. 2117.
∫

cosh4 xdx.

2118.
∫

sinh3 xdx. 2119.
∫

sinh x sinh 2x sinh 3xdx.

2120.
∫

tanh xdx. 2121.
∫

coth2 xdx.

2122.
∫ √

tanh xdx.

2123. (a)
∫

dx

sinh x + 2 coshx
; (b)

∫
dx

sinh2 x − 4 sinh x coshx + 9 cosh2 x
;

(c)
∫

dx

0.1 + coshx
; (d)

∫
coshxdx

3 sinhx − 4 coshx
.

2124.
∫

sinh ax sin bxdx. 2125.
∫

sinh ax cos bxdx.

§6. !!!!!#""""

#!!:

2126.
∫

dx

x6(1 + x2)
. 2127.

∫
x2 dx

(1 − x2)3
.

2128.
∫

dx

1 + x4 + x8
. 2129.

∫
dx√

x + 3
√

x
.

2130.
∫

x2

√
x

1 − x
dx. 2131.

∫
x + 2

x2
√

1 − x2
dx.

2132.
∫ √

x

1 − x
√

x
dx. 2133.

∫
x5 dx√
1 + x2

.

2134.
∫

dx
3
√

x2(1 − x)
. 2135.

∫
dx

x
√

1 + x3 + x6
.

2136.
∫

dx

x
√

x4 − 2x2 − 1
. 2137.

∫
1 +

√
1 − x2

1 −
√

1 − x2
dx.

2138.
∫

(1 + x)dx

x +
√

x + x2
. 2139.

∫
ln(1 + x + x2)

(1 + x)2
dx.
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2140.
∫

(2x + 3) arccos(2x − 3)dx. 2141.
∫

x ln(4 + x4)dx.

2142.
∫

arcsinx

x2
· 1 + x2

√
1 − x2

dx. 2143.
∫

x ln(1 +
√

1 + x2)√
1 + x2

dx.

2144.
∫

x
√

x2 + 1 ln
√

x2 − 1dx. 2145.
∫

x√
1 − x2

ln
x√

1 − x
dx.

2146.
∫

dx

(2 + sinx)2
. 2147.

∫
sin 4x

sin8x + cos8x
dx.

2148.
∫

dx

sin x
√

1 + cosx
. 2149.

∫
ax2 + b

x2 + 1
arctanxdx.

2150.
∫

ax2 + b

x2 − 1
ln
∣∣∣∣
x − 1
x + 1

∣∣∣∣ dx. 2151.
∫

x ln x

(1 + x2)2
dx.

2152.
∫

x arctanx√
1 + x2

dx. 2153.
∫

sin 2x√
1 + cos4 x

dx.

2154.
∫

x3 arccosx√
1 − x2

dx. 2155.
∫

x4 arctanx

1 + x2
dx.

2156.
∫

x arccotx

(1 + x2)2
dx. 2157.

∫
x ln(x +

√
1 + x2)

(1 − x2)2
dx.

2158.
∫ √

1 − x2 arcsinxdx. 2159.
∫

x(1 + x2) arccotxdx.

2160.
∫

xx(1 + lnx)dx. 2161.
∫

arcsin ex

ex
dx.

2162.
∫

arctan e x
2

e x
2 (1 + ex)

dx. 2163.
∫

dx

(ex+1 + 1)2 − (ex−1 + 1)2
.

2164.
∫ √

tanh2 x + 1dx. 2165.
∫

1 + sinx

1 + cosx
ex dx.

2166.
∫

|x|dx. 2167.
∫

x|x|dx.

2168.
∫

(x + |x|)2 dx. 2169.
∫

{|1 + x|− |1 − x|} dx.

2170.
∫

e−|x| dx. 2171.
∫

max{1, x2}dx.

2172.
∫
ϕ(x)dx, !! ϕ(x) !! x +!&$!"'(.

2173.
∫

[x]| sinπx|dx (x " 0).

2174.
∫

f(x)dx, !! f(x) =

{
1 − x2, |x| ! 1,

1 − |x|, |x| > 1.
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2175.
∫

f(x)dx, !! f(x) =






1, −∞ < x < 0,

x + 1, 0 ! x ! 1,

2x, 1 < x < +∞.

2176. #
∫

xf ′′(x)dx. 2177. #
∫

f ′(2x)dx.

2178. ( f ′(x2) =
1
x

(x > 0), # f(x).

2179. (a) ( f ′(sin2 x) = cos2 x, # f(x).

(b) ( f ′(ln x) =

{
1, 0 < x ! 1,

x, 1 < x < +∞,
" f(0) = 0, # f(x).

2180. ( f(x) !&"%,"!!!!, f−1(x) !!&!!. "!: !∫
f(x)dx = F (x) + C,

# ∫
f−1(x)dx = xf−1(x) − F (f−1(x)) + C.

'()$:
(a) f(x) = xn (n > 0); (b) f(x) = ex;
(c) f(x) = arcsinx; (d) f(x) = arctanhx.



!!! "!!

§1. "!!!!!!#!!

1. !!!!. !!! f(x) !!!! [a, b] "!!!" a = x0 < x1 < x2 < · · · < xn = b,

"!
Z b

a

f(x) dx = lim
max |∆xi|→0

n−1X

i=0

f(ξi)∆xi (xi ! ξi ! xi + 1, ∆xi = xi+1 − xi) (1)

!!!! f(x) !!! [a, b] ""!! 1©.

"! (1) !!""!""!#!: !!!!

S =
n−1X

i=0

mi∆xi

$!!!!

S =
n−1X

i=0

Mi∆xi

# max |∆xi| → 0 "!""""!, !!
mi = inf

xi!x!xi+1
f(x), Mi = sup

xi!x!xi+1

f(x).

!$# (1) "%""!!!, "!! f(x) !!"#!!"" (#!) !!"!. !#, (a) "
!!!, (b) !!!!!!&'"!"!!, (c) "(!"!!, #")$$#!!!!!""!
!!!. !!! f(x) !!!! [a, b] """, "!! [a, b] " (#!) #!!.

2. !!!". !! f(x) !$"!!! [a, b] "!!""!""!#!$#$#

lim
max |∆xi|→0

n−1X

i=0

ωi∆xi = 0,

#! ωi !!! f(x) !!!! [xi, xi+1] ""#".

2181. !!! [−1, 4] !! n !"$"!!!, $%#"!!!!'""%#!$
&$ ξi "$ (i = 0, 1, · · · , n − 1). #!! f(x) = 1 + x !#!!""!!# Sn.

1©#%"
n−1X

i=0

f(ξi)∆xi !!!!#. %%
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2182. !""!!!! n !"$"'!, ##!!! f(x) !"#!!""#!!
# Sn $"!!# Sn:

(a) f(x) = x3 (−2 ! x ! 3); (b) f(x) =
√

x (0 ! x ! 1);
(c) f(x) = 2x (0 ! x ! 10).

2183. !!!! [1, 2] !! n #,%# n #"%$$&$(!!, #!! f(x) = x4

!#!!""#!!#. # n → ∞ "##""!$%&!?
2184. $!!"!!&$, #

∫ T

0
(v0 + gt)dt,

!! T, v0, g !#!.

''#"%&!#!!!!, $(!!!"#!!#""!, %##!!!!:

2185.
∫ 2

−1
x2 dx. 2186.

∫ 1

0
ax dx (a > 0).

2187.
∫ π

2

0
sin xdx. 2188.

∫ x

0
cos tdt.

2189.
∫ b

a

dx

x2
(0 < a < b). !": " ξi = √

xixi+1 (i = 0, 1, · · · , n − 1).

2190.
∫ b

a
xm dx (0 < a < b; m %= −1).

!": #$%!', %!""%"% xi $$&$(!!.

2191.
∫ b

a

dx

x
(0 < a < b).

2192. %#)$!! ∫ π

0
ln(1 − 2α cosx + α2)dx,

"#&&$$: (a) |α| < 1; (b) |α| > 1.
!": !#*$# α2n − 1 !'%(#.
2193.1. )!! f(x) $ ϕ(x) ! [a, b] ""!, '#:

lim
max |∆xi|→0

n−1∑

i=0

f(ξi)ϕ(θi)∆xi =
∫ b

a
f(x)ϕ(x)dx,

!! xi ! ξi ! xi+1, xi ! θi ! xi+1 (i = 0, 1, · · · , n − 1), " ∆xi = xi+1 − xi

(x0 = a, xn = b).
2193.2. )!! f(x) ! [0, 1] "!"""( 1©, '#:

∫ 1

0
f(x)dx − 1

n

n∑

k=1

f

(
k

n

)
= O

(
1
n

)
.

1©%###, !*!"%!#*&, (!!"!!!"""(!!"!". %%
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2193.3. )!! f(x) !!!! [a, b] "!"$" 1© (*"%# 1312), '#:

(b − a)
f(a) + f(b)

2
!
∫ b

a
f(x)dx ! (b − a)f

(
a + b

2

)
.

2193.4. ) f(x) ∈ C(2)[1, +∞), "# x ∈ [1, +∞) " f(x) " 0, f ′(x) " 0,
f ′′(x) ! 0. '#: # n → ∞ "

n∑

k=1

f(k) =
1
2
f(n) +

∫ n

1
f(x)dx + O(1).

2193.5. ) f(x) ∈ C(1)[a, b],

∆n =
∫ b

a
f(x)dx − b − a

n

n∑

k=1

f

(
a + k

b − a

n

)
,

# lim
n→∞

n∆n.

2194. '#: #"!!!
f(x) = sgn

(
sin
π

x

)

!!! [0, 1] "!!.
2195. '#: '$!!

ϕ(x) =






0, x !"(!,

1
n

, x =
m

n
(m $ n (n " 1) !"%"(!)

!$&!!!!"!!.
2196. '#: !!

f(x) =






1
x
−
[

1
x

]
, x %= 0,

0, x = 0

!!!! [0, 1] "!!.
2197. '#: +)#*!!

χ(x) =

{
0, x !"(!,

1, x !!(!
!$&!!"#!!.

2198. )!! f(x) ! [a, b] "!!, "
fn(x) = sup f(x) (xi ! x ! xi+1),

!! xi = a +
i

n
(b − a) (i = 0, 1, · · · , n; n = 1, 2, · · · ). '#:

lim
n→∞

∫ b

a
fn(x)dx =

∫ b

a
f(x)dx.

2199. '#: !!! f(x) ! [a, b] "!!, "!!"!!!&! ϕn(x) (n =
1, 2, · · · ), %,! a ! c ! b "∫ c

a
f(x)dx = lim

n→∞

∫ c

a
ϕn(x)dx.

1©%###, !*!"%!#*&, (!!"!!!"""!!"!". %%
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2200. '#: !!"!! f(x) !!!! [a, b] "!!, "!$-$ |f(x)| ! [a, b]
")!!, $" ∣∣∣∣∣

∫ b

a
f(x)dx

∣∣∣∣∣ !
∫ b

a
|f(x)|dx.

2201. )!! f(x) !!!! [a, b] "$-!!, &!!
∫ b

a
|f(x)|dx !!. #!!

!! [a, b] "$(!!? '%!!:

f(x) =

{
1, x !!(!,

−1, x !"(!.
2202. )!! ϕ(x) !!!! [A, B] "!!!$"!, !! f(x) ! [a, b] "!!,

$"# a ! x ! b " A ! f(x) ! B. '#: !! ϕ(f(x)) ! [a, b] "!!.
2203. !!! f(x) $ ϕ(x) !!, "!! f(ϕ(x)) $()"!!!? '%!!:

f(x) =

{
0, x = 0,

1, x %= 0,

ϕ(x) !'$!! ('%# 2195).
2204. )!! f(x) !!!! [A, B] "!!, '#: !! f(x) !!!!!", &

lim
h→0

∫ b

a
|f(x + h) − f(x)|dx = 0,

!! [a, b] ⊂ (A, B).
2205. )!! f(x) !!!! [a, b] "!!, '#: $#

∫ b

a
f2(x)dx = 0

$#""!""!#$: -%!! f(x) !!!! [a, b] """!"!')! f(x) = 0
"%$#.

§2. "!!"!!#""!!#"#

$ 9

1. !$–#""!!". !!! f(x) !!!! [a, b] "
!!!""!,F (x)!!"!"!,& F ′(x) = f(x), "Z b

a

f(x) dx = F (b) − F (a) = F (x)
˛̨
˛
b

a
.

# f(x) " 0 ", !!!
Z b

a

f(x) dx !(&"++

'%& y = (x), Ox )$&*% Ox )"'*& x = a

# x = b $$"$! S ($ 9).

2. !#!!!". ! f(x), g(x) ∈ C(1)[a, b], "
Z b

a

f(x)g′(x) dx = f(x)g(x)
˛̨
˛
b

a
−

Z b

a

g(x)f ′(x) dx.

3. $$"". !: (1) !! f(x) !!!! [a, b] ""!; (2) !! ϕ(t) $!.! ϕ′(t) &!
!!! [α,β] ""!, !! a = ϕ(α), b = ϕ(β); (3) $'!! f(ϕ(t)) !!!! [α, β] "!!!
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$"!, "
Z b

a

f(x) dx =

Z β

α

f(ϕ(t))ϕ′(t) dt.

)(!/–+,"'%#, ##!!!!$#&"#"%-$$$!:

2206.
∫ 8

−1

3
√

xdx. 2207.
∫ π

0
sin xdx.

2208.
∫ √

3

1√
3

dx

1 + x2
. 2209.

∫ 1
2

− 1
2

dx√
1 − x2

.

2210.
∫ sinh 2

sinh 1

dx√
1 + x2

. 2211.
∫ 2

0
|1 − x|dx.

2212.
∫ 1

−1

dx

x2 − 2x cosα+ 1
(0 < α < π). 2213.

∫ 2π

0

dx

1 + ε cosx
(0 ! ε < 1).

2214.
∫ 1

−1

dx√
(1 − 2ax + a2)(1 − 2bx + b2)

(|a| < 1, |b| < 1, ab > 0).

2215.
∫ π

2

0

dx

a2 sin2 x + b2 cos2 x
(ab %= 0).

2216. -%#!!!!, &#!&!*'&(!/–+,"'%#$,0#+&"
((:

(a)
∫ 1

−1

dx

x
; (b)

∫ 2π

0

sec2 xdx

2 + tan2 x
; (c)

∫ 1

−1

d
dx

(
arctan

1
x

)
dx.

2217. #
∫ 1

−1

d
dx

(
1

1 + 2 1
x

)
dx. 2218. #

∫ 100π

0

√
1 − cos 2xdx.

)(!!!##!#""!$:

2219. lim
n→∞

(
1
n2

+
2
n2

+ · · · + n − 1
n2

)
.

2220. lim
n→∞

(
1

n + 1
+

1
n + 2

+ · · · + 1
n + n

)
.

2221. lim
n→∞

(
n

n2 + 12
+

n

n2 + 22
+ · · · + n

n2 + n2

)
.

2222. lim
n→∞

1
n

(
sin
π

n
+ sin

2π
n

+ · · · + sin
(n − 1)π

n

)
.

2223. lim
n→∞

1p + 2p + · · · + np

np+1
(p > 0).

2224. lim
n→∞

1
n

(√
1 +

1
n

+
√

1 +
2
n

+ · · · +
√

1 +
n

n

)
.

#:

2225. lim
n→∞

n√
n!

n
. 2226. lim

n→∞

[
1
n

n∑

k=1

f

(
a + k

b − a

n

)]
.
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"1&)"&($, ##!#""!$:

2227. lim
n→∞

[(
1 +

1
n

)
sin
π

n2
+
(

1 +
2
n

)
sin

2π
n2

+· · ·+
(

1 +
n − 1

n

)
sin

(n − 1)π
n2

]
.

2228. lim
n→∞

sin
π

n
·

n∑

k=1

1

2 + cos
kπ

n

.

2229. lim
n→∞

1
n2

n∑

k=1

√
(nx + k)(nx + k + 1) (x > 0).

2230. lim
n→∞




2 1

n

n + 1
+

2 2
n

n +
1
2

+ · · · + 2 n
n

n +
1
n



.

2231. #:
d
dx

∫ b

a
sin x2 dx;

d
da

∫ b

a
sin x2 dx;

d
db

∫ b

a
sin x2 dx.

2232. #:

(a)
d
dx

∫ x2

0

√
1 + t2 dt; (b)

d
dx

∫ x3

x2

dt√
1 + t4

; (c)
d
dx

∫ cos x

sin x
cos(πt2)dt.

2233. #:

(a) lim
x→0

∫ x

0
cos t2 dt

x
; (b) lim

x→+∞

∫ x

0
(arctan t)2 dt
√

x2 + 1
; (c) lim

x→+∞

(∫ x

0
et2 dt

)2

∫ x

0
e2t2 dt

;

(d) lim
n→∞

∫ 1

0
f(nx)dx, !! f(x) ∈ C[0, +∞), "# x → +∞ " f(x) → A.

2234. '#: # x → ∞ " ∫ x

0
et2 dt ∼ 1

2x
ex2

.

2235. #

lim
x→+0

∫ sin x

0

√
tan tdt

∫ tan x

0

√
sin tdt

.

2236. ) f(x) !"!+$!!. '#: # x " 0 ", !!

ϕ(x) =

∫ x

0
tf(t)dt

∫ x

0
f(t)dt

2'.
2237. #:

(a)
∫ 2

0
f(x)dx, ) f(x) =

{
x2, 0 ! x ! 1,

2 − x, 1 < x ! 2;
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(b)
∫ 1

0
f(x)dx, ) f(x) =





x, 0 ! x ! t,

t · 1 − x

1 − t
, t ! x ! 1.

2238. %##!!!$#&#"!!-*! α "!!)' I = I(α) "$(:

(a) I =
∫ 1

0
x|x − α|dx; (b) I =

∫ π

0

sin2 x

1 + 2α cosx + α2
dx;

(c) I =
∫ π

0

sin xdx√
1 − 2α cosx + α2

.

)(!'!!%#, ##!!!!:

2239.
∫ ln 2

0
xe−x dx. 2240.

∫ π

0
x sin xdx.

2241.
∫ 2π

0
x2 cosxdx. 2242.

∫ e

1
e

| ln x|dx.

2243.
∫ 1

0
arccosxdx. 2244.

∫ √
3

0
x arctanxdx.

)('#"&$(%, ##!!!!:

2245.
∫ 1

−1

xdx√
5 − 4x

. 2246.
∫ a

0
x2
√

a2 − x2 dx.

2247.
∫ 0.75

0

dx

(x + 1)
√

x2 + 1
. 2248.

∫ ln 2

0

√
ex − 1dx.

2249.
∫ 1

0

arcsin
√

x√
x(1 − x)

dx.

2250. " x − 1
x

= t, %#!!

∫ 1

−1

1 + x2

1 + x4
dx.

2251. -%#!!!!, &#!&!*'&((% x = ϕ(t) $*,#+&"((:

(a)
∫ 1

−1
dx, t = x

2
3 ; (b)

∫ 1

−1

dx

1 + x2
, x =

1
t
; (c)

∫ π

0

dx

1 + sin2 x
, tan x = t.

2252. !!! ∫ 3

0
x

3√
1 − x2 dx

!, $(!'" x = sin t?

2253. !!!!
∫ 1

0

√
1 − x2 dx !#&$(% x = sin t, !(%! π # π

2
#!)

"!!"#!?
2254. '#: !!! f(x) ! [a, b] "#"!, ":

∫ b

a
f(x)dx = (b − a)

∫ 1

0
f(a + (b − a)x)dx.
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2255. '#$#:∫ a

0
x3f(x2)dx =

1
2

∫ a2

0
xf(x)dx (a > 0).

2256. ) f(x) !!!! [A, B] """!!!, [a, b] ⊂ (A, B). # [a − x, b − x] ⊂

[A, B] ", # d
dx

∫ b

a
f(x + y)dy.

2257. '#: !!! f(x) ! [0, 1] ""!, ":

(a)
∫ π

2

0
f(sin x)dx =

∫ π
2

0
f(cosx)dx;

(b)
∫ π

0
xf(sin x)dx =

π

2

∫ π

0
f(sin x)dx.

2258. '#: !!! f(x) ! [−l, l] ""!, "

(1) #!! f(x) !$!!"∫ l

−l
f(x)dx = 2

∫ l

0
f(x)dx,

(2) #!! f(x) #!!" ∫ l

−l
f(x)dx = 0.

"&#",*"(&#-.
2259. '#: $!!"%!!!-&!!#!!, )#!!"&'%!!&!$!!.

2260. *')&$
t = x +

1
x

,

%#!! ∫ 2

1
2

(
1 + x − 1

x

)
ex+ 1

x dx.

2261. !!! ∫ 2π

0
f(x) cos xdx

!**&$(% sin x = t.
2262. %#!! ∫ 1

e−2πn

∣∣∣∣∣

(
cos ln

1
x

)′
∣∣∣∣∣ dx (n !+(!).

2263. #!! ∫ π

0

x sin x

1 + cos2 x
dx.

2264. )
f(x) =

(x + 1)2(x − 1)
x3(x − 2)

,

#!! ∫ 3

−1

f ′(x)
1 + f2(x)

dx.
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2265. '#: ! f(x)!!!% −∞ < x < +∞ ).$! T ""!".$!!, "∫ a+T

a
f(x)dx =

∫ T

0
f(x)dx,

#! a !$#"!.
2266. '#: # n !#!", !!

F (x) =
∫ x

0
sinn tdt # G(x) =

∫ x

0
cosn tdt

!' 2π !.$".$!!; )# n !$!", !!"%&!&!&%!!$.$!!
-#.

2267. '#: ! f(x) !' T !.$""!".$!!, "!!

F (x) =
∫ x

x0

f(t)dt

!&#$$#$&%!!$.$! T ".$!!-#.

%##!!!:

2268.
∫ 1

0
x(2 − x2)12 dx. 2269.

∫ 1

−1

xdx

x2 + x + 1
.

2270.
∫ e

1
(x ln x)2 dx. 2271.

∫ 9

1
x 3
√

1 − xdx.

2272.
∫ −1

−2

dx

x
√

x2 − 1
. 2273.

∫ 1

0
x15
√

1 + 3x8 dx.

2274.
∫ 3

0
arcsin

√
x

1 + x
dx. 2275.

∫ 2π

0

dx

(2 + cosx)(3 + cosx)
.

2276.
∫ 2π

0

dx

sin4 x + cos4 x
. 2277.

∫ π
2

0
sinx sin 2x sin 3xdx.

2278.
∫ π

0
(x sin x)2 dx. 2279.

∫ π

0
ex cos2 xdx.

2280.
∫ ln 2

0
sinh4 xdx.

)(2%%#,%##!+-%+(!*! n "!!:

2281. In =
∫ π

2

0
sinn xdx. 2282. In =

∫ π
2

0
cosn xdx.

2283. In =
∫ π

4

0
tan2n xdx. 2284. In =

∫ 1

0
(1 − x2)n dx.

2285. In =
∫ 1

0

xn dx√
1 − x2

. 2286. In =
∫ 1

0
xm(ln x)n dx.

2287. In =
∫ π

4

0

(
sin x − cosx

sin x + cosx

)2n+1

dx.
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) f(x) = f1(x)+ if2(x) $*&$ x "$!!, !! f1(x) = Re f(x), f2(x) = Im f(x), "
i2 = −1, "$!!!: Z

f(x) dx =

Z
f1(x) dx + i

Z
f2(x) dx.

)(,

Re

Z
f(x) dx =

Z
Re f(x) dx, Im

Z
f(x) dx =

Z
Im f(x) dx.

2288. )(%.%#
eix = cosx + i sin x,

'#: ∫ 2π

0
einxe−imx dx =

{
0, m %= n,

2π, m = n
(n $ m !(!).

2289. '#:∫ b

a
e(α+iβ)x dx =

eb(α+iβ) − ea(α+iβ)

α+ iβ
(α $ β !#!).

)(%.%#:

cosx =
1
2
(eix + e−ix), sin x =

1
2i

(eix − e−ix),

%##!!! (m $ n !+(!):

2290.
∫ π

2

0
sin2m x cos2n xdx. 2291.

∫ π

0

sinnx

sin x
dx.

2292.
∫ π

0

cos(2n + 1)x
cosx

dx. 2293.
∫ π

0
cosn x cosnxdx.

2294.
∫ π

0
sinn x sin nxdx.

##!!! (n !+(!):

2295.
∫ π

0
sinn−1 x cos(n + 1)xdx. 2296.

∫ π

0
cosn−1 x sin(n + 1)xdx.

2297.
∫ 2π

0
e−ax cos2n xdx. 2298.

∫ π
2

0
ln cosx · cos 2nxdx.

2299. *%)(!'!!&, %#!"!!:

B(m, n) =
∫ 1

0
xm−1(1 − x)n−1 dx (m $ n !+(!).

2300. #"!""# Pn(x) !''#%#!!:

Pn(x) =
1

2nn!
dn

dxn

[
(x2 − 1)n

]
(n = 0, 1, 2, · · · ).

'#:
∫ 1

−1
Pm(x)Pn(x)dx =





0, m %= n,

2
2n + 1

, m = n.
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2301. )!! f(x) ! [a, b] " (#!) !!, !! F (x) ! [a, b] #'%!!!#'
ci (i = 1, · · · , p) $' a $ b %&&&$# F ′(x) = f(x), )#"'$ F (x) "3&/
!&' (*!%!!). '#:

∫ b

a
f(x)dx = F (b − 0) − F (a + 0) −

p∑

i=1

[F (ci + 0) − F (ci − 0)].

2302. )!! f(x) !!!! [a, b] " (#!) !!, )

F (x) = C +
∫ x

a
f(ξ)dξ

! f(x) "#!!!. '#: !! F (x) "!, "!!! f(x) "!"&'')$#$#
F ′(x) = f(x).

&!!! f(x) "!&')!! F (x) ".!$&!? '%!!:

(a) f

(
1
n

)
= 1 (n = ±1,±2, · · · ), )# x %= 1

n
" f(x) = 0;

(b) f(x) = sgnx.

##!!"#"!!!"#!!!:

2303.
∫

sgn xdx. 2304.
∫

sgn(sin x)dx.

2305.
∫

[x] dx (x " 0). 2306.
∫

x[x] dx (x " 0).

2307.
∫

(−1)[x] dx. 2308.
∫ x

0
f(x)dx, !! f(x) =

{
1, |x| < l,

0, |x| > l.

%##!!"#"!!!"!!!:

2309.
∫ 3

0
sgn(x − x3)dx. 2310.

∫ 2

0
[ex] dx.

2311.
∫ 6

0
[x] sin

πx

6
dx. 2312.

∫ π

0
x sgn(cosx)dx.

2313.
∫ n+1

1
ln[x] dx (n !+(!). 2314.

∫ 1

0
sgn[sin(ln x)] dx.

2315. #
∫

E
| cosx|

√
sin xdx, !! E !!!! [0, 4π] !%.!!!!#!"&

'$")'.

§3. !""%

1. "##!!". !

M [f ] =
1

b − a

Z b

a

f(x) dx

!!!! f(x) !!! [a, b] ""!!! .
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!!! f(x) ! [a, b] ""!, "!#,&' c ∈ (a, b), %,

M [f ] = f(c).

2. !!!""%. !: (1) !! f(x) # ϕ(x) !!!! [a, b] "!"$ (#!) !!; (2) #
a < x < b ", !! ϕ(x) #&+, "

Z b

a

f(x)ϕ(x) dx = µ

Z b

a

ϕ(x) dx,

#!
m ! µ ! M " m = inf

a!x!b
f(x), M = sup

a!x!b
f(x);

(3) #%, !!! f(x) !!!! [a, b] ""!, "
µ = f(c), !! a ! c ! b.

3. !$!""%. !: (1) !! f(x) # ϕ(x) !!!! [a, b] "!"$ (#!) !!; (2) #
a < x < b ", !! ϕ(x) "(, "

Z b

a

f(x)ϕ(x) dx = ϕ(a + 0)

Z ξ

a

f(x) dx + ϕ(b − 0)

Z b

ξ

f(x) dx, #! a ! ξ ! b;

(3) #%, !!! ϕ(x) "(#* (*!") "#!', "
Z b

a

f(x)ϕ(x) dx = ϕ(a + 0)

Z ξ

a

f(x) dx (a ! ξ ! b);

!!! ϕ(x) "(". (*!") "#!', "
Z b

a

f(x)ϕ(x) dx = ϕ(b − 0)

Z b

ξ

f(x) dx (a ! ξ ! b).

2316. &!#!!!!"*+:

(a)
∫ 2π

0
x sin xdx; (b)

∫ 2π

0

sin x

x
dx;

(c)
∫ 2

−2
x32x dx; (d)

∫ 1

1
2

x2 ln xdx.

2317. &!&!!!+*:

(a)
∫ π

2

0
sin10 xdx,

∫ π
2

0
sin2 xdx; (b)

∫ 1

0
e−x dx,

∫ 1

0
e−x2

dx;

(c)
∫ π

0
e−x2

cos2 xdx,
∫ 2π

π

e−x2
cos2 xdx.

2318. ##!!!!""!!""%,$:
(a) f(x) = x2, ! [0, 1] ";
(b) f(x) =

√
x, ! [0, 100] ";

(c) f(x) = 10 + 2 sinx + 3 cosx, ! [0, 2π] ";
(d) f(x) = sinx sin(x + ϕ), ! [0, 2π] ".

2319.1. #&(--%.
r =

p

1 − ε cosϕ
(0 < ε < 1)
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"%,$.
2319.2. #('4! v0 -$'''"'4-%,$.
2320. 5((4+,)

i = i0 sin
(

2πt
T

+ ϕ

)

&&, !! i0 !#", t !"!, T !.$, ϕ !(". #5((4-%%"%,$.
2321. ) f(x) ∈ C[0, +∞) " lim

x→+∞
f(x) = A. #

lim
x→+∞

1
x

∫ x

0
f(t)dt.

'%!! f(x) = arctanx.
2322. ) ∫ x

0
f(t)dt = xf(θx).

!: (a) f(t) = tn (n > −1); (b) f(t) = ln t; (c) f(t) = et, # θ. "! lim
x→+0

θ $ lim
x→+∞

θ

$%&!?

)(3&!$!(, -%!!:

2323.
∫ 2π

0

dx

1 + 0.5 cosx
. 2324.

∫ 1

0

x9

√
1 + x

dx. 2325.
∫ 100

0

e−x

x + 100
dx.

2326.1. '#$#:

(a) lim
n→∞

∫ 1

0

xn

1 + x
dx = 0; (b) lim

n→∞

∫ π
2

0
sinn xdx = 0.

2326.2. #:

(a) lim
ε→0

∫ 1

0

dx

εx3 + 1
; (b) lim

ε→+0

∫ bε

aε
f(x)

dx

x
(a > 0, b > 0, f(x) ∈ C[0, 1]).

2327. ) f(x) ! [a, b] ""!, ) ϕ(x) ! [a, b] ""!"! (a, b) "!', $"#
a < x < b " ϕ′(x) " 0. #(!'!!&$3&!$!(, '#3'!$!(.

)(3'!$!(, -%!!:

2328.
∫ 200π

100π

sin x

x
dx. 2329.

∫ b

a

e−αx

x
sin xdx (α " 0; 0 < a < b).

2330.
∫ b

a
sin x2 dx (0 < a < b).

2331. )!! ϕ(x) $ ψ(x) #!""%%!!! [a, b] "!!. '#"!–!"#
#"!""##: {∫ b

a
ϕ(x)ψ(x)dx

}2

!
∫ b

a
ϕ2(x)dx

∫ b

a
ψ2(x)dx.

2332. )!! f(x) !!!! [a, b] ""!!'" f(a) = 0. '##$#:

M2 ! (b − a)
∫ b

a
f ′2(x)dx,

!! M = sup
a!x!b

|f(x)|.
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2333. '#$#:

lim
n→∞

∫ n+p

n

sin x

x
dx = 0 (p > 0).

§4. %!!! 1©

1. "##%!!!!. !!! f(x) !%&!!!!!! [a, b] "++#"#!$!!"
(#!!!), "!!! Z +∞

a

f(x) dx = lim
b→+∞

Z b

a

f(x) dx. (1)

!!! f(x) !' b "*)#"""!%&!!!! [a, b − ε] (ε > 0) "#!!!, "%
Z b

a

f(x) dx = lim
ε→+0

Z b−ε

a

f(x) dx. (2)

!"! (1) ' (2) !!, ""#"!!!!$$$, ("!!##$ (!(/"#!").

2. "!!". !! (1) /0""!""!#!: -%$#" ε > 0, !!! b = b(ε), %,#
b′ > b $ b′′ > b ", #$"#$#$#:

˛̨
˛̨
˛

Z b′′

b′
f(x) dx

˛̨
˛̨
˛ < ε.

-%$# (2) "!!, $('""+0$/(".

3. "%$&#"%#. ! |f(x)| $+#!!", "!! f(x) "-#"!! (1) ' (2) !!
"%$$$, )")()$/0".

##"$$ I. )# x " a " |f(x)| ! F (x). !
Z +∞

a

F (x) dx /0, "!!
Z +∞

a

f(x) dx

$-/0.

##"$$ II. ! ψ(x) > 0, "# x → +∞ " ϕ(x) = O∗(ψ(x)), "!!
Z +∞

a

ϕ(x) dx $
Z +∞

a

ψ(x) dx ""/0'""$). /(0$$,&, !# x → +∞ " ϕ(x) ∼ ψ(x), ""$"

(()$#.

##"$$ III. (a) )

# x → +∞ ", f(x) = O∗
„

1
xp

«
.

!#&$$#, # p > 1 ", !! (1) /0; # p ! 1 ", !! (1) $).

(b) )

# x → b − 0 ", f(x) = O∗
„

1
(b − x)p

«
.

!#&$$#, # p < 1 ", !! (2) /0; # p " 1 ", !! (2) $).

4. $&!##$!#"%#. ! (1) # x → +∞ ", !! ϕ(x) "(6)%+; (2) !!
f(x) !!""%!!

F (x) =

Z x

a

f(ξ) dξ,

1©+#!!!/1#*"&/!.!!*!!!. %%
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"!! Z +∞

a

f(x)ϕ(x) dx

/0, 7&#6&, $,$-/0.

!(2$$#, ! p > 0, "!!
Z +∞

a

cos x
xp

dx $
Z +∞

a

sin x
xp

dx (a > 0)

/0.

5. "!#". !-%$#" ε > 0, !! f(x) " (#!) !!
Z c−ε

a

f(x) dx $
Z b

c+ε

f(x) dx (a < c < b)

!!, ""!"! (v.p.) !

v.p.

Z b

a

f(x) dx = lim
ε→+0

»Z c−ε

a

f(x) dx +

Z b

c+ε

f(x) dx

–
.

"-6,

v.p.

Z +∞

−∞
f(x) dx = lim

a→+∞

Z a

−a

f(x) dx.

%##!!!:

2334.
∫ +∞

a

dx

x2
(a > 0). 2335.

∫ 1

0
ln xdx.

2336.
∫ +∞

−∞

dx

1 + x2
. 2337.

∫ 1

−1

dx√
1 − x2

.

2338.
∫ +∞

2

dx

x2 + x − 2
. 2339.

∫ +∞

−∞

dx

(x2 + x + 1)2
.

2340.
∫ +∞

0

dx

1 + x3
. 2341.

∫ +∞

0

x2 + 1
x4 + 1

dx.

2342.
∫ 1

0

dx

(2 − x)
√

1 − x
. 2343.

∫ +∞

1

dx

x
√

1 + x5 + x10
.

2344.
∫ +∞

0

x ln x

(1 + x2)2
dx. 2345.

∫ +∞

0

arctanx

(1 + x2) 3
2

dx.

2346.
∫ +∞

0
e−ax cos bxdx (a > 0). 2347.

∫ +∞

0
e−ax sin bxdx (a > 0).

)(2%%#%##!+#!! (n !+(!):

2348. In =
∫ +∞

0
xne−x dx.

2349. In =
∫ +∞

−∞

dx

(ax2 + 2bx + c)n
(ac − b2 > 0).

2350. In =
∫ +∞

1

dx

x(x + 1) · · · (x + n)
.
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2351. In =
∫ 1

0

xn dx√
(1 − x)(1 + x)

. 2352. In =
∫ +∞

0

dx

coshn+1 x
.

2353. (a)
∫ π

2

0
ln sinxdx; (b)

∫ π
2

0
ln cosxdx.

2354. #
∫

E

| sin x − cosx|√
sinx

e−
x
2 dx,

!! E !!! (0, +∞) !%.!!!!#!"&' x $")'.
2355. '#$#:∫ +∞

0
f

(
ax +

b

x

)
dx =

1
a

∫ +∞

0
f
(√

x2 + 4ab
)

dx,

!! a > 0, b > 0 (+!$#(%"!!!#!).
2356. !

M [f ] = lim
x→+∞

1
x

∫ x

0
f(ξ)dξ

!!!! f(x) !!! (0, +∞) ""%,$. ##!!!!#!!""%,$:
(a) f(x) = sin2 x + cos2(x

√
2); (b) f(x) = arctanx; (c) f(x) =

√
x sin x.

2357. #:

(a) lim
x→0

x

∫ 1

x

cos t

t2
dt; (b) lim

x→∞

∫ x

0

√
1 + t4 dt

x3
;

(c) lim
x→+0

∫ +∞

x
t−1e−t dt

ln
1
x

; (d) lim
x→0

xα

∫ 1

x

f(t)
tα+1

dt,

!! α > 0, f(t) !!!! [0, 1] """!!!.
'%#!!!"/0%:

2358.
∫ +∞

0

x2 dx

x4 − x2 + 1
. 2359.

∫ +∞

1

dx

x 3
√

x2 + 1
.

2360.
∫ 2

0

dx

ln x
. 2361.

∫ +∞

0
xp−1e−x dx.

2362.
∫ 1

0
xp lnq 1

x
dx. 2363.

∫ +∞

0

xm

1 + xn
dx (n " 0).

2364.
∫ +∞

0

arctanax

xn
dx (a %= 0). 2365.

∫ +∞

0

ln(1 + x)
xn

dx.

2366.
∫ +∞

0

xm arctanx

2 + xn
dx (n " 0). 2367.

∫ +∞

0

cos ax

1 + xn
dx (n " 0).

2368.
∫ +∞

0

sin2 x

x
dx. 2369.

∫ π
2

0

dx

sinp x cosq x
.
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2370. (a)
∫ 1

0

xn dx√
1 − x4

; (b)
∫ +∞

0

dx√
x3 + x

. 2371.
∫ +∞

0

dx

xp + xq
.

2372.
∫ 1

0

ln x

1 − x2
dx. 2373.

∫ π
2

0

ln sin x√
x

dx.

2374.
∫ +∞

1

dx

xp lnq x
. 2375.

∫ +∞

e

dx

xp(ln x)q(ln ln x)r
.

2376. (a)
∫ +∞

−∞

dx

|x − a1|p1 |x − a2|p2 · · · |x − an|pn
(a1 < a2 < · · · < an);

(b)
∫ +∞

0
xα|x − 1|β dx.

2377.
∫ +∞

0

Pm(x)
Pn(x)

dx, #! Pm(x) # Pn(x) !"%" m %# n %*$#.

'%#!!!"$-/0%#!#/0%:

2378.
∫ +∞

0

sin x

x
dx. !": | sin x| " sin2 x. 2379.

∫ +∞

0

√
x cosx

x + 100
dx.

2380. (a)
∫ +∞

0
xp sin xq dx (q %= 0); (b)

∫ π
2

0
sin sec xdx;

(c)
∫ +∞

0
x2 cos ex dx.

2381.
∫ +∞

0

xp sin x

1 + xq
dx (q " 0). 2382.

∫ +∞

0

sin
(

x +
1
x

)

xn
dx.

2383.
∫ +∞

a

Pm(x)
Pn(x)

sin xdx, #! Pm(x) $ Pn(x) !*$#, "! x " a " 0, "

Pn(x) > 0.

2384.1. !
∫ +∞

a
f(x)dx /0, "# x → +∞ "$("! f(x) → 0? '%!!:

(a)
∫ +∞

0
sin x2 dx; (b)

∫ +∞

0
(−1)[x

2] dx.

2384.2. ) f(x) ∈ C(1)[x0, +∞), # x0 ! x < +∞ " |f ′(x)| < C, "
∫ +∞

x0

|f(x)|dx

/0. '#: # x → +∞ " f(x) → 0 1©.

!": '%!!
∫ +∞

x0

f(x)f ′(x)dx.

1©/#!#.(. 8)!)3'#'#&#: ) f(x) ∈ C[x0, +∞), "
Z +∞

a
f(x) dx /0, " f(+∞) =

0 ""!""!#$ f ! [x0, +∞) "&,"!. %%
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2385. )!! f(x) ! [a, b] "!!!""". !(!(!!"/0+#!!∫ b

a
f(x)dx

%#"#!!#
n−1∑

i=0

f(ξi)∆xi (xi ! ξi ! xi+1, ∆xi = xi+1 − xi)

""!?
2386. ) ∫ +∞

a
f(x)dx (1)

/0, !! ϕ(x) !", "!! ∫ +∞

a
f(x)ϕ(x)dx (2)

$("!/0? 0&'#"!!.
!!! (1) $-/0, &!! (2) "/0%#&?

2387. '#: !
∫ +∞

a
f(x)dx /0, f(x) !"(!!, " f(x) = O

(
1
x

)
1©.

2388. )!! f(x) !!! 0 < x ! 1 #$"(!!, "!' x = 0 "*)#$"
"". '#: ! ∫ 1

0
f(x)dx

!!, "

lim
n→∞

1
n

n∑

k=1

f

(
k

n

)
=
∫ 1

0
f(x)dx.

2389. '#: !!! f(x) !!! 0 < x < a #"("!", "+#!!
∫ a

0
xpf(x)dx

!!, "
lim

x→+0
xp+1f(x) = 0.

2390. '#:

(a) v.p.

∫ 1

−1

dx

x
= 0; (b) v.p.

∫ +∞

0

dx

1 − x2
= 0; (c) v.p.

∫ +∞

−∞
sin xdx = 0.

2391. '#: # x > 1 " 2©!!
li x = v.p.

∫ x

0

dξ
ln ξ

.

##!!!:

2392. v.p.

∫ +∞

0

dx

x2 − 3x + 2
. 2393. v.p.

∫ 2

1
2

dx

x ln x
.

1©#((!(&! f(x) = o

„
1

x

«
. %%

2©%#)! “# x " 0 "”. !*, # 0 ! x < 1 "!! li x =

Z x

0

dξ

ln ξ
. %%
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2394. v.p.

∫ +∞

−∞

1 + x

1 + x2
dx. 2395. v.p.

∫ +∞

−∞
arctanxdx.

§5. "!##"#

1. $%"&"!#"!. '&!"!"%& y = y1(x) # y = y2(x) (y2(x) " y1(x)) $&
!*& x = a # x = b (a > b) !""%$$$ A1A2B2B1 ($ 10), !$! S $%

S =

Z b

a

[y2(x) − y1(x)] dx.

2. !'#"""##!##"$#"!. ! x = x(t), y = y(t) (0 ! t ! T ) !&!9/)
",".!%& C "*!%*, $",%&"**%*!'"/%*,%,(%&"$$$)$
*%!(1 ($ 11), "#$$"$! S $%

S = −
Z T

0

y(t)x′(t) dt =

Z T

0

x(t)y′(t) dt, ' S =
1
2

Z T

0

[x(t)y′(t) − x′(t)y(t)] dt.

$ 10 $ 11

3. !"&"!#"!. '"!"%& r = r(ϕ) #&!4& ϕ = α, ϕ = β (α < β) !""
+$ OAB ($ 12), !$! S $%

S =
1
2

Z β

α

r2(ϕ) dϕ.

2396. '#: +&+&)$"$!$%
S =

2
3
bh,

#! b !)$":, h !& ($ 13).

$ 12 $ 13
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#'#!*1"%%*""%&$$"$$"$! 1©.
2397. ax = y2, ay = x2. 2398. y = x2, x + y = 2.
2399. y = 2x − x2, x + y = 0.
2400. (a) y = | lg x|, y = 0, x = 0, 1, x = 10;

(b) y = 2x, y = 2, x = 0;
(c) y = (x + 1)2, y = sinπy, y = 0 (0 ! y ! 1).

2401. y = x, y = x + sin2 x (0 ! x ! π).

2402. y =
a3

a2 + x2
, y = 0. 2403.

x2

a2
+

y2

b2
= 1.

2404. y2 = x2(a2 − x2). 2405. y2 = 2px, 27py2 = 8(x − p)3.
2406. Ax2 + 2Bxy + Cy2 = 1 (A > 0, AC − B2 > 0).

2407. y2 =
x3

2a− x
(,,&), x = 2a.

2408. x = a ln
a +

√
a2 − y2

y
−
√

a2 − y2 (-+&), y = 0.

2409. y2 =
xn

(1 + xn+2)2
(x > 0; n > −2).

2410. y = e−x| sin x|, y = 0 (x " 0).
2411. &+& y2 = 2x !( x2 + y2 = 8 "$!!!&'!, #&'!-(#&?
2412. !)%& x2 − y2 = 1 ""' M(x, y) ""%++!)%&+$ OM ′M "

$! S "!!, #+$')%&"+ M ′M $'4& OM $ OM ′!", !! M ′(x,−y)
$' M "-% Ox )"-!'.

##!*!%*""%&"$$$"$!:
2413. x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π) ('&) $ y = 0.
2414. x = 2t − t2, y = 2t2 − t3.
2415. x = a(cos t + t sin t), y = a(sin t − t cos t) (0 ! t ! 2π) (("-5&) $

x = a, y ! 0.
2416. x = a(2 cos t − cos 2t), y = a(2 sin t − sin 2t).

2417. (a) x =
c2

a
cos3 t, y =

c2

b
sin3 t (c2 = a2 − b2) (&("-+&);

(b) x = a cos t, y =
a sin2 t

2 + sin t
.

##!""%%*""%&"$$$ S "$!:
2418. r2 = a2 cos 2ϕ ()(&). 2419. r = a(1 + cosϕ) (-*&).

2420. r = a sin 3ϕ (,,&).

1©!3*+"#&2#',*2!, -!"!*!)$+".
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2421. r =
p

1 − cosϕ
(&+&), ϕ =

π

4
, ϕ =

π

2
.

2422. (a) r =
p

1 + ε cosϕ
(0 < ε < 1) (&(); (b) r = 3 + 2 cosϕ;

(c) r =
1
ϕ

, r =
1

sinϕ

(
0 < ϕ ! π

2

)
.

2423. r = a cosϕ, r = a(cosϕ+ sinϕ)
(
M
(a

2
, 0
)
∈ S

)
.

2424. #'%& ϕ = r arctan r $'4& ϕ = 0 $ ϕ =
π√
3

"$$-+$"$!.

2425. ##!%&"$$$"$!:
(a) r2 + ϕ2 = 1; (b) -($*"%& ϕ = sin(πr) (0 ! r ! 1), ϕ = 0;
(c) ϕ = 4r − r3, ϕ = 0; (d) ϕ = r − sin r, ϕ = π;

(e) .!%& r =
2at

1 + t2
, ϕ =

πt

1 + t
.

&%!""%, ##!%&"$$$"$!:
2426. x3 + y3 = 3axy (;&/,$&). 2427. x4 + y4 = a2(x2 + y2).
2428. (x2 + y2)2 = 2a2xy ()(&).

(*!%*"$#"&#!%&, ,#%&"$$$"$!:
2429. x

2
3 + y

2
3 = a

2
3 (.$&).

2430. x4 + y4 = ax2y. !": " y = tx.

§6. #%##"#

1. $%"&"!##%. &9/) ("!!') %&
y = y(x) (a ! x ! b)

"+%$%

s =

Z b

a

p
1 + y′2(x) dx.

2. '#""#"!###%. !%& C '*!%*
x = x(t), y = y(t) (t0 ! t ! T )

"&, #! x(t), y(t) ∈ C(1)[t0, T ], "%& C "+%$%

s =

Z T

t0

p
x′2(t) + y′2(t) dt.

3. !"&"!##%. !
r = r(ϕ) (α ! ϕ ! β),

#! r(ϕ) ∈ C(1)[α, β], ""#%&9"+%$%

s =

Z β

α

p
r2(ϕ) + r′2(ϕ) dϕ.

)%'!%&"+%, !*-3)+.
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##!%&"+%:
2431. y = x

3
2 (0 ! x ! 4). 2432. y2 = 2px (0 ! x ! x0).

2433. y = a cosh
x

a
, $' A(0, a) 0' B(b, h).

2434. y = ex (0 ! x ! x0). 2435. x =
1
4
y2 − 1

2
ln y (1 ! y ! e).

2436. y = a ln
a2

a2 − x2
(0 ! x ! b < a). 2437. y = ln cosx

(
0 ! x ! a <

π

2

)
.

2438. x = a ln
a +

√
a2 − y2

y
−
√

a2 − y2 (0 < b ! y ! a).

2439. y2 =
x3

2a− x

(
0 ! x ! 5

3
a

)
. 2440. x

2
3 + y

2
3 = a

2
3 (.$&).

2441. x =
c2

a
cos3 t, y =

c2

b
sin3 t, c2 = a2 − b2 (&("-+&).

2442. x = a cos4 t, y = a sin4 t.
2443. x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π).
2444. x = a(cos t + t sin t), y = a(sin t − t cos t) (0 ! t ! 2π) (("-5&).
2445. (a) x = a(sinh t − t), y = a(cosh t − 1) (0 ! t ! T );

(b) x = cosh3 t, y = sinh3 t (0 ! t ! T ).
2446. r = aϕ (*('<-&) (0 ! ϕ ! 2π).
2447. r = aemϕ (m > 0, 0 < r < a).

2448. r = a(1 + cosϕ). 2449. r =
p

1 + cosϕ

(
|ϕ| ! π

2

)
.

2450. r = a sin3 ϕ

3
. 2451. r = a tan

ϕ

2
(0 ! ϕ ! 2π).

2452. (a) ϕ =
1
2

(
r +

1
r

)
(1 ! r ! 3); (b) ϕ =

√
r (0 ! r ! 5);

(c) ϕ =
∫ r

0

sinh ρ
ρ

dρ (0 ! r ! R);

(d) r = 1 + cos t, ϕ = t − tan
t

2
(0 ! t ! T < π).

2453. '#: &(
x = a cos t, y = b sin t

".%$%++%& y = c sin
x

b
"&2-%, !! c =

√
a2 − b2.

2454. &+& 4ay = x2 , Ox )0=. '#: &+&"-'"1.$/1&.
2455. #%&

y = ±
(

1
3
− x

)√
x

".!'!$$.%(."!0$$"$!-(.
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§7. "!##"#

1. ""%#&"#"#"#"!. !+'"'! V !!, " S = S(x) (a ! x ! b) !+'
"%3$$!, #%3$4.' x "&*% Ox ), "

V =

Z b

a

S(x) dx.

2. "#"#"!. %-)$
a ! x ! b, 0 ! y ! y(x)

* Ox )0+"$0+'"'!$%

Vx = π

Z b

a

y2(x) dx,

#% y(x) !"$"!!!.

!+&#"$$#, $$

a ! x ! b, y1(x) ! y ! y2(x)

* Ox )0+"$"**'"'!$%

V = π

Z b

a

ˆ
y2
2(x) − y2

1(x)
˜

dx,

#% y1(x) # y2(x) $,'""!!!.

2456. #>."'!, !:$-%$% a $ b "5$, !>"2-$% c, )&$
% h.

2457. #31$"'!, !%*""#:!-%!0$% A, B # a, b "5$, )
&$% h.

2458. #3,'"'!, !"#:!%)%!0$% A, B # a, b "&(, )&$
% h.

2459. #0+&+'"'!, !:! S, )&$% H .
2460. )&+'-&*% Ox )"%3$"$! S = S(x) +'%,)

S(x) = Ax2 + Bx + C (a ! x ! b)
&&, !! A, B $ C !#!. '#: #+'-'!$%

V =
H

6

[
S(a) + 4S

(
a + b

2

)
+ S(b)

]
,

!! H = b − a ($#$!#).
2461. &+'$' M(x, y, z) ")', !! 0 ! z ! 1, $"# z !!(!",

0 ! x ! 1, 0 ! y ! 1, )# z !"(!", −1 ! x ! 0, −1 ! y ! 0. '#: #+'"
'!#!!, 62"#!! ∫ 1

0
S(z)dx = 1.

##!%$"$$"'!:

2462.
x2

a2
+

y2

b2
= 1, z =

c

a
x, z = 0. 2463.

x2

a2
+

y2

b2
+

z2

c2
= 1 (&,$).

2464.
x2

a2
+

y2

b2
− z2

c2
= 1, z = ±c. 2465. x2 + z2 = a2, y2 + z2 = a2.
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2466. x2 + y2 + z2 = a2, x2 + y2 = ax. 2467. z2 = b(a − x), x2 + y2 = ax.

2468.
x2

a2
+

y2

z2
= 1 (0 < z < a).

2469. x + y + z2 = 1, x = 0, y = 0, z = 0.
2470. x2 + y2 + z2 + xy + yz + zx = a2.
2471. '#: /%$$$

a ! x ! b, 0 ! y ! y(x)
* Oy )0+"$0+'"'!$%

V = 2π
∫ b

a
xy(x)dx,

#% y(x) !"$"!!!.

##!%&90+"$0+'"'!:

2472. y = b
(x

a

) 2
3

(0 ! x ! a) (%#%&+&), * Ox ).

2473. y = 2x − x2, y = 0, *: (a) Ox ); (b) Oy ).
2474. y = sin x, y = 0 (0 ! x ! π), *: (a) Ox ); (b) Oy ).

2475. y = b
(x

a

)2
, y = b

∣∣∣
x

a

∣∣∣, *: (a) Ox ); (b) Oy ).

2476. y = e−x, y = 0 (0 ! x < +∞), *: (a) Ox ); (b) Oy ).
2477. x2 + (y − b)2 = a2 (0 < a ! b), * Ox ).
2478. x2 − xy + y2 = a2, * Ox ).
2479. y = e−x

√
sin x (0 ! x < +∞), * Ox ).

2480. x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π), y = 0, *:
(a) Ox ); (b) Oy ); (c) *& y = 2a.

2481. x = a sin3 t, y = b cos3 t (0 ! t ! 2π), *: (a) Ox ); (b) Oy ).
2482.1. #%&

x = 2t − t2, y = 4t − t3

"$$$* (a) Ox ); (b) Oy )0+"$0+'"'!.
2482.2. '#: !%$$$

0 ! α ! ϕ ! β ! π, 0 ! r ! r(ϕ) (ϕ $ r !""%)
*")0+"$0+'"'!$%

V =
2π
3

∫ β

α
r3(ϕ) sinϕdϕ.

##!'""%'*1"%"&"%$$$40+,"$0+'"'!:
2483.1. r = a(1 + cosϕ) (0 ! ϕ ! 2π), *: (a) "); (b) *& r cosϕ = −a

4
.

2483.2. (x2 + y2)2 = a2(x2 − y2), *: (a) Ox ); (b) Oy ); (c) *& y = x.
!": &!""%.
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2484.1. #%.*('<-&
r = aϕ (a > 0; 0 ! ϕ ! π)

*")0+"$0+'"'!.
2484.2. #%&

ϕ = πr3, ϕ = π
"$$$*")0+"$0+'"'!.

2485. #$$
a ! r ! a

√
2 sin 2ϕ

*")0+)$"0+'"'!.

§8. "#""!##"#

/)%& AB * Ox )0+"$%!!$!!$%

P = 2π

Z B

A

|y|ds,

#! ds !+"'!.

#0+#!%&"$0+$"$!:

2486. y = x

√
x

a
(0 ! x ! a), * Ox ).

2487. y = a cos
πx

2b
(|x| ! b), * Ox ).

2488. y = tan x
(
0 ! x ! π

4

)
, * Ox ).

2489. y2 = 2px (0 ! x ! x0), *: (a) Ox ); (b) Oy ).

2490.
x2

a2
+

y2

b2
= 1 (0 < b ! a), *: (a) Ox ); (b) Oy ).

2491. x2 + (y − b)2 = a2 (b " a), * Ox ).
2492. x

2
3 + y

2
3 = a

2
3 , * Ox ).

2493. y = a cosh
x

a
(|x| ! b), *: (a) Ox ); (b) Oy ).

2494. ±x = a ln
a +

√
a2 − y2

y
−
√

a2 − y2, * Ox ).

2495. x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π), *:
(a) Ox ); (b) Oy ); (c) *& y = 2a.

2496. x = a cos3 t, y = a sin3 t, **& y = x.
2497. r = a(1 + cosϕ), *").

2498. r2 = a2 cos 2ϕ, *: (a) "); (b) ) ϕ =
π

2
; (c) ) ϕ =

π

4
.

2499. '&+& ay = a2 − x2 $ Ox )$$"$$* Ox )0+)$$&0+',
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#!+$!$$'!,"+$!-(.
2500. '&+& y2 = 2px $*& x =

p

2
$$"$$**& y = p 0+)$$&

0+', #!'!#+$!.

§9. '##"#. &##"&

1. '. !(4! ρ = ρ(y) "1$ M "&% Oxy %$"")!""!* Ω (%&, %$!
)), ) ω = ω(y) ! Ω !-"%#+. y "'!""#4$ (+%, $!), "!

Mk = lim
max |∆yi|→0

nX

i=1

ρ(yi)y
k
i ∆ω(yi) =

Z

Ω

ρyk dω(y) (k = 0, 1, 2, · · · )

!!1$ M - Ox )" k !$, !! ∆yi = yi − yi−1, ∆ω(yi) = ω(yi) = ω(yi−1).

#!(2$$, # k = 0 ",#% M , # k = 1 ",%$, # k = 2 ",!&#%.

/(6!!!&1$-"%%$"5.

! ρ = 1, ""#"5!!!$$ (%&!%$$$!,,!)$"5).

2. &#. ,1%$$$ S "1- 1©""% (x0, y0) !''#%#,!!:

x0 =
M (y)

1

S
, y0 =

M (x)
1

S
,

#! M (y)
1 , M (x)

1 !$$ S - Oy )# Ox )"(&75.

2501.1. #%.! a "%(+-.#+&%'"*."75#+=3$.

2501.2. #&+&+ y2 = 2px
(
0 ! x ! p

2

)
-*& x =

p

2
"75.

2502.1. #:! b, &! h ",1,1$%+-!:-"75#+=3$ (ρ = 1).
2502.2. #%&

ay = 2ax − x2 (a > 0), y = 0
"$&+&)$- Ox )# Oy )"+=3$ Ix = M (x)

2 # Iy = M (y)
2 . ')'#

Ix = Sr2
x, Iy = Sr2

y (S !)$$!) !!"#"!& rx # ry $%&!?
2503. #%)%! a # b ",1&($%+-!2)"+=3$ (ρ = 1).
2504.1. #:%.! r &! h ",1(,-!:%$"75#+=3$ (ρ = 1).
2504.2. #%.! R 1$! M ",1,'-!*."+=3$.
2505. '#%%"'!(&: %$%&+ C *#+"!%$"#$!"8")0

+)$"0+$, !$!$%#+"%4$!"1-".&"(.-%",!.
2506. '#%%"'&(&: %$$$ S *#$$"!%$"#$!"8")0

+)$"0+', !'!$%$$ S "$!$#$$"1-".&"(.-%",!.
2507. #(+ x = a cosϕ, y = a sinϕ (|ϕ| ! α ! π) "1-"%.
2508. #&+& ax = y2, ay = x2 (a > 0) "$$$"1-"%.

1©1-$3-$#"",*, 3-$+'"633"#(', !!330'4!#$"$+'"1-3'.

-%-+#*"+', !'-!1-$"%3-. !##!, 0(&-,"1-,4".$*",1+'"1
-. %%
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2509. #$$
x2

a2
+

y2

b2
! 1 (0 ! x ! a, 0 ! y ! b)

"1-"%.
2510. #%.! a ",1%,"1-"%.
2511. #-!-&

r = aemϕ (m > 0)
"'' O(−∞, 0) 0' P (ϕ, r) "+ OP "1- C(ϕ0, r0) -"%. #' P /=", '
C .&.."%&?

2512. #%& r = a(1 + cosϕ) "$$$"1-"%.
2513. #'& x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π) "3&-$ Ox )"

$$$"1-"%.
2514. #$$ 0 ! x ! a, y2 ! 2px * Ox )0+"$0+'"1-"%.
2515. #%,$ x2 + y2 + z2 = a2 (z " 0) "1-"%.

§10. '$!#%$!#$#

.$'#"!!#$#&!"!, '3###!&#:
2516. ."%4 l = 10m, !(."&(4$,) δ = 6 + 0.3xkg/m )&, !! x

!0."&!%'"94, #."1$.
2517. !1$! m "+'$6, (!%.! R) +$+.0&4! h "6%, 2

"-!#*7/? !+'/40"&/), "/$%*7?
2518. ! 10N "3+%?/5% 1 cm, -!"%#?/5% 10 cm,&"#*7/?
!": )(0#!).
2519. *.! 20 cm, %! 80 cm "(5$'0"&3(! 100N/cm2 "6'. +

!6'"-44.#&, "%!'!1(&%, 2"#*7/?
2520. #+-8*17"%($@+"33, (@+"%.! a, )+$*%@+

>'*."*7. 1©

2521. #+-8*5$"33, #5$"$*!)$, !#: a = 10m, ":
b = 6m, & h = 5 m, #:*%+$'# c = 20m "94. 2©

4&'!%*, '3###!&#:
2522. &1'"'4$,)

v = v0 + at (v0 = #!, a = #!)
&&, &!"!!1 [0, T ] ##1'4..."/*?

1©##$('735&#, !*2##"1#"A+$""3( p0, '$+"(4 ρ. %1"",,-#
/ p0 = 0 "(!. /($$1&-%%# 2521, 4070, 4071, 4072. %%

2©###"#+$)*(3 p0 "*..1,",,-# p0=0 "$$, $*2((!+*/0. %%
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2523. %.!R )(4! δ",1,''1'4ω*!*.0+. ##,"=+.
2524. &(4 µ0 !#!""&*&'.."3.*9#*&94! a 1$! m

"1'?
2525. %#%.! a "$(4 δ0 !#!"($6+'.."3.*1$! m "

1' P , #1'*%,.6+!- Q "&*%6+%$"*&", 94 PQ $% b.
2526. 2:-%0)!), 0',.(($/)!(&"'4$%

v = c
√

2gh,

#! g !330'4, h !0'+$!(('""&4, c = 0.6 !*1'!. *.!
D = 1 m &! H = 2m "*#(5$*., !:'!&!*.! d = 1cm "((, &#
."&0',4.*%"!%!/0,'?

2527. 0+'/)##!!&!$*, 7+%0'$/):'(&", 0'"+$
"#*$,0"?

2528. 5!%&")",&'4$!-!"$$+(. )5"$!(:") t = 0
! Q0, 4."! T = 1600 -!"$17%&%. #5",&,).

2529. !&&!+1 A &!+1 B "')&5+#!, +#'4$#'+1.4
-!$+(. !! t = 0 "!/)!! 20% "+1 B, )# t = 15min"!.4&!
80%, &! t = 1h"!.4#&?

2530. 2:0#!), .""-5% ε $"#%3$""#3 σ $+(, &

ε =
σ

E
,

#! E !2;/$. #(,$.!$3#(#"5%$, #,$">*#):4!, )
:%.$% R, (,"&! H , (4! ρ.

§11. "!!#($#"#

1. '%!". !!! y = y(x) !!!!!! [a, b] ""!""!*%!', $" h =
b − a

n
, xi = a + ih (i = 0, 1, · · · , n), yi = y(xi), "

Z b

a

y(x) dx = h(y0 + y1 + · · · + yn−1) + Rn,

#!
Rn =

(b − a)h
2

y′(ξ) (a ! ξ ! b).

2. $%!". !"""3+#, !Z b

a

y(x) dx = h
“y0 + yn

2
+ y1 + y2 + · · · + yn−1

”
+ Rn,

#!

Rn = − (b − a)h2

12
y′′(ξ′) (a ! ξ′ ! b).

3. ###!" (&$!!"). & n = 2k, ,
Z b

a

y(x) dx =
h
3
[(y0 + y2k) + 4(y1 + y3 + · · · + y2k−1) + 2(y2 + y4 + · · · + y2k−2)] + Rn,
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#!

Rn = − (b − a)h4

180
y(4)(ξ′′) (a ! ξ′′ ! b).

2531. )(5$%# (n = 12), ;(6%#∫ 2π

0
x sin xdx,

$!(("<&,,**(+.

)()$%#%##!!!$-%!"")/:

2532.
∫ 1

0

dx

1 + x
(n = 8). 2533.

∫ 1

0

dx

1 + x3
(n = 12).

2534.
∫ π

2

0

√
1 − 1

4
sin2 xdx (n = 6).

)(6*1%#%##!!!:

2535.
∫ 9

1

√
xdx (n = 4). 2536.

∫ π

0

√
3 + cosxdx (n = 6).

2537.
∫ π

2

0

sin x

x
dx (n = 10). 2538.

∫ 1

0

xdx

ln(1 + x)
(n = 6).

2539. % n = 10, %#$"'!!

G =
∫ 1

0

arctanx

x
dx.

2540. )(%#
π

4
=
∫ 1

0

dx

1 + x2

%#! π, <&0 10−5.

2541. <&0 0.001, %# ∫ 1

0
ex2

dx.

2542. <&0 10−4, %# ∫ 1

0
(ex − 1) ln

1
x

dx.

2543. <&0 0.001, %#,0!!∫ +∞

0
e−x2

dx.

2544. ;(6#&%)! a = 10 $ b = 6 "&(".%.

2545. % ∆x =
π

3
, )'#&!!

y =
∫ x

0

sin t

t
dt (0 ! x ! 2π)

"$(.



!!! !!

§1. !!!!. !!!!"!!"!!!

1. !!!!. !!!!!!

a1 + a2 + · · · + an + · · · =
∞X

n=1

an, (1)

!!!"""""
lim

n→∞
Sn = S (!!!!),

"! Sn = a1 + a2 + · · · + an, "!!! (1) !"!!. !", "!!! (1) !!!!.

2. !"!". !! (1) #!"""!!!#!: !!"! ε > 0, #!!! N = N(ε), $$
% n > N " p > 0 % (n " p !#$!), "&"

|Sn+p − Sn| =

˛̨
˛̨
˛

n+pX

i=n+1

ai

˛̨
˛̨
˛ < ε

#". "#', !!!#!, "
lim

n→∞
an = 0.

3. "!!!! I. &$!! (1) ", !"!!

b1 + b2 + · · · + bn + · · · (2)

!% n ! n0 %, "&"
0 " an " bn

#", ": (a) "!! (2) #!!#$!! (1) #!; (b) "!! (1) ##!#$!! (2) ##.

"#', !% n → ∞ % an ∼ bn, "#!!! (1) " (2) $%#!"$%##.

4. "!!!! II. !

an = O∗
„

1
np

«
1©,

" (a) % p > 1 %!! (1) #!, (b) % p " 1 %!! (1) ##.

1©#!$$ O∗ ""#, $#($$, §6, 1.
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5. !"#"!!!. ! an > 0 (n = 1, 2, · · · ) %

lim
n→∞

an+1

an
= q,

" (a) % q < 1 %!! (1) #!, (b) % q > 1 %!! (1) ##.

6. !"!!!. ! an ! 0 (n = 1, 2, · · · ) %

lim
n→∞

n√
an = q,

" (a) % q < 1 %!! (1) #!, (b) % q > 1 %!! (1) ##.

7. #"!!!. ! an > 0 (n = 1, 2, · · · ) %

lim
n→∞

n

„
an

an+1
− 1

«
= p,

" (a) % p > 1 %!! (1) #!, (b) % p < 1 %!! (1) ##.

8. "!!!!. ! an > 0 (n = 1, 2, · · · ) %
an

an+1
= λ+

µ
n

+
θn

n1+ε
,

"! |θn| < C % ε > 0, " (a) % λ > 1 %!! (1) #!; (b) % λ < 1 %!! (1) ##; (c) %
λ = 1 %, ! µ > 1 "!! (1) #!, ! µ " 1 "!! (1) ##.

9. !"!#!!!. ! f(x) (x ! 1) '&!"%%!, "!!
∞X

n=1

f(n)

##" Z +∞

1

f(x) dx

$%#!"$%##.

%!&!#!!!"#!!%!!""":

2546. 1 − 1
2

+
1
4
− 1

8
+ · · · + (−1)n−1

2n−1
+ · · · .

2547.
(

1
2

+
1
3

)
+
(

1
22

+
1
32

)
+ · · · +

(
1
2n

+
1
3n

)
+ · · · .

2548.
1
2

+
3
22

+
5
23

+ · · · + 2n− 1
2n

+ · · · .

2549.
1

1 · 2 +
1

2 · 3 +
1

3 · 4 + · · · + 1
n(n + 1)

+ · · · .

2550.
1

1 · 4 +
1

4 · 7 + · · · + 1
(3n − 2)(3n + 1)

+ · · · .

2551. (a) q sinα+ q2 sin 2α+ · · · + qn sin nα+ · · · (|q| < 1);
(b) q cosα+ q2 cos 2α+ · · · + qn cosnα+ · · · (|q| < 1).

2552.
∞∑

n=1

(
√

n + 2 − 2
√

n + 1 +
√

n).

2553. ""!!
∞∑

n=1

sin nx "#!!.

!#: &!: % x #= kπ (k '$!) %, ! sin nx → 0 (n → ∞) '"!!".
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2554. &!: !!!
∞∑

n=1

an #!, "!"!!"#!!"&$!$$##"""#

"#!&"#, "$!!
∞∑

n=1

An



!! An =
pn+1−1∑

i=pn

ai (p1 = 1, p1 < p2 < · · · )





$#!#"%$"". "#%"#", #%$".

2555. &!: !!!
∞∑

n=1

an "#!'#", #!&!!"#!"#!&%$)"!

!
∞∑

n=1

An #!, "'#"!!
∞∑

n=1

an $#!.

""#!!!"#!!:
2556. 1 − 1 + 1 − 1 + 1 − 1 + · · · . 2557. 0.001 +

√
0.001 + 3

√
0.001 + · · · .

2558.
1
1!

+
1
2!

+
1
3!

+ · · · + 1
n!

+ · · · .

2559. 1 +
1
3

+
1
5

+
1
7

+ · · · + 1
2n − 1

+ · · · .

2560.
1

1001
+

1
2001

+
1

3001
+ · · · + 1

1000n + 1
+ · · · .

2561. 1 +
2
3

+
3
5

+ · · · + n

2n − 1
+ · · · .

2562. 1 +
1
32

+
1
52

+ · · · + 1
(2n − 1)2

+ · · · .

2563.
1√
2

+
1

2
√

3
+

1
3
√

4
+ · · · + 1

n
√

n + 1
+ · · · .

2564.
1√
1 · 3

+
1√
3 · 5

+ · · · + 1√
(2n − 1)(2n + 1)

+ · · · .

2565. &!: $&&!!#!"*!!#"!!'##".

2566. &!: !!!
∞∑

n=1

an (A) %
∞∑

n=1

bn (B) $#!# an " cn " bn (n =

1, 2, · · · ), "!!
∞∑

n=1

cn (C) $#!. !!! (A) " (B) $##, #!! (C) "#!!

!!?
2567. &%'$##!!

∞∑

n=1

an %
∞∑

n=1

bn

"#!"!!!, ##!!!"#!!!!:

(a)
∞∑

n=1

min{an, bn} % (b)
∞∑

n=1

max{an, bn}?

2568. &!: !!!
∞∑

n=1

an (an ! 0) #!, "!!
∞∑

n=1

a2
n $#!. "#%"#",
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#%$".

2569. &!: !!!
∞∑

n=1

a2
n %

∞∑

n=1

b2
n #!, "!!

∞∑

n=1

|anbn|,
∞∑

n=1

(an + bn)2,
∞∑

n=1

|an|
n

$#!.
2570. &!: !

lim
n→∞

nan = a #= 0,

"!!
∞∑

n=1

an ##.

2571. &!: !#!!##!($+,&"!!
∞∑

n=1

an #!, "

lim
n→∞

nan = 0.

2572. !% p = 1, 2, 3, · · · %

lim
n→∞

(an+1 + an+2 + · · · + an+p) = 0,

#!!
∞∑

n=1

an ''#!?

%%#$#", &!#!!!"#!!:

2573. a0 +
a1

10
+ · · · + an

10n
+ · · · (|an| < 10).

2574.
sin x

2
+

sin 2x

22
+ · · · + sin nx

2n
+ · · · .

2575.1.
cosx − cos 2x

1
+

cos 2x − cos 3x

2
+ · · · + cosnx − cos(n + 1)x

n
+ · · · .

2575.2.
cosx

12
+

cosx2

22
+ · · · + cosxn

n2
+ · · · .

!#: %%"&"
1
n2

<
1

n(n − 1)
=

1
n − 1

− 1
n

(n = 2, 3, · · · ).

%%#$#", &!#!!!"##!:

2576. 1 +
1
2

+
1
3

+ · · · + 1
n

+ · · · .

2577. (a) 1 +
1
2
− 1

3
+

1
4

+
1
5
− 1

6
+ · · · ;

(b)
1√
1 · 2

+
1√
2 · 3

+ · · · + 1√
n(n + 1)

+ · · · .

(%'%##(!%&()##("#$##(, ""#!!!"#!!:

2578.
1000
1!

+
10002

2!
+

10003

3!
+ · · · + 1000n

n!
+ · · · .
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2579.
(1!)2

2!
+

(2!)2

4!
+ · · · + (n!)2

(2n)!
+ · · · . 2580.

1!
1

+
2!
22

+
3!
33

+ · · · + n!
nn

+ · · · .

2581. (a)
2 · 1!

1
+

22 · 2!
22

+
23 · 3!

33
+ · · · + 2nn!

nn
+ · · · ;

(b)
3 · 1!

1
+

32 · 2!
22

+
33 · 3!

33
+ · · · + 3nn!

nn
+ · · · .

2582.
(1!)2

2
+

(2!)2

24
+

(3!)2

29
+ · · · + (n!)2

2n2 + · · · .

2583.
1000

1
+

1000 · 1001
1 · 3 +

1000 · 1001 · 1002
1 · 3 · 5 + · · · .

2584.
4
2

+
4 · 7
2 · 6 +

4 · 7 · 10
2 · 6 · 10

+ · · · .

2585. (a)
∞∑

n=1

(
√

2 − 3
√

2)(
√

2 − 5
√

2) · · · (
√

2 − 2n+1
√

2);

(b)
∞∑

n=1

an, !! an =






1
n

, n = m2,

1
n2

, n #= m2
(m !#$!);

(c)
∞∑

n=1

nx
n∏

k=1

sin2 kα

1 + x2 + cos2 kα
.

2586.
∞∑

n=1

n2

(
2 +

1
n

)n . 2587.
∞∑

n=1

nn+ 1
n

(
n +

1
n

)n . 2588.
∞∑

n=1

1
n√
ln n

.

2589. (a)
∞∑

n=1

nn−1

(2n2 + n + 1)
n+1

2
; (b)

∞∑

n=1

n5

2n + 3n
; (c)

∞∑

n=2

(
n − 1
n + 1

)n(n−1)

;

(d)
√

2 +
√

2 −
√

2 +

√

2 −
√

2 +
√

2 +

√

2 −

√

2 +
√

2 +
√

2 + · · · .

!#:
√

2 = 2 cos
π

4
.

2590. &!: !
lim

n→∞

an+1

an
= q (an > 0),

" an = o(qn
1 ), !! q1 > q.

2591.1. &#!!!
∞∑

n=1

an (an > 0) "#!! n ! n0 %"$"&"

an+1

an
" ρ < 1.

&!: !!!!"&!
Rn = an+1 + an+2 + · · ·

! n ! n0 %"&#'':

Rn " an0 ·
ρn−n0+1

1 − ρ
.
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2591.2. %'!!
∞∑

n=1

[(2n)!!]2

(4n)!!
,

!! (2n)!! = 2 · 4 · · · (2n). !$&!!"" S #)"" Sn "&$! ε = 10−6, '$-
(!*!?

2592. &!: !
lim

n→∞

an+1

an
= q < 1 (an > 0),

"!!
∞∑

n=1

an #!. "#%"#". ""$"

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+ · · · .

2593. &!: !!!!!
∞∑

n=1

an (an > 0) !!""

lim
n→∞

an+1

an
= q, (A)

"

lim
n→∞

n√
an = q (B)

$!!. "#%"#": !"" (B) !!, """ (A) !&"!!. ""$"
∞∑

n=1

3 + (−1)n

2n+1
.

2594. &!: !
lim

n→∞
n√
an = q (an ! 0),

" (a) % q < 1 %!!
∞∑

n=1

an #!; (b) % q > 1 %"!!## (!!!!"!"").

""#!!!"#!!:

2595.
∞∑

n=1

2 + (−1)n

2n
. 2596.

∞∑

n=1

n cos2
nπ

3
2n

.

2597. (a)
∞∑

n=1

n3
[√

2 + (−1)n
]n

3n
; (b)

∞∑

n=1

(
1 + cosn

2 + cosn

)2n−ln n

.

%%''##("%###(, ""#!!!"#!!:

2598.
(

1
2

)p

+
(

1 · 3
2 · 4

)p

+
(

1 · 3 · 5
2 · 4 · 6

)p

+ · · · .

2599.
a

b
+

a(a + d)
b(b + d)

+
a(a + d)(a + 2d)
b(b + d)(b + 2d)

+ · · · (a > 0, b > 0, d > 0).

2600.
∞∑

n=1

n!en

nn+p
. 2601.

∞∑

n=1

√
n!

(2 +
√

1)(2 +
√

2) · · · (2 +
√

n)
.
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2602.
∞∑

n=1

n!n−p

q(q + 1) · · · (q + n)
(p > 0, q > 0).

2603.
∞∑

n=1

p(p + 1) · · · (p + n − 1)
n!

· 1
nq

(p > 0, q > 0).

2604.
∞∑

n=1

[
1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

]p

· 1
nq

(p > 0, q > 0).

2605.
∞∑

n=1

[
p(p + 1) · · · (p + n − 1)
q(q + 1) · · · (q + n − 1)

]α

(p > 0, q > 0).

2606. &!: !!#!!!
∞∑

n=1

an (an > 0), !! n → ∞ %#"!#

an

an+1
= 1 +

p

n
+ o

(
1
n

)
,

"
an = o

(
1

np−ε

)
,

!! ε > 0 '""$(; %#! p > 0, "% n → ∞ % an ↓ 0, (" n ! n0 $), an $
+,&, #! n → ∞ % an → 0.

!%&! an "&$"&, "%""!!
∞∑

n=1

an "#!!:

2607. an =
np + a1np−1 + · · · + ap

nq + b1nq−1 + · · · + bq
, !! nq + b1nq−1 + · · · + bq > 0.

2608. an =
1
np

sin
π

n
. 2609. an =

(√
n + 1 −

√
n
)p

ln
n − 1
n + 1

(n > 1).

2610. an = lnp
(
sec
π

n

)
. 2611. an = logbn

(
1 +

n√
a

n

)
(a > 0, b > 0).

2612. an =
[
e −

(
1 +

1
n

)n]p

. 2613. (a) an =
1

n1+ k
ln n

; (b) an =
1

n1+ 1
n

2614. &!!!!!": !!#!!!
∞∑

n=1

an (an > 0), !

% n > n0 % (1 − n√
an)

n

ln n
! p > 1,

"&!!#!; !
% n > n0 % (1 − n√

an)
n

ln n
" 1,

"&!!##.

2615. &!: !!!!
∞∑

n=1

an (an > 0), !!! α > 0, $

% n ! n0 %
ln

1
an

ln n
! 1 + α,



· 176 · !!! !!

"&!!#!; !

% n ! n0 %
ln

1
an

ln n
" 1,

"&!!## ("!!!").

""'"%#&!"!!"#!!:

2616. an = nlnx (x > 0). 2617. an =
1

(ln ln n)ln n
(n > 1).

2618. an =
1

(ln n)ln ln n
(n > 1).

2619. %%#$#"##(, ""'"%#&!"!!"#!!:

(a) an =
1

n lnp n
(n > 1); (b) an =

1
n(ln n)p(ln ln n)q

(n > 2).

2620. ""#!!!"#!!:

(a)
∞∑

n=1

ln 2 · ln 3 · · · ln(n + 1)
ln(2 + p) · ln(3 + p) · · · ln(n + 1 + p)

(p > 0);

(b)
∞∑

n=1

ν(n)
n2

, !! ν(n) !! n "%!; (c)
∞∑

n=2

1
ln(n!)

.

2621. & λn (n = 1, 2, · · · ) '#'*' tan x = x "#&#'. ""!!
∞∑

n=1

λ−2
n

"#!!.

2622.&#!!!
∞∑

n=1

an "!$+,&. &!: "!!#!!
∞∑

n=0

2na2n $%#!

"$%##.

2623. & f(x) !$+"%"#(%!. &!: !!!
∞∑

n=1

f(n) #!, "!!!"

&! Rn =
∞∑

k=n+1

f(k) "&#'':

∫ +∞

n+1
f(x)dx " Rn " f(n + 1) +

∫ +∞

n+1
f(x)dx.

%%&", !!!
∞∑

n=1

1
n3

"", (&) 0.01.

2624. &!!#!"$!!": ! f(x) !$+,&"#(%!, #

lim
x→+∞

exf(ex)
f(x)

= λ,

"!!
∞∑

n=1

f(n) ! λ < 1 %#!, ! λ > 1 %##.

2625. &!"!!$!!!!": !#!!!
∞∑

n=1

an "!$+$!#, ""!!#
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!!
∞∑

m=0

pm · 2−m $%#!"$%##, !! pm '"$"&"

an ! 2−m (n = 1, 2, · · · , pm)
"! an "%'"#$.

""#!!!"#!!:

2626.
∞∑

n=2

√
n + 2 −

√
n − 2

nα
. 2627.

∞∑

n=1

(
√

n + a − 4
√

n2 + n + b).

2628.
∞∑

n=1

(
cot

nπ

4n − 2
− sin

nπ

2n + 1

)
. 2629.

∞∑

n=1

(
1√
n
−
√

ln
n + 1

n

)
.

2630.
∞∑

n=1

ln(n!)
nα

. 2631.
∞∑

n=1

e−
3√n.

2632.
∞∑

n=1

n2e−
√

n. 2633.
∞∑

n=1

(n
1

n2+1 − 1).

2634.
∞∑

n=1

e
a ln n+b
c ln n+d . 2635.

∞∑

n=1

1

ln2

(
sin

1
n

) .

2636.
∞∑

n=1

(
cos

a

n

)n3

. 2637.
∞∑

n=3

ln




cosh

π

n

cos
π

n



.

2638.
∞∑

n=1

n!
n
√

n
. 2639.

∞∑

n=2

nlnn

(ln n)n
.

2640.
∞∑

n=1

(
a

1
n − b

1
n + c

1
n

2

)
(a > 0, b > 0, c > 0).

2641.
∞∑

n=1

(nnα − 1).

2642.
∞∑

n=1

[
ln

1
nα

− ln
(

sin
1

nα

)]
.

2643.
∞∑

n=1

a−(b ln n+c ln2 n) (a > 0).

2644.
∞∑

n=1

n2n

(n + a)n+b(n + b)n+a
(a > 0, b > 0).

2645.
∞∑

n=1

[(n + 1)!]n

2! · 4 · · · (2n)!
.
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""!!
∞∑

n=1

un "#!!, !&!%#:

2646. un =
∫ 1

n

0

√
xdx

1 + x2
. 2647. un =

1∫ n

0

4
√

1 + x4 dx
.

2648. un =
∫ (n+1)π

nπ

sin2 x

x
dx. 2649. un =

∫ n+1

n
e−

√
x dx.

2650. un =
∫ π

n

0

sin3 x

1 + x
dx. 2651. un =

1! + 2! + · · · + n!
(2n)!

.

2652. un =
1

nα

n∑

k=1

ln2 k.

%%'"!!#('!! xn (n = 1, 2, · · · ), '$""!""#!!:

2653. xn = 1 +
1√
2

+ · · · + 1√
n
− 2

√
n. 2654. xn =

n∑

k=1

ln k

k
− (ln n)2

2
.

2655. !!#!!!:

(a)
∞∑

n=1

1
n2

; (b)
∞∑

n=1

2n

(n + 1)!
; (c)

∞∑

n=1

1
(2n − 1)!

,

')'$-(!#!!!""*!(&) 10−5?

§2. $!!!"!!"!!!

1. !!""#"!!. !!!
∞X

n=1

an (1)

!""!, !!!
∞X

n=1

|an| (2)

#!. &%!! (1) $#!. )!#!!!""##!%)"$#&#.

!&.!! (1) ")!#!!, )%!!! (2) '%#!$$!!#!!"%'##((!.

!!! (1) #!, %!! (2) ##, "! (1) !#""! (%!""!) !!. &((&#!
"$#, !&(!##!!!""&!"!! ("###).

2. $%""!!!. !*)!!
b1 − b2 + b3 − b4 + · · · + (−1)n−1bn + · · · (bn ! 0)

"$!# (a) bn ! bn+1(n = 1, 2, · · · ) " (b) lim
n→∞

bn = 0, ""!!#! (("%#, &)!#
!). !&*"&#, !!!!"&!

Rn = (−1)nbn+1 + (−1)n+1bn+2 + · · ·
"&#'':

Rn = (−1)nθnbn+1 (0 " θn " 1).
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3. "#"!!!. ! (a) !!
∞X

n=1

an #!, (b) ! bn (n = 1, 2, · · · ) )#$+"+!!, "

!!
∞X

n=1

anbn (3)

#!.

4. $%"&!!!. ! (a) )()"" An =
nX

i=1

ai '"+", (b) % n → ∞ % bn $+

'$!#, "!! (3) #!.

2656. &!: !!&)!#!!!"#!!"&$!$#"""#"#!&"#,
$"$"'!!)!#!.

2657.&"!!
∞∑

n=1

an, ! (a) % n → ∞%, &!!"&!an $!#; (b) !"&$

!$#"""#"#!&"!!"#!, "$!!
∞∑

n=1

An #!; (c) !! An =
pn+1−1∑

i=pn

ai

(1 = p1 < p2 < · · · ) !%)! ai "!#'"+", &!: !!
∞∑

n=1

an '#!".

2658. &!: !*#!!!"#!+'$!, $$(!)$'""%,"(( m &
%, (m !($)."!), "!!"""&.

&!#!!!"#!!%!!""":

2659. 1 − 3
2

+
5
4
− 7

8
+ · · · . 2660. 1 +

1
2
− 1

4
+

1
8

+
1
16

− 1
32

+ · · · .

2661. 1 − 1
2

+
1
3
− 1

4
+

1
5
− 1

6
+ · · · .

!#: (%*" 1 +
1
2

+ · · · +
1
n

= C + ln n + εn, !! C !%')!, %#
lim

n→∞
εn = 0.

2662. %'
∞∑

n=1

(−1)n+1

n
= ln 2. *"!!"#!+$, $)#!!!:

(a) 1 +
1
3
− 1

2
+

1
5

+
1
7
− 1

4
+ · · · ; (b) 1 − 1

2
− 1

4
+

1
3
− 1

6
− 1

8
+ · · · .

!&(!!"".

2663. !#!!!
∞∑

n=1

(−1)n+1

√
n

"#!+$, $!#!##".

""#!&$!!"#!!:

2664.
∞∑

n=1

(−1)
n(n−1)

2

2n
.

2665. (a)
∞∑

n=1

(−1)n

(
2n + 100
3n + 1

)n

;
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(b) 1 +
1
2

+
1
3
− 1

4
− 1

5
− 1

6
+

1
7

+
1
8

+
1
9
− · · · .

2666. &%'!!
∞∑

n=1

(−1)nbn, (1)

!! bn > 0, #% n → ∞ % bn → 0. $&''!'!! (1) #!? %*$"
∞∑

n=1

(−1)n · 2 + (−1)n

n
.

""#!&$!!"#!!:

2667.
∞∑

n=1

ln100 n

n
sin

nπ

4
. 2668.

∞∑

n=1

(−1)n sin2 n

n
.

2669.
∞∑

n=1

(−1)n

√
n

n + 100
. 2670.

∞∑

n=2

(−1)n

√
n + (−1)n

.

2671.
∞∑

n=1

sin
(
π
√

n2 + k2
)
. 2672.

∞∑

n=1

(−1)[
√

n]

n
.

2673. (a)
∞∑

n=1

(−1)n

n√
n

; (b)
∞∑

n=2

1
ln2 n

cos
πn2

n + 1
.

2674. &!: ! bn > 0 #
bn

bn+1
= 1 +

p

n
+ o

(
1
n

)
,

!! p > 0 ($#&% 2606), "*)!! b1 − b2 + b3 − b4 + · · ·+(−1)n−1bn + · · · #!.
""#!!!")!#!! ($$&% 2690) "!##!!:

2675.
∞∑

n=1

(−1)n−1

np
. 2676.

∞∑

n=1

(−1)n−1

np+ 1
n

.

2677.
∞∑

n=2

ln
[
1 +

(−1)n

np

]
. 2678.

∞∑

n=1

(−1)n−1 2n sin2n x

n
.

2679.
∞∑

n=1

(−1)n

x + n
. 2680.

∞∑

n=2

(−1)n

[n + (−1)n]p
.

2681.
∞∑

n=1

(−1)n−1

[
√

n + (−1)n−1]p
. 2682.

∞∑

n=1

sin
nπ

4
np + sin

nπ

4

.

2683.
∞∑

n=1

(−1)n n − 1
n + 1

1
100
√

n
. 2684.

∞∑

n=1

(−1)
n(n−1)

2
n100

2n
.

2685.
∞∑

n=1

(−1)n

n2√n
. 2686.

∞∑

n=2

sin
nπ

12
ln n

.

2687.
∞∑

n=1

(−1)[
√

n]

np
. 2688.

∞∑

n=1

(−1)[ln n]

n
.
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2689.
∞∑

n=1

(−1)n−1

[
1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)

]p

. 2690.
∞∑

n=1

sin n · sin n2

n
.

2691.
∞∑

n=1

sinn2. !#: &! lim
n→∞

sin n2 #= 0.

2692. &
R(x) =

a0xp + a1xp−1 + · · · + ap

b0xq + b1xq−1 + · · · + bq

!"*%!, "! a0 #= 0, b0 #= 0, #% x ! n0 % |b0xq + b1xq−1 + · · · + bq| > 0. ""
!!

∞∑

n=n0

(−1)nR(n)

")!#!!"!##!!.

""#!!!"#!!:

2693.
1
1p

− 1
2q

+
1
3p

− 1
4q

+
1
5p

− 1
6q

+ · · · .

2694. 1 +
1
3p

− 1
2p

+
1
5p

+
1
7p

− 1
4p

+ · · · .

2695. (a) 1 +
1
3p

− 1
1p

+
1
5p

+
1
7p

− 1
3p

+
1
9p

+
1

11p
− 1

5p
+ · · · ;

(b) 1 − 2
2q

+
1
3p

+
1
4p

− 2
5q

+
1
6p

+
1
7p

− 2
8q

+
1
9p

+ · · · .

2696. &!: !!

(a) sin x +
sin 2x

2
+

sin 3x

3
+ · · · ; (b) cosx +

cos 2x

2
+

cos 3x

3
+ · · ·

!%+ (0,π) &")!#!.
2697. !!!!

∞∑

n=1

cosnx

np
,

∞∑

n=1

sin nx

np
(0 < x < π),

!)($! (p, x) .%: (a) )!#!); (b) &)!#!).
2698. ""#!!!"#!!:

(a)
∞∑

n=2

(−1)n n√
n

ln n
; (b)

∞∑

n=2

sin
(

n +
1
n

)

ln(lnn)
; (c)

∞∑

n=10

sin n

n + 10 sinn
.

2699. !!!!
∞∑

n=1

(−1)n−1 (1 + p)(2 + p) · · · (n + p)
n!nq

.%: (a) )!#!); (b) !##!).
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2700. ""!!
∞∑

n=1

(
m

n

)

"#!!, !!
(

m

n

)
=

m(m − 1) · · · (m − n + 1)
n!

.

2701. !!!
∞∑

n=1

an #!#

lim
n→∞

bn

an
= 1,

"!'/.!!
∞∑

n=1

bn $#!? ""$"

∞∑

n=1

(−1)n

√
n

"
∞∑

n=1

[
(−1)n

√
n

+
1
n

]
.

2702.1. &
∞∑

n=1

an !&)!#!"!!,

Pn =
n∑

i=1

|ai| + ai

2
, Nn =

n∑

i=1

|ai|− ai

2
.

&!:
lim

n→∞

Nn

Pn
= 1.

2702.2. &!: !!$(& p > 0, !!
∞∑

n=1

(−1)n+1

np

""! 1
2

# 1 "+.

2703. !!#!!!:

(a)
∞∑

n=1

(−1)n+1

√
n2 + 1

; (b)
∞∑

n=1

sinn√
n

,

'$-(!#'&!!"", *!$!(0%) ε = 10−6?

2704. &!: !!!!
1 − 1

2
+

1
3
− 1

4
+

1
5
− · · ·

"#!+$, $'# p &#!"(!#'# q &!!"(!%*', "'!!""!

ln 2 +
1
2

ln
p

q
.

2705. &!: !(&+"!!
1 +

1
2

+
1
3

+
1
4

+ · · ·

")"!"+$, $$ p &#!"$+'& q &!! (p #= q), 1"&$'#"$#, "
&!!*'##"; ,% p = q %$)#!!!.
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§3. !!"#"

!!""!!. '".#:

(a)
∞X

n=1

an ±
∞X

n=1

bn =
∞X

n=1

(an ± bn); (b)
∞X

n=1

an

∞X

n=1

bn =
∞X

n=1

cn,

"! cn = a1bn + a2bn−1 + · · · + anb1.

!!!
∞X

n=1

an "
∞X

n=1

bn $*#!, "&" (a) %&,"&"+""#; -!&" (b), "!

!!!
∞X

n=1

an "
∞X

n=1

bn $*#!, %#!!%("(&')!#!".

2706. !+&!!, (a) (&#!, %%(&##; (b) +&###, "#!&+&!
!""!#!*/)?

2707. !$!!"":
∞∑

n=1

[
1
3n

+
(−1)n

n3

]
+

∞∑

n=1

[
1

3n+1
+

(−1)n+1

n3

]
.

!#!!!"":

2708.
∞∑

n=1

[
1
2n

+
(−1)n

3n

]
. 2709.

∞∑

n=1

1
2n

cos
2nπ

3
.

2710.
∞∑

n=0

x[n
2 ]y[n+1

2 ] (|xy| < 1).

2711. &!:
∞∑

n=0

1
n!

·
∞∑

n=0

(−1)n

n!
= 1.

2712. &!:

( ∞∑

n=0

qn

)2

=
∞∑

n=0

(n + 1)qn (|q| < 1) .

2713. &!: #!!!
∞∑

n=1

(−1)n+1

√
n

"$*'##!!.
2714. &!: $#!!!

∞∑

n=1

(−1)n−1

nα
(α > 0) %

∞∑

n=1

(−1)n−1

nβ
(β > 0)

"#% α+ β > 1 %'#!!!, %% α+ β < 1 %'##!!.
2715. )&: $##!!

1 −
∞∑

n=1

(
3
2

)n

" 1 +
∞∑

n=1

(
3
2

)n−1(
2n +

1
2n+1

)

"#')!#!!!.
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§4. #!!!!

1. "!". $#!!!!

u1(x) + u2(x) + · · · + un(x) + · · · (1)

#!" x (",& X0 -'&!!""!!, %%!

S(x) = lim
n→∞

nX

i=1

ui(x) (x ∈ X0)

!!!"!.

2. !!"!!. !!%!#!

f1(x), f2(x), · · · , fn(x), · · · , (∗)
!: 1) !!""%!

f(x) = lim
n→∞

fn(x) (x ∈ X);

2) !!"!"! ε > 0, !&&.(&! N = N(ε), $$% n > N " x ∈ X %
|f(x) − fn(x)| < ε,

"!&%!#!!,& X +"!"!.

%#! (∗) (.#!! f(x) %, '"$%$$
fn(x) ⇒ f(x).

!%!!!! (1) ")""#!

Sn(x) =
nX

i=1

ui(x) (n = 1, 2, · · · )

!,& X +(.#!, "! (1) !&,&+"!"!.

3. !"!". !! (1) !,& X +(.#!"""!!!#!: !!$(& ε > 0, #!!
! N = N(ε), $$% n > N " p > 0 %"&"

|Sn+p(x) − Sn(x)| =

˛̨
˛̨
˛

n+pX

i=n+1

ui(x)

˛̨
˛̨
˛ < ε

!(& x ∈ X ##".

4. #"!"#!!!!. !!!! (1), !!!#!"!!!!

c1 + c2 + · · · + cn + · · · , (2)

$$% x ∈ X %#""&":

|un(x)| " cn (n = 1, 2, · · · ),
"!! (1) !,& X +)!%(.#!.

5. "#"!!!. !: 1) !!
∞X

n=1

an(x) !,& X +(.#!; 2) %! bn(x) (n = 1, 2, · · · )

)('"+"%!$(& x !#($+#!, "!!
∞X

n=1

an(x)bn(x) (3)

!,& X +(.#!.

6. $%"&!!!. !: 1) )""
NX

n=1

an(x) )('"+"; 2) #! bn(x) (n = 1, 2, · · · )

!!$(& x #'$+", %#% n → ∞ %! X +(.'$!#, "!! (3) !,& X +(
.#!.
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7. #!!!!"!". (a) &,*%!!!"(.#!!!""',*%!.

(b) !%!!!! (1) !$(&%+ [α,β] ⊂ (a, b) +(.#!#""""""
lim
x→a

un (x) = An (n = 1, 2, · · · ) ,

" 1) !!
∞X

n=1

An #!; 2) #"&"

lim
x→a

(
∞X

n=1

un(x)

)
=

∞X

n=1

n
lim
x→a

un(x)
o

.

(c) !#!!! (1) "#!% a < x < b %$,*!(, %#2!"!!
∞X

n=1

u′
n(x) !%+

(a, b) +(.#!, "% x ∈ (a, b) %
d
dx

" ∞X

n=1

un(x)

#
=

∞X

n=1

u′
n(x).

(d) !!! (1) "#!,*, %#&!!!""*%+ [a, b] +(.#!, "

Z b

a

" ∞X

n=1

un(x)

#
dx =

∞X

n=1

Z b

a

un(x) dx. (4)

("%#, !% n → ∞ %
Z b

a

Rn(x) dx → 0, &- Rn(x) =
∞X

i=n+1

ui(x), "*" (4) #".

%$&&!#$*&!#""&''""".

.%#!%!!!!")!#!)"!##!).

2716.
∞∑

n=1

n

xn
. 2717.

∞∑

n=1

(−1)n

2n − 1

(
1 − x

1 + x

)n

.

2718.
∞∑

n=1

n

n + 1

(
x

2x + 1

)n

. 2719.
∞∑

n=1

1 · 3 · · · · · (2n − 1)
2 · 4 · · · (2n)

(
2x

1 + x2

)n

.

2720.
∞∑

n=1

n · 32n

2n
xn(1 − x)n. 2721.

∞∑

n=1

2n sinn x

n2
.

2722.
∞∑

n=1

(−1)n

(x + n)p
. 2723.

∞∑

n=1

np sin nx

1 + nq
(q > 0; 0 < x < π).

2724.
∞∑

n=1

xn

1 − xn
(.+"!!). 2725.

∞∑

n=1

[
x(x + n)

n

]n

.

2726.
∞∑

n=1

xn

1 + x2n
. 2727.

∞∑

n=1

xn

(1 + x)(1 + x2) · · · (1 + xn)
.

2728.
∞∑

n=1

ne−nx. 2729.
∞∑

n=1

1
n√
n!

· 1
1 + a2nx2

.

2730.
∞∑

n=1

(2 − x)(2 − x
1
2 )(2 − x

1
3 ) · · · (2 − x

1
n ) (x > 0).
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2731.
∞∑

n=1

(n + x)n

nn+x
. 2732.

∞∑

n=1

xnyn

xn + yn
(x > 0; y > 0).

2733.
∞∑

n=1

xn

n + yn
(y ! 0). 2734.

∞∑

n=1

n
√
|x|n2 + |y|n2 .

2735.
∞∑

n=1

ln(1 + xn)
ny

(x ! 0). 2736.
∞∑

n=1

tann
(
x +

y

n

)
.

2737. &!: !$$!!
+∞∑

n=−∞
anxn % x = x1 " x = x2 (|x1| < |x2|) %#!, "

&!!% |x1| < |x| < |x2| %$#!.

2738. !&&!!
+∞∑

n=−∞

n

2|n|
xn "#!)%!!"".

2739. !"$!!")!#!)"!##!):

(a)
∞∑

n=1

x[n]

n!
; (b)

∞∑

n=1

1
np

x[n]

n!
; (c)

∞∑

n=1

(ex)ny[n]

nn
,

!! x[n] = x(x − 1) · · · [x − (n − 1)].

2740. &!: !%%#&!!
∞∑

n=1

an

nx
% x = x0 %#!, "&!!% x > x0 %$

#!.
2741. &!: #! fn(x) (n = 1, 2, · · · ) !,& X +(.#!!""%! f(x) "

""!!!#'
lim

n→∞

{
sup
x∈X

rn(x)
}

= 0,

"! rn(x) = |f(x) − fn(x)|.
2742. #! fn(x) (n = 1, 2, · · · ): (a) !%+ (x0, +∞) +#!; (b) !!"!""

"%+ (a, b) ⊂ (x0, +∞) +(.#!; (c) !%+ (x0, +∞) +(.#!, &"#'+%
"(?

2743. !!#!

fn(x) = xn (n = 1, 2, · · · ) (0 < x < 1),

!%!!"%$#$ N = N(ε, x), $"&!"#!"!!%'3 x #""%!"&"
(( 0.001, & x =

1
10

,
1√
10

, · · · ,
1

m
√

10
, · · · . &#!!%+ (0, 1) &''(.#!?

2744. '%$!!
∞∑

n=1

sinnx

n(n + 1)
"-(!*!$)"" Sn(x) % −∞ < x < +∞ %#!!"""&$! ε? !!#!
ε (, )%'("'&.*:

(a) ε = 0.1; (b) ε = 0.01; (c) ε = 0.001.
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2745. !+*" n, "&"
∣∣∣∣∣e

x −
n∑

i=0

xi

i!

∣∣∣∣∣ < 0.001 (0 " x " 10)

!,&#"?

""#!!")%++"(.#!!:

2746. fn(x) = xn; (a) 0 " x " 1
2
; (b) 0 " x " 1.

2747. fn(x) = xn − xn+1; 0 " x " 1. 2748. fn(x) = xn − x2n; 0 " x " 1.

2749. fn(x) =
1

x + n
; 0 < x < +∞. 2750. fn(x) =

nx

1 + n + x
; 0 " x " 1.

2751. fn(x) =
xn

1 + xn
;

(a) 0 " x " 1 − ε; (b) 1 − ε " x " 1 + ε; (c) 1 + ε " x < +∞, !! ε > 0.

2752. fn(x) =
2nx

1 + n2x2
; (a) 0 " x " 1; (b) 1 < x < +∞.

2753. fn(x) =
√

x2 +
1
n2

; −∞ < x < +∞.

2754. fn(x) = n

(√
x +

1
n
−
√

x

)
; 1 < x < +∞.

2755. (a) fn(x)=
sinnx

n
; −∞ < x < +∞; (b) fn(x)=sin

x

n
; −∞ < x < +∞.

2756. (a) fn(x)=arctan nx; 0 < x < +∞; (b) fn(x)=x arctan nx; 0 < x < +∞.
2757. fn(x) = en(x−1); 0 < x < 1.
2758. fn(x) = e−(x−n)2; (a) −l < x < l, !! l !""#!; (b) −∞ < x < +∞.

2759. fn(x) =
x

n
ln

x

n
; 0 < x < 1.

2760. fn(x) =
(
1 +

x

n

)n
; (a) """%+ (a, b); (b) %+ (−∞, +∞).

2761. fn(x) = n
(
x

1
n − 1

)
; 1 " x " a. 2762. fn(x) =

n√
1 + xn; 0 " x " 2.

2763. fn(x) =






n2x, 0 " x " 1
n

,

n2

(
2
n
− x

)
,

1
n

< x <
2
n

,

0, x ! 2
n

;

*%+ 0 " x " 1.

2764. & f(x) !.#!*%+ [a, b] """%!, #

fn(x) =
[nf(x)]

n
(n = 1, 2, · · · ).
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&!: % n → ∞ %
fn(x) ⇒ f(x) (a " x " b).

2765. &%! f(x) !%+ (a, b) &",*"2! f ′(x), #

fn(x) = n

[
f

(
x +

1
n

)
− f(x)

]
.

&!: !*%+ α " x " β + fn(x) ⇒ f ′(x), !! a < α < β < b.

2766. & fn(x) =
n−1∑

i=0

1
n

f

(
x +

i

n

)
, !! f(x) ! (−∞, +∞) +",*%!. &

!: #! fn(x) !"!""*%+ [a, b] +(.#!.

""#!!!!")%++"#!!""3 1©:

2767.
∞∑

n=0

xn, (a) |x| < q, &* q < 1; (b) |x| < 1.

2768. (a)
∞∑

n=1

xn

n2
, −1 " x " 1; (b)

∞∑

n=0

xn

n!
, (0, +∞).

2769.
∞∑

n=0

(1 − x)xn, 0 " x " 1.

2770.
∞∑

n=1

(
xn

n
− xn+1

n + 1

)
, −1 " x " 1.

2771.
∞∑

n=1

x

[(n − 1)x + 1] (nx + 1)
, 0 < x < +∞.

2772.
∞∑

n=1

1
(x + n)(x + n + 1)

, 0 < x < +∞.

2773.
∞∑

n=1

nx

(1 + x)(1 + 2x) · · · (1 + nx)
,

(a) 0 " x " ε, !! ε > 0; (b) ε " x < +∞.

2774. %%))#"'###(, &!#!%!!!!!")%++"(.#!!:

(a)
∞∑

n=1

1
x2 + n2

, −∞ < x < +∞; (b)
∞∑

n=1

(−1)n

x + 2n
, −2 < x < +∞;

(c)
∞∑

n=1

x

1 + n4x2
, 0 " x < +∞; (d)

∞∑

n=1

nx

1 + n5x2
, |x| < +∞;

(e)
∞∑

n=1

n2

√
n!

(xn + x−n),
1
2

" |x| " 2;

(f)
∞∑

n=1

xn

[n
2

]
!
, |x| < a, !! a !""#!;

1©/""(.#!!. +(
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(g)
∞∑

n=1

sin nx
3
√

n4 + x4
, |x| < +∞; (h)

∞∑

n=1

cosnx

n2
, |x| < +∞;

(i)
∞∑

n=1

sinnx

n
√

n
, |x| < +∞; (j)

∞∑

n=2

ln
(

1 +
x2

n ln2 n

)
, |x| < a;

(k)
∞∑

n=1

x2e−nx, 0 " x < +∞; (l)
∞∑

n=1

arctan
2x

x2 + n3
, |x| < +∞.

""#!%!!!!!/.%++"(.#!!:

2775.
∞∑

n=1

sin nx

n
, (a) ε " x " 2π− ε, !! ε > 0; (b) 0 " x " 2π.

2776.
∞∑

n=1

2n sin
1

3nx
, 0 < x < +∞.

2777.
∞∑

n=1

(−1)n

x + n
, 0 < x < +∞.

!#: ''!!"&!.

2778.
∞∑

n=2

(−1)n

n + sin x
, 0 " x " 2π. 2779.

∞∑

n=1

(−1)
n(n−1)

2

3
√

n2 + ex
, |x| " 10.

2780.
∞∑

n=1

cos
2nπ

3√
n2 + x2

, −∞ < x < +∞. 2781.
∞∑

n=1

sinx sin nx√
n + x

, 0 " x < +∞.

2782.
∞∑

n=1

(−1)[
√

n]
√

n(n + x)
, 0 " x < +∞.

2783. ",*%!#!!'(.#!!,*%!? ""$"

fn(x) =
1
n
ψ(x) (n = 1, 2, · · · ),

!!

ψ(x) =

{
0, x !&*!,

1, x !"*!.

2784. &!: !!!
∞∑

n=1

|fn(x)| ! [a, b] +(.#!, "!!
∞∑

n=1

fn(x) ! [a, b] +

$(.#!.

2785. !!!
∞∑

n=1

fn(x) ! [a, b] +)!%(.#!, "!!
∞∑

n=1

|fn(x)| ! [a, b] +

''!.(.#!? ""$"
∞∑

n=0

(−1)n(1 − x)xn,

!! 0 " x " 1.
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2786. &!: )!#(.#!"!!
∞∑

n=1

fn(x) (0 " x " 1),

!!

fn(x) =






0, 0 " x " 2−(n+1),

1
n

sin2(2n+1πx), 2−(n+1) < x < 2−n,

0, 2−n " x " 1,

"!%&!!"#!!!!!)!!(!!.

2787. &!: !%!!!!
∞∑

n=1

ϕn(x) "#!'*%+ [a, b] +"$+%!, &!!

!"%+"+&43)!#!, "&!!!"%++)!%(.#!.

2788. &!: &!!
∞∑

n=0

anxn !))%!!#!%+&""!*%++)!%(

.#!.

2789. & an → ∞ #!!
∞∑

n=1

∣∣∣∣
1
an

∣∣∣∣ #!. &!: !!
∞∑

n=1

1
x − an

!"#+3

an (n = 1, 2, · · · ) ""!"+*,&+)!%(.#!.

2790. &!: !!!
∞∑

n=1

an #!, "%%#&!!
∞∑

n=1

an

nx
! x ! 0 %(.#!.

2791. &!!
∞∑

n=1

an #!. &!: !!
∞∑

n=1

ane−nx !%) x ! 0 &(.#!.

2792. &!: %!

f(x) =
∞∑

n=1

sinnx

n3

!%) −∞ < x < +∞ &,*%",*"2!.
2793. &!: %!

f(x) =
+∞∑

n=−∞

1
(n − x)2

(a) !$$!3 x = 0,±1,±2, · · · ""(&3".#%#,*;
(b) !0%%!, !0%&! 1.
2794. &!: !!

∞∑

n=1

[
nxe−nx − (n − 1)xe−(n−1)x

]

!*%+ 0 " x " 1 +#!1"(.#!, %!""'&%++",*%!.
2795. &.%! f(x) "!!)%""!,*!:

(a) f(x) =
∞∑

n=1

(
x +

1
n

)n

; (b) f(x) =
∞∑

n=1

x + n(−1)n

x2 + n2
; (c) f(x) =

∞∑

n=1

x

(1 + x2)n
.
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2796. & rk (k = 1, 2, · · · ) '*%+ [0, 1] +")("*!. &!%!

f(x) =
∞∑

k=1

|x − rk|
3k

(0 " x " 1)

'"#!!1: 1) ,*; 2) !&*3!(%!"*3"!( 1©.
2797. &!: "# ζ #!

ζ(x) =
∞∑

n=1

1
nx

!%) x > 1 &,*, %#!&%)&",*"#&2!.
2798. &!: θ #!

θ(x) =
+∞∑

n=−∞
e−πn

2x

% x > 0 %".#%&'-#!(.
2799. &.%! f(x) "!!)%""!!(!:

(a) f(x) =
∞∑

n=1

(−1)nx

n + x
; (b) f(x) =

∞∑

n=1

|x|
n2 + x2

.

2800. &!: #!
fn(x) =

1
n

arctan xn (n = 1, 2, · · · )
!%+ (−∞, +∞) &(.#!, 1[

lim
n→∞

fn(x)
]′

x=1
#= lim

n→∞
f ′

n(1).

2801. &!: #!
fn(x) = x2 +

1
n

sinn
(
x +
π

2

)

!%+ (−∞, +∞) &(.#!, 1[
lim

n→∞
fn(x)

]′
#= lim

n→∞
f ′

n(x).

2802. ,&.$! α $!(%#!#%!,:
(a) #!

fn(x) = nαxe−nx (n = 1, 2, · · · ) (1)

!*%+ [0, 1] +#!;
(b) #! (1) ! [0, 1] +(.#!;

(c) ! lim
n→∞

∫ 1

0
fn(x)dx !!!#"$#$"".

2803. &!: #!
fn(x) = nxe−nx2

(n = 1, 2, · · · )
!*%+ [0, 1] +#!, 1∫ 1

0

[
lim

n→∞
fn(x)

]
dx #= lim

n→∞

∫ 1

0
fn(x)dx.

1©(" f(x) !"*3 x = 0 " x = 1 $-!(. +(
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2804. &!: #!
fn(x) = nx(1 − x)n (n = 1, 2, · · · )

!*%+ [0, 1] +#!%"(.#!, 1

lim
n→∞

∫ 1

0
fn(x)dx =

∫ 1

0
lim

n→∞
fn(x)dx.

2805. !.%"

lim
n→∞

∫ 1

0

nx

1 + n2x4
dx

!, !#"$#$""''&*?

!"":

2806. lim
x→1−0

∞∑

n=1

(−1)n+1

n
· xn

xn + 1
. 2807. lim

x→1−0

∞∑

n=1

(xn − xn+1).

2808. (a) lim
x→+0

∞∑

n=1

1
2nnx

; (b) lim
x→∞

∞∑

n=1

x2

1 + n2x2
.

2809. !!!
∞∑

n=1

arctan
x

n2
/+2!#"''&*?

2810. !*%+ [0, 1] +!!!
∞∑

n=1

(
x

1
2n+1 − x

1
2n−1

)

/+2!#"''&*?
2811.1.& f(x) (−∞ < x < +∞)'&'-#!("%!, #!2! f (n)(x) (n =

1, 2, · · · ) "#!!$(&""%+ (a, b) &(.#!!%! ϕ(x). &!: ϕ(x) = Cex,
!! C !)!.

2811.2. &%! fn(x) (n = 1, 2, · · · ) ! (−∞, +∞) +".##"+, #!"!*
%+ [a, b] + fn(x) ⇒ ϕ(x). $&''!'

lim
n→∞

sup
x

fn(x) = sup
x
ϕ(x)?

%*$" fn(x) = e−(x−n)2, n = 1, 2, · · · .

§5. !!!

1. "!!". !!$(&&!!
a0 + a1(x − a) + · · · + an(x − a)n + · · ·

#!!,*""!"# 1©: |x − a| " R, "!!!!&#!, %!!"##. "!"" R !$!
!–#!!"$

1
R

= lim
n→∞

np
|an|

1©'-%&. !., &!!"#!%+/$%+ |x− a| < R, %!!43*%'"#!#!!"&/.'.

+(
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!!!. !"!! R !!"!"
R = lim

n→∞

˛̨
˛̨ an

an+1

˛̨
˛̨

!!! ("!"!"!).

2. !!!!!. "!## S(x) =
∞X

n=0

anxn (|x| < R) !!"!$"#$ x = R !", "

S(R) = lim
x→R−0

S(x).

3. !"!!. !$ a "!"!# f(x) !"$"!!!"!#""!##

f(x) =
∞X

k=0

f (k)(a)
k!

(x − a)k.

!##"!!

Rn(x) = f(x) −
nX

k=0

f (k)(a)
k!

(x − a)k

!"!$"

Rn(x) =
f (n+1)(a + θ(x − a))

(n + 1)!
(x − a)n+1 (0 < θ < 1)

(!!"!!!) !

Rn(x) =
f (n+1)(a + θ1(x − a))

n!
(1 − θ1)

n(x − a)n+1 (0 < θ1 < 1)

(!!!!).

"!%!""##"##"":

I. ex = 1 + x +
x2

2!
+ · · · + xn

n!
+ · · · (−∞ < x < +∞).

II. sin x = x − x3

3!
+ · · · + (−1)n−1 x2n−1

(2n − 1)!
+ · · · (−∞ < x < +∞).

III. cos x = 1 − x2

2!
+ · · · + (−1)n x2n

(2n)!
+ · · · (−∞ < x < +∞).

IV. (1 + x)m = 1 + mx +
m(m − 1)

2!
x2 + · · · + m(m − 1) · · · (m − n + 1)

n!
xn + · · ·

(−1 < x < 1).

V. ln(1 + x) = x − x2

2
+

x3

3
− · · · + (−1)n−1 xn

n
+ · · · (−1 < x ! 1).

4. !!!"!!. !!""!"!$ |x − a| < R "":

(a)
∞X

n=0

an(x − a)n ±
∞X

n=0

bn(x − a)n =
∞X

n=0

(an ± bn)(x − a)n;

(b)
∞X

n=0

an(x− a)n
∞X

n=0

bn(x− a)n =
∞X

n=0

cn(x− a)n, "! cn = a0bn + a1bn−1 + · · ·+ anb0;

(c)
d
dx

" ∞X

n=0

an(x − a)n

#
=

∞X

n=0

(n + 1)an+1(x − a)n;

(d)

Z "
∞X

n=0

an(x − a)n

#
dx = C +

∞X

n=0

an

(n + 1)
(x − a)n+1.

5. !!!!"!!!. "###
∞X

n=0

cn(z − a)n,
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"!

cn = an + ibn, a = α+ iβ, z = x + iy, i2 = −1.

%#"##$$"##&"#!$""#! |z − a| ! R, "##!!"!" (%"$%!"), "

!!$##. "#!! R '#!##
∞X

n=0

|cn|rn

!%#!""!"!!.

#""!##"!"!!#!"!$%"#"#!!"!$#$"#":

2812.
∞∑

n=1

xn

np
. 2813.

∞∑

n=1

3n + (−2)n

n
(x + 1)n.

2814.
∞∑

n=1

(n!)2

(2n)!
xn. 2815.

∞∑

n=1

αn2
xn (0 < α < 1).

2816.
∞∑

n=1

(
1 +

1
n

)n2

xn. 2817.
∞∑

n=1

n!
an2 xn (a > 1).

2818.
∞∑

n=1

[
1 · 3 · 5 · · · (2n − 1)
2 · 4 · 6 · · · · · (2n)

]p(x − 1
2

)n

.

2819.
∞∑

n=1

(−1)n

[
2n(n!)2

(2n + 1)!

]p

xn. 2820.
∞∑

n=1

m(m − 1) · · · (m − n + 1)
n!

xn.

2821.
∞∑

n=1

(
an

n
+

bn

n2

)
xn (a > 0, b > 0). 2822.

∞∑

n=1

xn

an + bn
(a > 0, b > 0).

2823.
∞∑

n=1

xn

a
√

n
(a > 0). 2824.

∞∑

n=1

3−
√

nxn

√
n2 + 1

.

2825.
∞∑

n=1

(2n)!!
(2n + 1)!!

xn. 2826.
∞∑

n=1

(−1)n

n!

(n

e

)n
xn.

2827.
∞∑

n=1

(
1 +

1
2

+ · · · + 1
n

)
xn. 2828.

∞∑

n=1

[3 + (−1)n]n

n
xn.

2829.
∞∑

n=2

1
ln n

(
1 + 2 cos

πn

4

)n
xn. 2830.

∞∑

n=1

xn2

2n
.

2831. (a)
∞∑

n=1

(−1)[
√

n]

n
xn (!!!!!!#).

(b)
∞∑

n=1

10ν(n)

n
(1 − x)n, !! ν(n) "# n "%#;

(c)
∞∑

n=1

( x

sin n

)n
.
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2832. #!""!#

1 +
α · β
1 · γ x +

α(α + 1)β(β + 1)
1 · 2 · γ(γ + 1)

x2 + · · ·

+
α(α + 1) · · · (α+ n − 1)β(β + 1) · · · (β + n − 1)

1 · 2 · · ·n · γ(γ + 1) · · · (γ + n − 1)
xn + · · ·

"!"!.

#""$%!##"!"!:

2833.
∞∑

n=0

1
2n + 1

(
1 − x

1 + x

)n

. 2834.
∞∑

n=1

1
xn

sin
π

2n
.

2835.
∞∑

n=−∞

xn

2n2 . 2836.
∞∑

n=1

(
1 +

1
n

)−n2

e−nx.

2837.
∞∑

n=1

33n(n!)3

(3n)!
tann x.

2838. "$#" x + 1 "%$###!#"!# f(x) = x3.

2839. #!#
f(x) =

1
a − x

(a #= 0)

"""&"#""!##: (a) " x "!#"; (b) "$#" x− b "!#", !$ b #= a;

(c) " 1
x

"!#". #!$$"!"!.
2840. "" x − 1 "%$###!#"!# f(x) = ln x, %#$#"""!"!

$. ###
∞∑

n=1

(−1)n+1

n
"#.

$!""!#"&# x "%$###!"#"", %#!$$"!"!$:
2841. f(x) = sinhx. 2842. f(x) = coshx.
2843. f(x) = sin2 x. 2844. f(x) = ax (a > 0, a #= 1).
2845. f(x) = sin(µ arcsinx). 2846. f(x) = cos(µ arcsinx).
2847. $!!# f(x) = xx "" x − 1 "%$###!#"""$$#.
2848. $!!#

f(x) =

{
(1 + x) 1

x , x #= 0,

e, x = 0
"&# x "%$###!#"""$$#.

2849. &!# sin(x + h) # cos(x + h) "&# h "%$###!#".
2850.1. '%%%'"#"%""#!# f(x) =

x

x2 − 5x + 6
"!###"""

!"!$: (a) " x "!#"; (b) "$#" x − 5 "!#".
2850.2. #'"&##: ! (−∞, +∞) %( N → ∞ &

N∑

n=1

(−1)n−1 x2n−1

(2n − 1)!
⇒ sin x?
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$%"##"" I—V, $!""!#%# x "!###"":
2851. e−x2

. 2852. cos2 x.

2853. sin3 x. 2854.
x10

1 − x
.

2855.
1

(1 − x)2
. 2856.

x√
1 − 2x

.

2857. ln
√

1 + x

1 − x
.

2858.
x

1 + x − 2x2
. !$: #$&("(""(%(".

2859.
12 − 5x

6 − 5x − x2
. 2860.

x

(1 − x)(1 − x2)
.

2861.
1

1 − x − x2
.

2862. (a)
1

1 + x + x2
; (b) f(x) =

1
1 + x + x2 + x3

. !! f (1000)(0).

2863.
x cosα− x2

1 − 2x cosα+ x2
. 2864.

x sinα
1 − 2x cosα+ x2

.

2865.
x sinhα

1 − 2x coshα+ x2
. 2866.

1
(1 − x2)

√
1 − x2

.

2867. ln(1 + x + x2 + x3).
2868. ex cos α cos(x sinα). !$: %%$%!".

'%#")#, &#%$#$("&)#""!#"!###"".

2869. f(x) = arctanx. ###
∞∑

n=1

(−1)n+1

2n − 1
"#.

2870. f(x) = arcsinx. 2871. f(x) = ln
(
x +

√
1 + x2

)
.

2872. f(x) = ln
(
1 − 2x cosα+ x2

)
.

2873. $%'!&), #""!#"!###"":

(a) f(x) = (1 + x) ln(1 + x); (b) f(x) =
1
4

ln
1 + x

1 − x
+

1
2

arctanx;

(c) f(x) = arctan
2 − 2x

1 + 4x
; (d) f(x) = arctan

2x

2 − x2
;

(e) f(x) = x arctanx − ln
√

1 + x2; (f) f(x) = arccos(1 − 2x2);
(g) f(x) = x arcsinx +

√
1 − x2;

(h) f(x) = x ln
(
x +

√
1 + x2

)
−
√

1 + x2.
2874. $%#""

f(x + h) − f(x) = hf ′(x) +
h2

2!
f ′′(x) + · · ·
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"&##, #""!#" n ')#:
(a) f(x) = ex2

; (b) f(x) = e a
x ; (c) f(x) = arctanx.

2875. "$#" x + 1 "%###!#"!# f(x) = ln
1

2 + 2x + x2
.

2876. #!# f(x) =
1

1 − x
"&# x "$###!#"#!##.

2877. #!# f(x) = ln x "(" x − 1
x + 1

"%###!#"#!##.

2878. #!# f(x) =
x√

1 + x
"("

x

1 + x
"%###!#"#!##.

2879. ( f(x) =
∞∑

n=0

xn

n!
, &('$: f(x)f(y) = f(x + y).

2880. "'#!%

sin x =
∞∑

n=0

(−1)n x2n+1

(2n + 1)!
, cosx =

∞∑

n=0

(−1)n x2n

(2n)!
,

'$: (a) sin x cosx =
1
2

sin 2x; (b) sin2 x + cos2 x = 1.

2881. $!!# f(x) =

[ ∞∑

n=0

(
xn

n + 1

)]−1

"!###""!""'#.

%!##%%$$"%!, &"#!""!#"!###"":
2882. f(x) = (1 + x)e−x. 2883. f(x) = (1 − x)2 cosh

√
x.

2884. f(x) = ln2(1 − x). 2885. f(x) = (1 + x2) arctanx.
2886. f(x) = ex cosx. 2887. f(x) = ex sinx.

2888. f(x) =
ln(1 + x)

1 + x
. 2889. f(x) = (arctanx)2.

2890. f(x) =
(

arcsinx

x

)2

.

&""!#"&# x "%###!#"#!##, $!#"" (&#$) "$$#:
2891. f(x) = tan x. 2892. f(x) = tanhx.

2893. f(x) = cotx − 1
x

.

2894. ( sec x "#""$"""&":

secx =
∞∑

n=0

En

(2n)!
x2n,

#!&# En ("!#) "*"!".
2895. #!#

f(x) =
1√

1 − 2tx + x2
(|x| < 1)

#"#!##.
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2896. ( f(x) =
∞∑

n=0

anxn. $!!#

F (x) =
f(x)
1 − x

"#"".

2897. "##
∞∑

n=0

anxn "!"!!"R1, "##
∞∑

n=0

bnxn "!"!!"R2, "##

(a)
∞∑

n=0

(an ± bn)xn; (b)
∞∑

n=0

anbnxn

"&$"!"!! R?
2898. (

l = lim
n→∞

∣∣∣∣
an

an+1

∣∣∣∣ , L = lim
n→∞

∣∣∣∣
an

an+1

∣∣∣∣ .

'$: !##
∞∑

n=0

anxn "!"!! R %#''" l ! R ! L.

2899.1. '$: "!# f(x) =
∞∑

n=0

anxn " |n!an| < M (n = 1, 2, · · · ), !! M )

$#, ": (1) f(x) !'&$ a (%#!); (2) #&#"":

f(x) =
∞∑

n=0

f (n)(a)
n!

(x − a)n (|x| < +∞).

2899.2. ( f(x) ∈ C(∞)(a, b), "( x ∈ (a, b) & |f (n)(x)| ! cn (n = 0, 1, 2, · · · ).
'$: !# f(x) !#""!##

f(x) =
∞∑

n=0

an(x − x0)n (x0 ∈ (a, b)),

!!##!!$ (a, b) %!".
2899.3. ( f(x) ∈ C(∞) [−1, 1], "( x ∈ [−1, 1] & f (n)(x)# 0 (n = 0, 1, 2, · · · ).

'$: !# f(x) !!$ (−1, 1) "!#""!##

f(x) =
∞∑

n=0

anxn.

!$: $%)# f (n)(x) "%+#!'!!# f(x) "#'##&# Rn(x):

|Rn(x)| ! |x|n+1f(1).

2900. '$: " 1) an # 0; 2) "! lim
x→R−0

∞∑

n=0

anxn = S, "
∞∑

n=0

anRn = S.

&""!##"#!##:

2901.
∫ x

0
e−t2 dt. 2902.

∫ x

0

dt√
1 − t4

.

2903.
∫ x

0

sin t

t
dt. 2904.

∫ x

0

arctan t

t
dt.
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2905.
∫ x

0

tdt

ln(1 + t)
($!%#).

%%$#)()!!""##"#:

2906. x +
x3

3
+

x5

5
+ · · · . 2907. x − x3

3
+

x5

5
− · · · .

2908. 1 +
x2

2!
+

x4

4!
+ · · · . 2909.

x

1 · 2 +
x2

2 · 3 +
x3

3 · 4 + · · · .

2910. 1 +
1
2
x +

1 · 3
2 · 4x2 +

1 · 3 · 5
2 · 4 · 6x3 + · · · . !$: " 1 − x %##")#.

%%$#$()!!""##"#:
2911. x + 2x2 + 3x3 + · · · . 2912. x − 4x2 + 9x3 − 16x4 + · · · .
2913. 1 · 2x + 2 · 3x2 + 3 · 4x3 + · · · .

2914. '$: ## y =
∞∑

n=0

x4n

(4n)!
%#&& y(4) = y.

2915. '$: ## y =
∞∑

n=0

xn

(n!)2
%#&& xy′′ + y′ − y = 0.

!(#!" (z = x + iy) #""!##"!"!!)!"':

2916.
∞∑

n=1

(z − 1 − i)n

n · 2n
. 2917.

∞∑

n=1

(1 + i)nzn

(n + 1)(n + 2)
.

2918.
∞∑

n=1

n!zn

(1 + i)(1 + 2i) · · · (1 + ni)
. 2919.

∞∑

n=1

zn

nα+iβ
.

2920.
∞∑

n=1

(z − eiα)n

n(1 − eiα)n
.

2921. $%%,$#"!")&-!! 3
√

9, %"'!(((#""$#&"*".
2922. )&-!!%'!$$*":

(a) arctan 1.2; (b) 10
√

1000; (c)
1√
e
; (d) ln 1.25.

$%$$"#"", "$&*.!!""!#"):

2923. sin 18◦, 10−5. 2924. cos 1◦, 10−6.
2925. tan 9◦, 10−3. 2926. e, 10−6.
2927. ln 1.2, 10−4.
2928. ''"

π

6
= arcsin

1
2

## π, *!/ 10−4.
2929. $%'"

π

4
= arctan

1
2

+ arctan
1
3
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!!# π, *!/ 0.001.
2930. $%'"

π

4
= 4 arctan

1
5
− arctan

1
239

## π, *!/ 10−9.
2931. $%!"

ln(n + 1) = lnn + 2
[

1
2n + 1

+
1

3(2n + 1)3
+ · · ·

]

# ln 2 # ln 3, *!/ 10−5.
2932. &($!##"###, &"!!""$(*), *!/ 0.001:

(a)
∫ 1

0
e−x2

dx; (b)
∫ 4

2
e

1
x dx; (c)

∫ 2

0

sin x

x
dx;

(d)
∫ 1

0
cosx2 dx; (e)

∫ 1

0

sinh x

x
dx; (f)

∫ +∞

2

dx

1 + x3
;

(g)
∫ 1

3

0

dx
3
√

1 − x2
; (h)

∫ 1

0

dx√
1 + x4

; (i)
∫ 100

10

ln(1 + x)
x

dx;

(j)
∫ 1

2

0

arctanx

x
dx; (k)

∫ 1
2

0

arcsinx

x
dx; (l)

∫ 1

0
xx dx.

2933. ##0%'&(
y = sin x (0 ! x ! π)

*%', *!/ 0.01.

2934. #!+" a = 1 ) b =
1
2

"$'",', *!/ 0.01.

2935. ()1(*$+ 2l = 20m, !$"1(,""+("&$ 1©. "1("'
h = 40 cm, !!1("'., *!/ 1 cm.

§6. "#!!!

1. #!!!. "!# f(x) !!$ (−l, l) "(0)'%"(0)'")# f ′(x), %"#'

$2$ ξ )%""
„

* f(ξ) =
1
2
[f(ξ − 0) + f(ξ + 0)]

«
, "!# f(x) !!!$%!%"$!!

#!$:

f(x) =
a0

2
+

∞X

n=1

“
an cos

nπx
l

+ bn sin
nπx

l

”
, (1)

"!

an =
1
l

Z l

−l

f(x) cos
nπx

l
dx (n = 0, 1, 2, · · · ), (2)

bn =
1
l

Z l

−l

f(x) sin
nπx

l
dx (n = 1, 2, · · · ). (2′)

1©(+-#, "'!1("*', 1(&$$")*(. (3("#"+()&"*". '%
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%)-, (a) "!# f(x) )&!#, ""

f(x) =
a0

2
+

∞X

n=1

an cos
nπx

l
, (3)

"!

an =
2
l

Z l

0

f(x) cos
nπx

l
dx (n = 0, 1, 2, · · · );

(b) "!# f(x) )#!#, "4

f(x) =
∞X

n=1

bn sin
nπx

l
, (4)

"!

bn =
2
l

Z l

0

f(x) sin
nπx

l
dx (n = 1, 2, · · · ).

##!!$ (0, l) !"!%%","%+)'#"!# f(x), !"!$"+!%!" (3) !
$, !!%!" (4) !$.

2. ""!"". %#'&!!$ (−l, l) %!$"!$&!!$"!# f(x), "!&"%&
#,"&# (2), (2′) "## (1), "%"!#!!!#&:

a2
0

2
+

∞X

n=1

(a2
n + b2

n) =
1
l

Z l

−l

f2(x) dx.

3. "#!!!"!"#. !!$ (−l, l) ""+&(%!$"!# f(x) *,,)## (1)

(*,)##"), !"!!!$"$#$(.

2936. &!# f(x) = sin4 x #"#,,)##.

2937. $-5#" Pn(x) =
n∑

i=0

(αi cos ix + βi sin ix) ",,)##)&$"?

2938. &!#
f(x) = sgnx (−π < x < π)

#"#,,)##. &!!#"&))!!#*,,)##*"'*(#"&). $%

"#"", #&!$!!#
∞∑

n=1

(−1)n−1

2n − 1
"#.

!$&!$"#""!##"",,)##:

2939. f(x) =

{
A, 0 < x < l,

0, l < x < 2l,
!! A "$#; (0, 2l).

2940. f(x) = x, (−π,π).

2941. f(x) =
π− x

2
, (0, 2π).

2942. f(x) = |x|, (−π,π).

2943. f(x) =

{
ax, −π < x < 0,

bx, 0 < x < π,
!! a # b "$#; (−π,π).
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2944. f(x) = π2 − x2, (−π,π).

2945. f(x) = cos ax (a ')##), (−π,π).

2946. f(x) = sin ax (a ')##), (−π,π).

2947. f(x) = sinh ax, (−π,π).

2948. f(x) = eax, (−h, h).

2949. f(x) = x, (a, a + 2l).

2950. f(x) = x sin x, (−π,π).

2951. f(x) = x cosx,
(
−π

2
,
π

2

)
.

&"",%!##"#,,)##:
2952. f(x) = sgn(cos x). 2953. f(x) = arcsin(sin x).
2954. f(x) = arcsin(cosx). 2955. f(x) = x − [x].
2956. f(x) = (x), !! (x) ) x /("')"##"+-.
2957. f(x) = | sin x|. 2958. f(x) = | cosx|.

2959. f(x) =
∞∑

n=1

αn sinnx

sin x
(|α| < 1).

2960. #!# f(x) = secx
(
−π

4
< x <

π

4

)
#"",,)##.

!$: "!&# an ( an−2 *$"%&.
2961. &!# f(x) = x2 #"#,,)##: (a) !!$ (−π,π) ""&'#";

(b) !!$ (0,π) ""%'#"; (c) !!$ (0, 2π) "#". &!)& (a), (b), (c) !"
!#"),,)##*#"&).

$%$*#"", #""##"#:
∞∑

n=1

1
n2

,
∞∑

n=1

(−1)n+1

n2
)

∞∑

n=1

1
(2n − 1)2

.

2962. ).#""

x = 2
∞∑

n=1

(−1)n+1 sinnx

n
(−π < x < π),

%$#$()#!# x2, x3 # x4 !!$ (−π,π) %#"",,)##.
2963. %#!#

f(x) =

{
1, |x| < α,

0, α < |x| < π,

$!.+&'*'". $%.+&'*'", #""##*#:
∞∑

n=1

sin2 nα

n2
)

∞∑

n=1

cos2 nα

n2
.
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2964. &!#

f(x) =






x, 0 ! x ! 1,

1, 1 < x < 2,

3 − x, 2 ! x ! 3
#"#,,)##.

$%!"
cosx =

1
2
(t + t), sin x =

1
2i

(t − t),

"! t = eix ) t = e−ix, &""!##"#,,)##:

2965. cos2m x (m "%##). 2966.
q sin x

1 − 2q cosx + q2
(|q| < 1).

2967.
1 − q2

1 − 2q cosx + q2
(|q| < 1). 2968.

1 − q cosx

1 − 2q cosx + q2
(|q| < 1).

2969. ln(1 − 2q cosx + q2) (|q| < 1).

&""(/,%!##"#,,)##:

2970. f(x) = ln
∣∣∣sin

x

2

∣∣∣. 2971. f(x) = ln
∣∣∣cos

x

2

∣∣∣.

2972. f(x) = ln
∣∣∣tan

x

2

∣∣∣.

2973. &!#

f(x) =
∫ x

0
ln

√∣∣∣∣cot
t

2

∣∣∣∣dt (−π ! x ! π)

#"#,,)##.
2974. !#

x = x(s), y = y(s) (0 ! s ! 4a)
)%&& 0 ! x ! a, 0 ! y ! a ",("+#&&, !! s "*(&-&*&$ O(0, 0)
'!!"%'. -&$(#!##"#,,)##.

2975. $()&#!!$
(
0,
π

2

)
%&!"!$!# f(x) ,'/!$ (−π,π) %,

,4"#"#,,)###,"""&":

f(x) =
∞∑

n=1

an cos(2n − 1)x (−π < x < π)?

2976. $()&#!!$
(
0,
π

2

)
%&!"!$!# f(x) ,'/!$ (−π,π) %,

,4"#"#,,)###,"""&":

f(x) =
∞∑

n=1

bn sin(2n − 1)x (−π < x < π)?

2977. !!$
(
0,
π

2

)
"#"!# f(x) = x

(π
2
− x
)
: (a) "-"#,#"&';

(b) "-"#,#"%'. &!)& (a) ( (b) ",,)##*#"&).
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2978. ( f(x) )" π ",%""!"##, *
f(x + π) ≡ −f(x).

-!!#!!$ (−π,π) "",,)##,"&$"%#?
2979. " f(x + π) ≡ f(x), "!# f(x) !!$ (−π,π) "",,)##,"&$

"%#?
2980. ##,%" 2π "!# y = f(x), "!&): (a) "$ (0, 0),

(
±π

2
, 0
)
"

%(!-; (b) "(-)$"%(!-%" x = ±π
2
"%(+, -"!#",,)&#

an, bn (n = 1, 2, · · · ) ,"&$"%#?
2981. "

ϕ(−x) ≡ ψ(x),
-!# ϕ(x) ( ψ(x) ",,)&# an, bn ( αn,βn (n = 0, 1, 2, · · · ) *$"&%&?

2982. "
ϕ(−x) ≡ −ψ(x),

-!# ϕ(x) ( ψ(x) ",,)&# an, bn ( αn,βn (n = 0, 1, 2, · · · ) *$"&%&?
2983. +.,%" 2π "!$!# f(x) ",,)&#" an, bn (n = 0, 1, 2, · · · ),

-!!“$,” #"!# f(x + h) (h "$#) ",,)&# an, bn (n = 0, 1, 2, · · · ).
2984. +.,%" 2π "!$!# f(x) ",,)&#" an, bn (n = 0, 1, 2, · · · ),

-!!!"""!##

fh(x) =
1
2h

∫ x+h

x−h
f(ξ)dξ

",,)&# An, Bn (n = 0, 1, 2, · · · ).
2985. ( f(x) )" 2π ",%")'!#, " an, bn (n = 0, 1, 2, · · · ) "!,,)

&#. ##!##
F (x) =

1
π

∫ π

−π
f(t)f(x + t)dt

",,)&# An, Bn (n = 0, 1, 2, · · · ). $%$4"&(, "!%"!#!!!.

§7. !!!!#

1. !!!!#. "
un = vn+1 − vn (n = 1, 2, · · · ) ) lim

n→∞
vn = v∞,

"
∞X

n=1

un = v∞ − v1.

%)-, "
un =

1
anan+1 · · · an+m

,

!!# ai (i = 1, 2, · · · ) &#" d "!""'"#", "

vn = − 1
md

· 1
anan+1 · · · an+m−1

.
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!!*)&", ..###!$"""+.##"(#&):
∞X

n=1

(−1)n+1

n
= ln 2;

∞X

n=1

1
n2

=
π2

6
;

∞X

n=1

(−1)n+1

n2
=
π2

12
, ''.

2. !!!$#. "##
∞X

n=0

an !", "

∞X

n=0

an = lim
x→1−0

∞X

n=0

anxn.

!'(%"/)!, !0/#$#)()!$#$()!#!##
∞X

n=0

anxn "#.

3. !"!!!!#. "'###
∞X

n=0

an cos nx )
∞X

n=1

bn sin nx

"#, ($#$(."(#!""!##
∞X

n=0

anzn (!! z = eix) "#"%*, "##(.""

!##"#".*"&#.

!/5)&", $,-%/##
∞X

n=1

zn

n
= ln

1
1 − z

(|z| < 1).

#""##"#:

2986.
1

1 · 3 +
1

3 · 5 +
1

5 · 7 + · · · . 2987.
1

1 · 2 · 3 +
1

2 · 3 · 4 +
1

3 · 4 · 5 + · · · .

2988.
1

1 · 2 − 1
2 · 3 +

1
3 · 4 − 1

4 · 5 + · · · .

2989.
∞∑

n=1

n

(n + 1)(n + 2)(n + 3)
.

2990.
∞∑

n=1

1
n(n + m)

(m "%##). 2991.
1

1 · 2 · 3 +
1

3 · 4 · 5 +
1

5 · 6 · 7 + · · · .

2992.
∞∑

n=2

1
n2 − 1

. 2993.
∞∑

n=1

2n + 1
n2(n + 1)2

.

2994.
∞∑

n=1

1
n(2n + 1)

. 2995.
∞∑

n=1

n2

n!
.

2996.
∞∑

n=0

2n(n + 1)
n!

. 2997.
∞∑

n=1

1
n2(n + 1)2

.

2998.
∞∑

n=1

1
n2(n + 1)2(n + 2)2

. 2999.
∞∑

n=0

(−1)nn

(2n + 1)!
.

3000.
∞∑

n=2

(−1)n

n2 + n − 2
.
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3001. ( P (x) = a0 + a1x + · · · + amxm. ###
∞∑

n=1

P (n)
n!

xn "#.

#""##"#:

3002.
∞∑

n=0

n2 + 1
2nn!

xn. 3003.
∞∑

n=0

(−1)nn3

(n + 1)!
xn.

3004.
∞∑

n=0

(−1)n(2n2 + 1)
(2n)!

x2n. 3005.
∞∑

n=0

n2xn

(2n + 1)!
.

$%$#)()###"#:

3006.
∞∑

n=1

xn

n
. 3007.

∞∑

n=1

(−1)n−1x2n

n(2n − 1)
.

3008.
∞∑

n=0

x4n+1

4n + 1
.

3009.
∞∑

n=1

a(a + d) · · · [a + (n − 1)d]
d · 2d · · ·nd

xn (d > 0). !$: % 1 − x %##")#.

3010.
1
3
· x

2
+

1 · 4
3 · 6 ·

(x

2

)2
+

1 · 4 · 7
3 · 6 · 9 ·

(x

2

)3
+ · · · .

$%$#$()###"#:

3011.
∞∑

n=1

n2xn−1. 3012.
∞∑

n=1

n(n + 2)xn.

3013.
∞∑

n=0

(2n + 1)x2n

n!
.

$%$.+&), #""##"#:

3014. 1 − 1
4

+
1
7
− 1

10
+ · · · . 3015. 1 − 1

3
+

1
5
− 1

7
+ · · · .

3016. 1 − 1
2

+
1 · 3
2 · 4 − 1 · 3 · 5

2 · 4 · 6 + · · · . 3017. 1 +
1
2
· 1
3

+
1 · 3
2 · 4 · 1

5
+ · · · .

#""$-##"#:

3018.
∞∑

n=1

sin nx

n
. 3019.

∞∑

n=1

cosnx

n
.

3020.
∞∑

n=1

sin nα sin nx

n
. 3021.

∞∑

n=1

sin2 nα sinnx

n

(
0 < α <

π

2

)
.

3022.
∞∑

n=1

sin(2n − 1)x
2n − 1

. 3023.
∞∑

n=2

(−1)n cosnx

n2 − 1
.



§8. $"!!!!!" · 207 ·

3024.
∞∑

n=1

cos(2n − 1)x
(2n − 1)2

3025.
∞∑

n=1

(−1)n−1 sinnx

n(n + 1)
.

3026.
∞∑

n=0

cosnx

n!
.

3027. '!&(
∞∑

n=1

sin nx sin ny

n2
= 0.

#""##"#:

3028.
∞∑

n=1

[(n − 1)!]2

(2n)!
(2x)2n. 3029.

∞∑

n=0

(n!)2

(2n)!
xn.

3030.
1!

x + 1
+

2!
(x + 1)(x + 2)

+
3!

(x + 1)(x + 2)(x + 3)
+ · · · .

3031.
a1

a2 + x
+

a1

a2 + x
· a2

a3 + x
+ · · · , ! x > 0, an > 0 (n = 1, 2, · · · ) "##

∞∑

n=1

1
an

##"),".

3032.
x

1 − x2
+

x2

1 − x4
+

x4

1 − x8
+ · · · , " (a) |x| < 1; (b) |x| > 1.

3033.
∞∑

n=1

xn+1

(1 − xn)(1 − xn+1)
, " (a) |x| < 1; (b) |x| > 1.

§8. $"!!!!!"

$%($!#"###""!!""$(:

3034.
∫ 1

0
ln

1
1 − x

dx. 3035.
∫ 1

0

ln(x +
√

1 + x2)
x

dx.

3036.
∫ 1

0

ln(1 + x)
x

dx. 3037.
∫ 1

0
xp−1 ln(1 − xq)dx (p > 0, q > 0).

3038.
∫ 1

0
ln x ln(1 − x)dx. 3039.

∫ +∞

0

xdx

e2πx − 1
.

3040.
∫ +∞

0

xdx

ex + 1
.

3041. ")# k (0 ! k < 1) "%###!#"""'"""!!#

F (k) =
∫ π

2

0

dϕ√
1 − k2 sin2 ϕ

.

3042. ")# k (0 ! k < 1) "%###!#""$'"""!!#

E(k) =
∫ π

2

0

√
1 − k2 sin2 ϕdϕ.
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3043. $%"$'--("%###!#""##!$$'
x = a cos t, x = b sin t (0 ! t ! 2π)

"%'.

'$""'":

3044.
∫ 1

0

dx

xx
=

∞∑

n=1

1
nn

.

3045.
∫ +∞

0
e−x2

sin axdx =
1
2

∞∑

n=0

(−1)nn!
(2n + 1)!

a2n+1.

3046.
∫ 2π

0
ecos x cos(sin x) cos nxdx =

π

n!
(n = 0, 1, 2, · · · ).

#:

3047.
∫ 2π

0
ea cos x cos(a sinx − nx)dx (n )%##).

3048.
∫ π

0

x sin x

1 − 2α cosx + α2
dx. !$: +#+* 2864.

3049.
∫ π

0
ln(1 − 2α cosx + α2)dx.

3050. '$!":∫ +∞

0

e−x

a + x
dx =

1
a
− 1!

a2
+

2!
a3

− · · · + (−1)n−1 (n − 1)!
an

+ (−1)n θnn!
an+1

, (1)

!! a > 0 " 0 < θn < 1. "#!" (1) !((#!!$$(∫ +∞

0

e−x

100 + x
dx,

!*.)&?

§9. #"!!

1. #"!!""%!. %#(%%$

p1p2 · · · pn · · · =
∞Y

n=1

pn, (1)

""!"!""&#$""!

lim
n→∞

nY

i=1

pi = lim
n→∞

Pn = P ,

"(%$ (1) )"##.

" P = 0 ".) pn !(#"$, "(%$ (1) %#"#; !$,")&""((%%$"
#"#.

%$ (1) "!"#(##
∞X

n=n0

ln pn (2)
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"!"#)#$". !"#""-),"
lim

n→∞
pn = 1.

" pn = 1 + αn (n = 1, 2, · · · ) " αn '&*, "%$ (1) !"")("-),"##

∞X

n=1

αn =
∞X

n=1

(pn − 1) (3)

!".

!#%)&", ( αn '/*+!"-*"## (3) !"&, %$ (1) (##
∞X

n=1

α2
n =

∞X

n=1

(pn − 1)2

!&!"!!&##, "!##")&", %$###$.

2. #$"%!. "## (2) $%!"!),!", "(%$ (1) $$"#!## (&$$)

!". ## (3) $%!")%$ (1) $%!"")("-),.

3. "!"#"!!#!. ( −∞ < x < +∞ &"#""

sin x = x
∞Y

n=1

„
1 − x2

n2π2

«
, cos x =

∞Y

n=1

»
1 − 4x2

(2n − 1)2π2

–
.

%)-, '6#", ( x =
π

2
&4#(!#!

π

2
=

∞Y

n=1

2n
2n − 1

· 2n
2n + 1

.

'$""'":

3051.
∞∏

n=2

(
1 − 1

n2

)
=

1
2
. 3052.

∞∏

n=2

n3 − 1
n3 + 1

=
2
3
.

3053.
∞∏

n=2

[
1 − 2

n(n + 1)

]
=

1
3
. 3054.

∞∏

n=0

[
1 +

(
1
2

)2n]
= 2.

3055.
∞∏

n=1

cos
π

2n+1
=

2
π

. 3056.
∞∏

n=1

cos
x

2n
=

sin x

x
.

3057.
∞∏

n=1

cosh
x

2n
=

sinh x

x
. 3058.

∞∏

n=0

(
1 + x2n

)
=

1
1 − x

(|x| < 1).

3059.
π

2
=

2√
2
· 2√

2 +
√

2
· 2√

2 +
√

2 +
√

2
· · · .

3060.
∞∏

n=1

3n

3n − 1
· 3n

3n + 1
=

2π
3
√

3
.

'$""(%%$"!"#%#!!):

3061.
∞∏

n=3

n2 − 4
n2 − 1

. 3062.
∞∏

n=1

[
1 +

1
n(n + 2)

]
.
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3063.
∞∏

n=1

(2n + 1)(2n + 7)
(2n + 3)(2n + 5)

. 3064.
∞∏

n=1

a
(−1)n

n (a > 0).

3065. !''%$
∞∏

n=1

pn (
∞∏

n=1

qn "!"#4!""%$"!"#?

(a)
∞∏

n=1

(pn + qn); (b)
∞∏

n=1

p2
n; (c)

∞∏

n=1

pnqn; (d)
∞∏

n=1

pn

qn
.

"#""(%%$"!"#:

3066.
∞∏

n=1

1
n

. 3067.
∞∏

n=1

(n + 1)2

n(n + 2)
.

3068.
∞∏

n=1

(
1 +

1
np

)
. 3069.

∞∏

n=2

(
1 − 1

n

)
.

3070.
∞∏

n=2

(
n2 − 1
n2 + 1

)p

.

3071.
∞∏

n=n0

n2 + a1n + b1

n2 + an + b
, !!( n # n0 & n2 + an + b > 0.

3072.
∞∏

n=n0

(n − a1)(n − a2) · · · (n − ap)
(n − b1)(n − b2) · · · (n − bp)

, !! n0 > bi (i = 1, 2, · · · , p).

3073.
∞∏

n=0

√
n + 1
n + 2

. 3074.
∞∏

n=1

n√
n2 + 1

.

3075.
∞∏

n=1

n√
1 +

1
n

. 3076.
∞∏

n=1

n2√
n.

3077.
∞∏

n=1

(
1 +

x

n

)
e−

x
n . 3078.

∞∏

n=1

(
1 − x

c + n

)
e

x
n , !! c > 0.

3079.
∞∏

n=1

(1 − xn). 3080.
∞∏

n=1

(
1 +

xn

2n

)
.

3081.
∞∏

n=1

[
1 +

(
1 +

1
n

)n2

1
xn

]
. 3082.

∞∏

n=1

(
1 − x√

n

)
e

x√
n

+ x2
2n .

3083.
∞∏

n=1

(
1 +

xn

np

)
cos

xn

nq
. 3084.

∞∏

n=1




sin

x

n
x

n





p

.

3085.
∞∏

n=1

n√
ln(n + x) − ln n.
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3086. '$: "##
∞∑

n=1

x2
n !", "%$

∞∏

n=1

cosxn !".

3087. '$: "##
∞∑

n=1

αn $%!", "%$
∞∏

n=1

tan
(π

4
+ αn

) (
|αn| <

π

4

)
!".

"#""(%%$"$%!"##),!"#:

3088.
∞∏

n=1

[
1 +

(−1)n+1

n

]
. 3089.

∞∏

n=1

[
1 +

(−1)n+1

√
n

]
.

3090.
∞∏

n=1

[
1 +

(−1)n+1

np

]
. 3091.

∞∏

n=2

[
1 +

(−1)n

ln n

]
.

3092.
∞∏

n=2

√
n√

n + (−1)n
. 3093.

∞∏

n=1

n(−1)n

.

3094.
∞∏

n=1

n√
n(−1)n . 3095.

∞∏

n=1

[
1 +

(−1)
n(n−1)

2

n

]
.

3096.
(

1 +
1√
1

)(
1 − 1√

3

)(
1 − 1√

5

)(
1 +

1√
2

)(
1 − 1√

7

)(
1 − 1√

9

)
·

(
1 +

1√
3

)
· · · .

3097.
(

1 +
1
1α

)(
1 − 1

2α

)2(
1 +

1
3α

)(
1 +

1
4α

)(
1 − 1

5α

)2 (
1 +

1
6α

)
· · · .

3098. '$: %$(
1 +

1√
2

+
1
2

)(
1 − 1√

2

)(
1 +

1√
3

+
1
3

)(
1 − 1√

3

)
· · ·

!", 1,## (
1√
2

+
1
2

)
+
(
− 1√

2

)
+
(

1√
3

+
1
3

)
+
(
− 1√

3

)
+ · · ·

##.

3099. '$: %$
∞∏

n=1

(1 + αn) !", !!

αn =






−1√
k

, n = 2k − 1,

1√
k

+
1
k

+
1

k
√

k
, n = 2k,

1,##
∞∑

n=1

αn #
∞∑

n=1

α2
n $(##.

3100. (

ζ(x) =
∞∑

n=1

1
nx
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()$ ζ ##), " pn (n = 1, 2, · · · ) )'##". '$:
∞∏

n=1

(
1 − 1

px
n

)−1

= ζ(x).

3101. ( pn (n = 1, 2, · · · ) )'##". '$: %$
∞∏

n=1

(
1 − 1

pn

)−1

###

∞∑

n=1

1
pn

## ($%).

3102. ( an > 0 (n = 1, 2, · · · ), "
an

an+1
= 1 +

p

n
+ O

(
1

n1+ε

)
(ε > 0).

'$:
an = O∗

(
1
np

)
.

!$: "#

lim
n→∞

annp = a1

∞∏

n=1

an+1

an

(
1 +

1
n

)p

.

3103. $%/$(!"'$:
1 · 3 · 5 · · · (2n − 1)

2 · 4 · 6 · · · (2n)
∼ 1√

πn
.

3104. '$: !("
an =

n!en

nn+ 1
2

( n → ∞ &"&#$""! A. '!"!(%)!"
n! = Ann+ 1

2 e−n(1 + εn),

!! lim
n→∞

εn = 0, A =
√

2π.

!$: #$#"!!$"(%%$"&":

A = lim
n→∞

an = a1

∞∏

n=1

an+1

an
.

"'!!$# A, !$%/$(!".
3105. ).$%"!%, Γ ## Γ(x) '"%"!"!!!:

Γ(x) = lim
n→∞

n!nx

x(x + 1) · · · (x + n)
.

).!!", (a) #!# Γ(x) !$"(%%$"&"; (b) '$: Γ(x) %#'"$##
"#'%# x 2"(%; (c) '$#": Γ(x + 1) = xΓ(x); (d) %#%## n # Γ(n)
*).

3106. (!# f(x) !$!$ [a, b] % ($%) !$, "

δn =
b − a

n
, fin = f(a + iδn) (i = 1, 2, · · · , n).

'$:

lim
n→∞

n∏

i=1

(1 + δnfin) = e
R b

a f(x) dx.
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3107. '$:

lim
n→∞

n
√√√√

n−1∑

i=0

(a + ib)

1
n

n−1∑

i=0

(a + ib)

=
2
e
,

!! a > 0, b > 0.
3108. ( fn(x) (n = 1, 2, · · · ) "!$ (a, b) %")'!#" |fn(x)| ! cn (n =

1, 2, · · · ), "##
∞∑

n=1

cn !". '$: !#

F (x) =
∞∏

n=1

[1 + fn(x)] (|fn(x)| < 1)

!!$ (a, b) %))'".
3109. #!#

F (x) =
∞∏

n=1

[1 + fn(x)]

")#*!(". F ′(x) "!")(),"&?

3110. '$: " 0 < x < y, " lim
n→∞

x(x + 1) · · · (x + n)
y(y + 1) · · · (y + n)

= 0.

§10. "#!##

!$!#!

n! =
√

2πn nne−n+ θn
12n (0 < θn < 1)

!%!!!() n /)&" n!.

$%(%)!", )&-!!:
3111. lg 100!. 3112. 1 · 3 · 5 · · · 1999.

3113.
1 · 3 · 5 · · · 99
2 · 4 · 6 · · · 100

. 3114. C40
100.

3115.
100!

20!30!50!
. 3116.

∫ 1

0
(1 − x2)50 dx.

3117.
∫ 2π

0
sin200 xdx.

3118. "!%$ (2n − 1)!! = 1 · 3 · 5 · · · (2n − 1) "-)!".
3119. " n /), )&-!! Cn

2n.
3120. $%(%)!"#"""!:

(a) lim
n→∞

n2√
n!; (b) lim

n→∞

n
n√
n!

;
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(c) lim
n→∞

n
n√
(2n − 1)!!

; (d) lim
n→∞

ln n!
ln nn

.

§11. "%!##$&""!

1. '$("""##. !!"!%!!

Pn(x) =
nX

i=0

(x − x0) · · · (x − xi−1)(x − xi+1) · · · (x − xn)
(xi − x0) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn)

yi

,"#" Pn(xi) = yi (i = 0, 1, · · · , n).

2. $%"$%!#. " f(x) )$!$ [0, 1] %")'!#, ""'!%%!!

Bn(x) =
nX

i=0

f

„
i
n

«
Ci

nxi(1 − x)n−i

( n → ∞ &!$!$ [0, 1] %#0!"#!# f(x).

3121. #!&!$""!()"'7#" n #5#" Pn(x):

x −2 0 4 5

y 5 1 −3 1

Pn(−1), Pn(1), Pn(6) )&-'#0&?
3122. $!3- A(x0 − h, y−1), B(x0, y0), C(x0 + h, y1) $$""+("&&

y = ax2 + bx + c.

3123. $%#) x0 = 1, y0 = 1; x1 = 25, y1 = 5; x2 = 100, y2 = 10 "!"$&
) y =

√
x (1 ! x ! 100) ")&!".

3124. $%#)
sin 0◦ = 0, sin 30◦ =

1
2
, sin 90◦ = 1

"!)"&"")&!":

sinx◦ ≈ ax + bx3 (0 ! x ! 90; x = arc x◦).

$%$#!", )&-# sin 20◦, sin 40◦, sin 80◦.
3125. ($ xi = 0, ±1

2
, ±1 "+)4$, %!# f(x) = |x| !$!$ [−1, 1] %

"!%+0*+)5#".

3126. "%+0*5#"*(!# y(x), )&-!!
∫ 2

0
y(x)dx, !!

x 0 0.5 1 1.5 2

y(x) 5 4.5 3 2.5 5

3127. %#!# x, x2, x3, -!$!$ [0, 1] %"!0.(+5#" Bn(x).
3128. %#$!$ [a, b] %"+.!# f(x), $!0.(+5#" Bn(x) "!".
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3129. !$!$ [−1, 1] %%0.(+5#" B4(x) 1)!# f(x) =
|x| + x

2
.

"!!# y =
|x| + x

2
# y = B4(x) "&).

3130. ! −1 ! x ! 1 &%&##0.(+5#"1)!# f(x) = |x|.
3131. %#!# f(x) = ekx (a ! x ! b), $!0.(+5#" Bn(x).

3132. %#!# f(x) = cosx, !$!$ −π
2

! x ! π
2

%!!5#" Bn(x).

3133.1. '$: !$!$ [−1, 1] % |x| = lim
n→∞

Pn(x), !!

Pn(x) = 1 − 1 − x2

2
−

n∑

i=2

1 · 3 · · · (2i − 3)
2 · 4 · · · (2i)

(1 − x2)i.

3133.2. ( f(x) ∈ C[a, b], "

Mk =
∫ b

a
xkf(x)dx = 0 (k = 0, 1, 2, · · · ).

'$: ( x ∈ [a, b] & f(x) ≡ 0.
!$: $%%#%5#"1))'!#"0+(%%(!1.
3134. ( f(x) )" 2π ",%"!#, !$!$ [−π,π] %)', " an, bn (n =

0, 1, 2, · · · ) )"",,)&#. '$: //+$-5#"

σn(x) =
a0

2
+

n−1∑

i=1

(
1 − i

n

)
(ai cos ix + bi sin ix)

!!$ [−π,π] %#0!"#!# f(x).
3135. %#!#

f(x) = |x| (−π ! x ! π),
"!//+5#" σ2n−1(x).





!!!"

"!!!





!!" "!!!!"!

§1. !!#!!. !"#

1. !!#!!.!!" f(P ) = f(x1, x2, · · · , xn) !! P0 !!!!""" E !!#". "
$"## ε > 0, !! δ = δ(ε, P0) > 0, #%!# P ∈ E # 0 < ρ(P,P0) < δ, !" ρ(P,P0) !
P $ P0 !!$"!!, "!

|f(P ) − A| < ε,

"!"!
lim

P→P0
f(P ) = A.

2. !"#. "

lim
P→P0

f(P ) = f(P0),

"!!" f(P ) ! P0 !!!!". "!" f(P ) !"!!#!""$!"!, "!!" f(P ) !
!!!!!!!".

3. !!!"#. "$""$" ε > 0 &!!#$ ε !%" δ > 0, #%$"!# G ""#
#! P ′, P ′′, !#

ρ(P ′, P ′′) < δ,

!"#"'$
|f(P ′) − f(P ′′)| < ε,

"!!" f(P ) !!# G !%!!!!".

!$#!#!""!!"!"!#!%$#"!".

$#$!#"!!""!!#:
3136. u = x +

√
y. 3137. u =

√
1 − x2 +

√
y2 − 1.

3138. u =
√

1 − x2 − y2. 3139. u =
1√

x2 + y2 − 1
.

3140. u =
√

(x2 + y2 − 1)(4 − x2 − y2). 3141. u =

√
x2 + y2 − x

2x − x2 − y2
.
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3142. u =
√

1 − (x2 + y)2. 3143. u = ln(−x − y).

3144. u = arcsin
y

x
. 3145. u = arccos

x

x + y
.

3146. u = arcsin
x

y2
+ arcsin(1 − y). 3147. u =

√
sin(x2 + y2).

3148. u = arccos
z√

x2 + y2
. 3149. u = ln(xyz).

3150. u = ln(−1 − x2 − y2 + z2).

!#"!!""'$#:
3151. z = x + y. 3152. z = x2 + y2.
3153. z = x2 − y2. 3154. z = (x + y)2.

3155. z =
y

x
. 3156. z =

1
x2 + 2y2

.

3157. z =
√

xy. 3158. z = |x| + y.
3159. (a) z = |x| + |y|− |x + y|; (b) z = min{x, y};

(c) z = max{|x|, |y|}; (d) z = min{x2, y}.

3160. z = e
2x

x2+y2 . 3161. z = xy (x > 0).

3162. z = xye−x (x > 0). 3163. z = ln

√
(x − a)2 + y2

(x + a)2 + y2
(a > 0).

3164. z = arctan
2ay

x2 + y2 − a2
(a > 0). 3165. z = sgn(sin x sin y).

""!!""'$#:
3166. u = x + y + z. 3167. u = x2 + y2 + z2.
3168. u = x2 + y2 − z2. 3169. u = (x + y)2 + z2.
3170. u = sgn sin(x2 + y2 + z2).

#%##"%%"$"&!#&:
3171. z = f(y − ax). 3172. z = f(

√
x2 + y2).

3173. z = xf
( y

x

)
. 3174. z = f

( y

x

)
.

3175. !#!"
F (t) = f(cos t, sin t)

"!$, $"

f(x, y) =

{
1, y ! x,

0, y < x.

3176. "
f(x, y) =

2xy

x2 + y2
,
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" f
(
1,

y

x

)
.

3177. "

f
(y

x

)
=
√

x2 + y2

x
(x > 0),

" f(x).
3178. !

z =
√

y + f(
√

x − 1).
"( y = 1 & z = x, "!" f $ z.

3179. !
z = x + y + f(x − y).

"( y = 0 & z = x2, "!" f $ z.

3180. " f
(
x + y,

y

x

)
= x2 − y2, " f(x, y).

3181. '$: $"!"
f(x, y) =

x − y

x + y
,

!
lim
x→0

{
lim
y→0

f(x, y)
}

= 1, lim
y→0

{
lim
x→0

f(x, y)
}

= −1,

## lim
x→0
y→0

f(x, y) "!!.

3182. '$: $"!"

f(x, y) =
x2y2

x2y2 + (x − y)2
,

!
lim
x→0

{
lim
y→0

f(x, y)
}

= lim
y→0

{
lim
x→0

f(x, y)
}

= 0,

%# lim
x→0
y→0

f(x, y) "!!.

3183.1. '$: $"!"
f(x, y) = (x + y) sin

1
x

sin
1
y
,

$$!! lim
x→0

{
lim
y→0

f(x, y)
}

$ lim
y→0

{
lim
x→0

f(x, y)
}

"!!, )!! lim
x→0
y→0

f(x, y) = 0.

3183.2. %$!!!!
lim
x→0
y→0

2xy

x2 + y2
?

3183.3. ( t → +∞ &, !"
f(x, y) = x2e−(x2−y)

$#&'# x = t cosα, y = t sinα (0 " t < +∞) "!!'"(%? ( x → +∞, y →
+∞ &, !$!"!"!#$%%?

3184. " lim
x→a

{
lim
y→b

f(x, y)
}

# lim
y→b

{
lim
x→a

f(x, y)
}

:
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(a) f(x, y) =
x2 + y2

x2 + y4
, a = ∞, b = ∞; (b) f(x, y) =

xy

1 + xy
, a = ∞, b = +0;

(c) f(x, y) = sin
πx

2x + y
, a = ∞, b = ∞;

(d) f(x, y) =
1
xy

tan
xy

1 + xy
, a = 0, b = ∞;

(e) f(x, y) = logx(x + y), a = 1, b = 0.

""!!(!!:

3185. lim
x→∞
y→∞

x + y

x2 − xy + y2
. 3186. lim

x→∞
y→∞

x2 + y2

x4 + y4
.

3187. lim
x→0
y→a

sin xy

x
. 3188. lim

x→+∞
y→+∞

(x2 + y2)e−(x+y).

3189. lim
x→+∞
y→+∞

(
xy

x2 + y2

)x2

. 3190. lim
x→0
y→0

(x2 + y2)x2y2
.

3191. lim
x→∞
y→a

(
1 +

1
x

) x2
x+y

. 3192. lim
x→1
y→0

ln(x + ey)√
x2 + y2

.

3193. " x = ρ cosϕ, y = ρ sinϕ, $$#'""% ϕ !!!!"!!$:

(a) lim
ρ→+0

e
x

x2+y2 ; (b) lim
ρ→+∞

ex2−y2 · sin 2xy.

""!!""$*!:

3194. u =
1√

x2 + y2
. 3195. u =

xy

x + y
.

3196. u =
x + y

x3 + y3
. 3197. u = sin

1
xy

.

3198. u =
1

sin x sin y
. 3199. u = ln(1 − x2 − y2).

3200. u =
1

xyz
.

3201. u = ln
1√

(x − a)2 + (y − b)2 + (z − c)2
.

3202. '$: (a) !"

f(x, y) =






2xy

x2 + y2
, x2 + y2 %= 0,

0, x2 + y2 = 0
%%$"$"&% x " y (("$&%"$&#&) %"!", )$$&&%""""
%"!";

(b) !"

f(x, y) =






x2y

x4 + y4
, x2 + y2 %= 0,

0, x2 + y2 = 0
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!! O(0, 0) %$'"!""$'#
x = t cosα, y = t sinα (0 " t < +∞)

"!, %!!
lim
t→0

f(t cosα, t sinα) = f(0, 0),

)"!"!! (0, 0) $&"!".
3203.1. "&##!"

u = 2x − 3y + 5
!"# E2 = {|x| < +∞, |y| < +∞} !"$#"!#.

3203.2. "&!"
u =

√
x2 + y2

!"# E2 = {|x| < +∞, |y| < +∞} !"$#"!#.
3203.3. !"

f(x, y) = sin
π

1 − x2 − y2

!!# x2 + y2 < 1 !%$$#"!?
3203.4. !#!"

u = arcsin
x

y
.

"!"!!#"# E !%$"!? %$$#"!?

3204. '$: !"

f(x, y) =





x sin

1
y
, y %= 0,

0, y = 0
"$*!""""%#".

3205. '$: "!" f(x, y) !"!# G !$&% x %"!", #%" x $&% y

%$#"!", ""!"!$!#!%"!".
3206. '$: "!"!# G !!" f(x, y) $&% x %"!", $##$&% y "

"!!"!!, %
|f(x, y′) − f(x, y′′)| " L |y′ − y′′| ,

$" (x, y′) ∈ G, (x, y′′) ∈ G, # L !%", ""!"!$!#!%"!".
3207. '$: "!" f(x, y) %%$"$"&% x $ y %"!", $$!""$"

%&+", ""!"$&"&%"""%"!" (""##).
3208. !!" f(x, y) !!# a " x " A, b " y " B !%"!", #!"'!

ϕn(x) (n = 1, 2, · · · ) ! [a, A] !$#)'$###& b " ϕn(x) " B. '$: !"'!

Fn(x) = f(x,ϕn(x)) (n = 1, 2, · · · )

(! [a, A] !$#)'.
3209.!: 1) !" f(x, y) !!# R (a < x < A; b < y < B) !"!; 2) !" ϕ(x)
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!!$ (a, A) !"!, %!"$*"!$ (b, B). '$: !"
F (x) = f(x,ϕ(x))

!!$ (a, A) !"!.
3210. !: 1) !" f(x, y) !!# R (a < x < A; b < y < B) !"!; 2) !"

x = ϕ(u, v) # y = ψ(u, v) !!# R′ (a′ < u < A′; b′ < v < B′) !"!, %!"$%
%*"!$ (a, A) $ (b, B). '$: !"

F (u, v) = f(ϕ(u, v), ψ(u, v))

!!# R′ !"!.

§2. !$!. !!#!"

1. !$!. !",%!""#-"&, "'#"#&""!#-"'"!, ""-"(($
"-"$'#%.

2. !!#!". "$&% x, y, z "!" f(x, y, z) "&&%!(!!")$:

∆f(x, y, z) = A∆x + B∆y + C∆z + o(ρ),

$" A, B, C $ ∆x, ∆y,∆z #%# ρ =
p

(∆x)2 + (∆y)2 + (∆z)2, "!!" f(x, y, z) !!
(x, y, z) !!, #&%"##'% A∆x + B∆y + C∆z, %

df(x, y, z) = f ′
x(x, y, z) dx + f ′

y(x, y, z) dy + f ′
z(x, y, z) dz (1)

(!" dx = ∆x, dy = ∆y, dz = ∆z), !!"!""!!.

(&% x, y, z %!$$&%"!%!"&, %$ (1) '!!&".

" x, y, z !$&%, %!" f(x, y, z) !"!")* n )"#-", "$"!!"!!, !'
)%$

dnf(x, y, z) =

„
dx

∂
∂x

+ dy
∂
∂y

+ dz
∂
∂z

«n

f(x, y, z).

3. !"!!#$!. " w = f(x, y, z) !%, % x = ϕ(u, v), y = ψ(u, v), z = χ(u, v), #
!" ϕ,ψ,χ (!%, "

∂w
∂u

=
∂w
∂x

∂x
∂u

+
∂w
∂y

∂y
∂u

+
∂w
∂z

∂z
∂u

,

∂w
∂v

=
∂w
∂x

∂x
∂v

+
∂w
∂y

∂y
∂v

+
∂w
∂z

∂z
∂v

.

'#!" w "!)-"&%*%"!')%$:

∂2w
∂u2

=

„
P1

∂
∂x

+ Q1
∂
∂y

+ R1
∂
∂z

«2

w +
∂P1

∂u
∂w
∂x

+
∂Q1

∂u
∂w
∂y

+
∂R1

∂u
∂w
∂z

,

∂2w
∂u∂v

=

„
P1

∂
∂x

+ Q1
∂
∂y

+ R1
∂
∂z

« „
P2

∂
∂x

+ Q2
∂
∂y

+ R2
∂
∂z

«
w

+
∂P1

∂v
∂w
∂x

+
∂Q1

∂v
∂w
∂y

+
∂R1

∂v
∂w
∂z

,
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!"
P1 =

∂x
∂u

, Q1 =
∂y
∂u

, R1 =
∂z
∂u

;

P2 =
∂x
∂v

, Q2 =
∂y
∂v

, R2 =
∂z
∂v

.

4. #"$!. "%"%&' {cosα, cosβ, cos γ} (+ Qxyz "$!""% l, %!"
u = f(x, y, z) !%, """" l "$#!"$('#:

∂u
∂l

=
∂u
∂x

cosα+
∂u
∂y

cosβ +
∂u
∂z

cos γ.

!"!!#!"%'&&%."'%$"%!%$"%%!#, &"%!#""%

grad u =
∂u
∂x

i +
∂u
∂y

j +
∂u
∂z

k,

!'%'"

| grad u| =

s„
∂u
∂x

«2

+

„
∂u
∂y

«2

+

„
∂u
∂z

«2

.

3211.1. '$:
f ′

x(x, b) =
d
dx

[f(x, b)] .
3211.2. !

f(x, y) = x + (y − 1) arcsin
√

x

y
,

" f ′
x(x, 1).
3212.1. ! f(x, y) = 3

√
xy, " f ′

x(0, 0) $ f ′
y(0, 0). "!"!! O(0, 0) %$!%?

3212.2. !" f(x, y) = 3
√

x3 + y3 !! O(0, 0) %$!%?
3212.3. "&!"

f(x, y) =

{
e−

1
x2+y2 , x2 + y2 > 0,

0, x2 + y2 = 0
!! O(0, 0) "!%#.

""!!""$)$!)#-":

3213. u = x4 + y4 − 4x2y2. 3214. u = xy +
x

y
.

3215. u =
x

y2
. 3216. u =

x√
x2 + y2

.

3217. u = x sin (x + y). 3218. u =
cosx2

y
.

3219. u = tan
x2

y
. 3220. u = xy.

3221. u = ln(x + y2). 3222. u = arctan
y

x
.

3223. u = arctan
x + y

1 − xy
. 3224. u = arcsin

x√
x2 + y2

.
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3225. u =
1√

x2 + y2 + z2
. 3226. u =

(
x

y

)z

.

3227. u = x
y
z . 3228. u = xyz

.

3229. ! (a) u = x2 − 2xy − 3y2; (b) u = xy2
; (c) u = arccos

√
x

y
, )''$

∂2u

∂x∂y
=

∂2u

∂y∂x
.

3230.1. !

f(x, y) =





xy

x2 − y2

x2 + y2
, x2 + y2 %= 0,

0, x = y = 0.

'$:
f ′′

xy(0, 0) %= f ′′
yx(0, 0).

3230.2. !

f(x, y) =






2xy

x2 + y2
, x2 + y2 > 0,

0, x = y = 0,

%$!! f ′′
xy(0, 0)?

3231. !u=f(x, y, z)!n $$$!", ""!&))'%"$$!""#*#+:

(a) u = (x − 2y + 3z)2; (b) u =
x√

x2 + y2 + z2
; (c) u =

(
x

y

) y
x

.

3232. '$: "!%!" u = f(x, y, z) ##"$

x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= nu,

"&! n $$$!".

#$: "&'+!" F (t) =
f(tx, ty, tz)

tn
.

3233. '$: " f(x, y, z)%!%" n $$$!", "!#-" f ′
x(x, y, z), f ′

y(x, y, z),
f ′

z(x, y, z) % n − 1 $$$!".
3234. ! u = f(x, y, z) %!)!%" n $$$!", '$ 1©:(

x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)2

u = n(n − 1)u.

""!!""$)$!)%% (x, y, z !$&%):

3235. u = xmyn. 3236. u =
x

y
. 3237. u =

√
x2 + y2.

3238. u = ln
√

x2 + y2. 3239. u = exy. 3240. u = xy + yz + zx.

3241. u =
z

x2 + y2
.

1©!'"*%&""(+, '$&)"'(()(+

x2 ∂2u

∂x2
+ y2 ∂2u

∂y2
+ z2 ∂2u

∂z2
+ 2xy

∂2u

∂x∂y
+ 2yz

∂2u

∂y∂z
+ 2zx

∂2u

∂z∂x
,

#"(+,)""#'"!&$!%"!" u. ($ 3315 ""()%-(". —— *(
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3242. ! f(x, y, z) =
z√x

y
, " df(1, 1, 1) # d2f(1, 1, 1).

3243. '$: " u =
√

x2 + y2 + z2, " d2u ! 0.
3244. )! x, y "*$$,%, $"!&$%#+(%$:

(a) (1 + x)m(1 + y)n; (b) ln(1 + x) · ln(1 + y); (c) arctan
x + y

1 + xy
.

3245. %%%((&!""&%, +(/'#:

(a) 1.002 · 2.0032 · 3.0043; (b)
1.032

3
√

0.98 · 4
√

1.053
;

(c)
√

1.023 + 1.973; (d) sin 29◦ · tan 46◦; (e) 0.971.05.
3246. !,)") x = 6m, y = 8m. "0$")&* 2mm, #0!")+,

5mm, ",)"$-#$##&$,,?
3247. "()""+- α = 60◦ &* ∆α = 1◦, "!$#()"##'%"&, !

". R = 20 cm '+,,,?
3248. '$: '#")$'(('"'"")$'(,$.
3249. (*%)-"1". R $( H &%2!"((:

R = 2.5 m ± 0.1 m, H = 4.0 m ± 0.2 m.

("'##")-"#%!#'"*$'( ∆ $)$'( δ?
3250. )-)") a = 200 m ±2 m, b = 300 m ±5 m, &!,$"- C = 60◦±1◦.

("'##")-)0)) c %!#'"*$'(?
3251. '$: !! (0, 0) "!"!"

f(x, y) =
√

|xy|,

!! (0,0) !&"#-" f ′
x(0, 0) $ f ′

y(0, 0), )!! (0,0) "!%. !$-" f ′
x(x, y) $

f ′
y(x, y) !! (0, 0) "%#""#&.

3252. '$: !"

f(x, y) =






xy√
x2 + y2

, x2 + y2 %= 0,

0, x = y = 0
!! (0, 0) "%#""!%!!$"#-" f ′

x(x, y) $ f ′
y(x, y), )"!"!! (0, 0) "

!%.
3253. '$: !"

f(x, y) =





(x2 + y2) sin

1
x2 + y2

, x2 + y2 %= 0,

0, x = y = 0
!! (0, 0) "%#"!#-" f ′

x(x, y) $ f ′
y(x, y), $&#-"!! (0, 0) %""!",

%!"!"##%#"%#$"; %#, "!"!! (0, 0) !%.
3254. '$: !"'!# E !/!!$#-" f ′

x(x, y) $ f ′
y(x, y) "!" f(x, y)

!"!#!$#"!.
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3255. '$: "!" f(x, y) $&% x "! ($"$"&#"$ y) %!$&% y "
!$"-" f ′

y(x, y), ""!"$&% x $ y """%"!".

!"!&$"""!#-":

3256.
∂4u

∂x4
,
∂4u

∂x3∂y
,

∂4u

∂x2∂y2
,

u = x − y + x2 + 2xy + y2 + x3 − 3x2y − y3 + x4 − 4x2y2 + y4.

3257.
∂3u

∂x2∂y
, u = x ln(xy). 3258.

∂6u

∂x3∂y3
, u = x3 sin y + y3 sinx.

3259.
∂3u

∂x∂y∂z
, u = arctan

x + y + z − xyz

1 − xy − xz − yz
.

3260.
∂3u

∂x∂y∂z
, u = exyz.

3261.
∂4u

∂x∂y∂ξ∂η
, u = ln

1√
(x − ξ)2 + (y − η)2

.

3262.
∂p+qu

∂xp∂yq
, u = (x − x0)p(y − y0)q.

3263.
∂m+nu

∂xm∂yn
, u =

x + y

x − y
. 3264.

∂m+nu

∂xm∂yn
, u = (x2 + y2)ex+y.

3265.
∂p+q+ru

∂xp∂yq∂zr
, u = xyzex+y+z.

3266. " f(x, y) = ex sin y, " f (m+n)
xmyn (0, 0).

3267. '$: " u = f(xyz), "
∂3u

∂x∂y∂z
= F (t), $" t = xyz, $"!" F .

3268. !

u = x4 − 2x3y − 2xy3 + y4 + x3 − 3x2y − 3xy2 + y3 + 2x2 − xy + 2y2 + x + y + 1,

" d4u. -" ∂4u

∂x4
,
∂4u

∂x3∂y
,

∂4u

∂x2∂y2
,
∂4u

∂x∂y3
$ ∂4u

∂y4
'"(%?

!"!&$""".#")"&%%:
3269. d3u, " u = x3 + y3 − 3xy(x − y). 3270. d3u, " u = sin(x2 + y2).
3271. d10u, " u = ln(x + y). 3272. d6u, " u = cosx cosh y.
3273. d3u, " u = xyz. 3274. d4u, " u = ln(xxyyzz).
3275. dnu, " u = eax+by. 3276. dnu, " u = X(x)Y (y).
3277. dnu, " u = f(x + y + z). 3278. dnu, " u = eax+by+cz.
3279. ! Pn(x, y, z) ! n $$$,*$. '$:

dnPn(x, y, z) = n!Pn(dx, dy, dz).
3280. !

Au = x
∂u

∂x
+ y

∂u

∂y
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# (a) u =
x

x2 + y2
; (b) u = ln

√
x2 + y2, " Au $ A2u = A(Au).

3281. !
∆u =

∂2u

dx2
+
∂2u

∂y2

# (a) u = sin x cosh y; (b) u = ln
√

x2 + y2, " ∆u.
3282. !

∆1u =
(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2

, ∆2u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

# (a) u = x3 + y3 + z3 − 3xyz; (b) u =
1√

x2 + y2 + z2
, " ∆1u $ ∆2u.

""!)"!""$)$!)-":

3283. u = f(x2 + y2 + z2). 3284. u = f

(
x,

x

y

)
.

3285. u = f(x, xy, xyz).

3286. ! u = f(x + y, xy), " ∂2u

∂x∂y
.

3287. ! u = f(x + y + z, x2 + y2 + z2), " ∆u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
.

""!)"!""$)$!)&%% (x, y # z !$&%):
3288. u = f(t), !" t = x + y. 3289. u = f(t), !" t =

y

x
.

3290. u = f(
√

x2 + y2). 3291. u = f(t), !" t = xyz.
3292. u = f(x2 + y2 + z2). 3293. u = f(ξ, η), !" ξ = ax, η = by.
3294. u = f(ξ, η), !" ξ = x + y, η = x − y.
3295. u = f(ξ, η), !" ξ = xy, η =

x

y
.

3296. u = f(x + y, z). 3297. u = f(x + y + z, x2 + y2 + z2).

3298. u = f

(
x

y
,
y

z

)
.

3299. u = f(x, y, z), !" x = t, y = t2, z = t3 1©.
3300. u = f(ξ, η, ζ), !" ξ = ax, η = by, ζ = cz.
3301. u = f(ξ, η, ζ), !" ξ = x2 + y2, η = x2 − y2, ζ = 2xy.

" dnu, !:
3302. u = f(ax + by + cz). 3303. u = f(ax, by, cz).
3304. u = f(ξ, η, ζ), !"

ξ = a1x + b1y + c1z, η = a2x + b2y + c2z, ζ = a3x + b3y + c3z.

3305. ! u = f(r), !" r =
√

x2 + y2 + z2, # f !!)!%!". '$:
∆u = F (r),

1©"& t !$&%. *(
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!" ∆u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
, ∆ !*%*)#', $"!" F .

3306. ! u $ v !!)!%!", ∆ !*%*)#' (+*($ 3305). '$:
∆(uv) = u∆v + v∆u + 2∆(u, v),

!"
∆(u, v) =

∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
+
∂u

∂z

∂v

∂z
.

3307. '$: !"
u = ln

√
(x − a)2 + (y − b)2 (a $ b !%")

##$!$!"!
∂2u

∂x2
+
∂2u

∂y2
= 0.

3308. '$: "!" u = u(x, y) ##*%*)"$ (+*($ 3307), "!"

v = u

(
x

x2 + y2
,

y

x2 + y2

)

(##""$.
3309. '$: !"

u =
1

2a
√
πt

e−
(x−b)2

4a2t (a $ b !%")

##!#$"!
∂u

∂t
= a2 ∂

2u

∂x2
.

3310. '$: "!" u = u(x, t) ##*)-"$ (+* 3309 $), "!"

v =
1

a
√

t
e−

x2

4a2t u

(
x

a2t
,− 1

a4t

)
(t > 0)

(##$"$.
3311. '$: !"

u =
1
r

(
r =

√
(x − a)2 + (y − b)2 + (z − c)2

)

( r %= 0 &##$!$!"!

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0.

3312. '$: "!" u = u(x, y, z) ##*%*)"$ (+* 3311 $), "!"

v =
1
r
u

(
k2x

r2
,
k2y

r2
,
k2z

r2

)
(k !%", r =

√
x2 + y2 + z2)

(##$"$.
3313. '$: !"

u =
C1e−ar + C2ear

r
(r =

√
x2 + y2 + z2, C1, C2 !%")

##""!!"!
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= a2u.
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3314. !!" u1 = u1(x, y, z) # u2 = u2(x, y, z) ##*%*)"$ ∆u = 0. '
$: !"

v = u1(x, y, z) + (x2 + y2 + z2)u2(x, y, z)
##"&#"!

∆(∆v) = 0.

3315. ! f(x, y, z) % m )!%" n $$$!". '$:(
x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z

)m

f(x, y, z) = n(n − 1) · · · (n − m + 1)f(x, y, z).

3316. "
z = sin y + f(sin x − sin y),

!" f !!%!", -,$(*$
sec x

∂z

∂x
+ sec y

∂z

∂y
.

3317. '$: !"
z = xnf

( y

x2

)

(!" f !#&"!%!") ##"$

x
∂z

∂x
+ 2y

∂z

∂y
= nz.

3318. '$:

z = yf(x2 − y2) (f !#&"!%!")

##"$
y2 ∂z

∂x
+ xy

∂z

∂y
= xz.

3319. "
u =

1
12

x4 − 1
6
x3(y + z) +

1
2
x2yz + f(y − x, z − x),

!" f !!%!", -,$(*$
∂u

∂x
+
∂u

∂y
+
∂u

∂z
.

3320. ! x2 = vw, y2 = uw, z2 = uv, # f(x, y, z) = F (u, v, w), '$:

xf ′
x + yf ′

y + zf ′
z = uF ′

u + vF ′
v + wF ′

w .

)##&!" ϕ,ψ '!#-,$!%"!", )'"!'$:

3321. y
∂z

∂x
− x

∂z

∂y
= 0, " z = ϕ(x2 + y2).

3322. x2 ∂z

∂x
− xy

∂z

∂y
+ y2 = 0, " z =

y2

3x
+ ϕ(xy).

3323. (x2 − y2)
∂z

∂x
+ xy

∂z

∂y
= xyz, " z = eyϕ

(
ye

x2

2y2

)
.

3324. x
∂u

∂x
+ αy

∂u

∂y
+ βz

∂u

∂z
= nu, " u = xnϕ

( y

xα
,

z

xβ

)
.
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3325. x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= u +

xy

z
, " u =

xy

z
ln x + xϕ

( y

x
,
z

x

)
.

3326.
∂2u

∂t2
= a2 ∂

2u

∂x2
, " u = ϕ(x − at) + ψ(x + at).

3327.
∂2u

∂x2
− 2

∂2u

∂x∂y
+
∂2u

∂y2
= 0, " u = xϕ(x + y) + yψ(x + y).

3328. x2 ∂
2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2 ∂

2u

∂y2
= 0, " u = ϕ

( y

x

)
+ xψ

(y

x

)
.

3329. x2 ∂
2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2 ∂

2u

∂y2
= n(n − 1)u, " u = xnϕ

( y

x

)
+ x1−nψ

(y

x

)
.

3330.
∂u

∂x

∂2u

∂x∂y
=
∂u

∂y

∂2u

∂x2
, " u = ϕ [x + ψ(y)].

%/$%%""(++#&!" ϕ $ ψ:

3331. z = x + ϕ(xy). 3332. z = xϕ

(
x

y2

)
.

3333. z = ϕ
(√

x2 + y2
)
. 3334. u = ϕ(x − y, y − z).

3335. u = ϕ

(
x

y
,
y

x

)
. 3336. z = ϕ(x) + ψ(y).

3337. z = ϕ(x)ψ(y). 3338. z = ϕ(x + y) + ψ(x − y).

3339. z = xϕ

(
x

y

)
+ yψ

(
x

y

)
. 3340. z = ϕ(xy) + ψ

(
x

y

)
.

3341. "!"
z = x2 − y2

!! M(1, 1) $$ Ox 0"1%)"- α = 60◦ ""% l "-".
3342. "!"

z = x2 − xy + y2

!! M(1, 1) $$ Ox 0"1%)" α -""% l "-". !#'""%!"-": (a)
!%'$; (b) !%%$; (c) '" 0.

3343. "!"
z = ln(x2 + y2)

!! M(x0, y0) $+)"'"!"'$#""%"-".
3344. "!"

z = 1 −
(

x2

a2
+

y2

b2

)

!! M

(
a√
2
,

b√
2

)
$##

x2

a2
+

y2

b2
= 1 !"!"!(#"%"-".

3345. "!"
u = xyz

!! M(1, 1, 1) $"% l {cosα, cosβ, cos γ} "-". !"!$!"(."'%%(%?
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3346. "!"
u =

1
r

(r =
√

x2 + y2 + z2)
!! M0(x0, y0, z0) "(."'%$"%.

3347. "!"
u = x2 + y2 − z2

!! A(ε, 0, 0) # B(0, ε, 0) !!"(.,$"--.
3348. !"

u = x + y + z

$
v = x + y + z + 0.001 sin

(
106π

√
x2 + y2 + z2

)

!! M(1, 2, 2) "(."'%)(,,?
3349. '$: !"

u = ax2 + by2 + cz2

$
v = ax2 + by2 + cz2 + 2mx + 2ny + 2pz

(a, b, c, m, n, p !%"% a2 + b2 + c2 %= 0 1©) !! M0(x0, y0, z0) "(.,$"--(
! M0 #!++&&"&.

3350.! u = f(x, y, z)!!)!%!". " cosα, cosβ, cos γ !"% l ""%&

', " ∂2u

∂l2
=

∂

∂l

(
∂u

∂l

)
.

3351. ! u = f(x, y, z) !!)!%!",
l1 {cosα1, cosβ1, cos γ1} , l2 {cosα2, cosβ2, cos γ2} , l3 {cosα3, cosβ3, cosγ3}

!)"&)+)""%. '$:

(a)
(
∂u

∂l1

)2

+
(
∂u

∂l2

)2

+
(
∂u

∂l3

)2

=
(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2

;

(b)
∂2u

∂l21
+
∂2u

∂l22
+
∂2u

∂l23
=
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
.

3352. ! u = u(x, y) !!%!", %( y = x2 &!

u(x, y) = 1,
∂u

∂x
= x,

"( y = x2 &"
∂u

∂y
.

3353. !!" u = u(x, y) ##"$
∂2u

∂x2
− ∂2u

∂y2
= 0

!#"!#&:
u(x, 2x) = x, u′

x(x, 2x) = x2.

" u′′
xx(x, 2x), u′′

xy(x, 2x), u′′
yy(x, 2x).

1©"#&'*'!: a, b, c '"!&. *(
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)! z = z(x, y), 0"!"$:

3354.
∂2z

∂x2
= 0. 3355.

∂2z

∂x∂y
= 0. 3356.

∂nz

∂yn
= 0.

3357. )# u = u(x, y, z), 0"$
∂3u

∂x∂y∂z
= 0.

3358. ""$
∂z

∂y
= x2 + 2y

"0 z = z(x, y), #&###& z(x, x2) = 1.
3359. ""$

∂2z

∂y2
= 2

"0 z = z(x, y), #&###& z(x, 0) = 1, z′y(x, 0) = x.

3360. ""$
∂2z

∂x∂y
= x + y

"0 z = z(x, y), #&###& z(x, 0) = x, z(0, y) = y2.

§3. "!!#!"$

1. !#%". !: 1) !" F (x, y, z) !"! eA0(x0, y0, z0) '"&; 2) F (x, y, z) $ F ′
x(x, y, z)

!! eA0 "%#!!#"$%%"!"; 3) F ′
z(x0, y0, z0) #= 0, "!! A0(x0, y0) "")%%%

#!!!($"&$"!!"
z = f(x, y), (1)

&##"$
F (x, y, z) = 0

#% z0 = f(x0, y0).

2. "!!#!!#. "*$!.#&, '! 4) !" F (x, y, z) !! eA0(x0, y0, z0) "%#!

!%, "!" (1) !! A0(x0, y0) "%#!(!%, $%&"-" ∂z
∂x

$ ∂z
∂y

!#"$

∂F
∂x

+
∂F
∂z

∂z
∂x

= 0,
∂F
∂y

+
∂F
∂z

∂z
∂y

= 0 (2)

"%. "!" F (x, y, z) )%,$!%, ",%$"$ (2) /$%%""((!'#!" z "(
)-".

3. !#!!%##"!!. !!" Fi(x1, · · · , xm; y1, · · · , yn) (i = 1, 2, · · · , n) ##"!
#&:

(1) !! eA0(x10, · · · , xm0; y10, · · · , yn0) '"&;

(2) !! eA0 "%#!!%;

(3) !! eA0 !",!$ ∂(F1, · · · , Fn)
∂(y1, · · · , yn)

#= 0.
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!$'"()", "$)
Fi(x1, · · · , xm; y1, · · · , yn) = 0 (i = 1, 2, · · · , n) (3)

!! A0(x10, · · · , xm0) ""%#!($/$#$)!%!"
yi = f(x1, · · · , xm) (i = 1, 2, · · · , n),

&!##"$ (3) #+/#&
fi(x10, · · · , xm0) = yi0 (i = 1, 2, · · · , n).

$&,!""%%!(!""$)"% 1©:
mX

j=1

∂Fi

∂xj
dxj +

nX

k=1

∂Fi

∂yk
dyk = 0 (i = 1, 2, · · · , n).

3361. '$: !"$!&""!"'""%!#

y(x) =

{
1, x !!+",

0, x !#+"
##"$ y2 − y = 0.

3362. !!" f(x) #""!$ (a, b) !. !#'"(#", "$
f(x)y = 0

! a < x < b &!($"!"0 y = 0?
3363. !!" f(x) $ g(x) !!$ (a, b) !!#"%"!. !#'"(#", "$

f(x)y = g(x)

!!$ (a, b) !!($"!"0?
3364. %%"$

x2 + y2 = 1, (1)

!
y = y(x) (−1 " x " 1) (2)

!##"$ (1) "&$!".
1) !,,&$!" (2) ##"$ (1)?
2) !,,&$"!!" (2) ##"$ (1)?
3) !: (a) y(0) = 1; (b) y(1) = 0, "!,,&$"!!" (2) ##"$ (1)?
3365. %%"$

x2 = y2, (1)

!
y = y(x) (−∞ < x < +∞) (2)

%##"$ (1) "&$!".
1) !,,&$!" (2) ##"$ (1)?

1©!,.-1',"$$&, ##&/)#,!"$&!")'-"!!"#&##.
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2) !,,&$"!!" (2) ##"$ (1)?
3) !,,&$!%!" (2) ##"$ (1)?
4) !: (a) y(1) = 1; (b) y(0) = 0, "!,,&$"!!" (2) ##"$ (1)?
5) ! y(1) = 1, % δ !)%%"", "!,,&$"!!" y = y(x) (1 − δ < x <

1 + δ) ##"$ (1)?
3366. "$

x2 + y2 = x4 + y4

#"#,$!" y(x). !"!#'"!#!: 1) &$, 2) !!"$, 3) !)"$, 4) !
*"$? ""!""%2!#&$"!"&%2.

3367. "("$
(x2 + y2)2 = x2 − y2

#"",$!" y "%2!$&$"!"&%2 y = y(x)(−1 " x " 1).
3368. !!" f(x) ( a < x < b &"!, !" ϕ(y) ( c < y < d &&+&*#%

"!. !#'"#&", "$
ϕ(y) = f(x)

#"#&$!"
y = ϕ−1(f(x))?

"&)': (a) sin y + sinh y = x; (b) e−y = − sin2 x.
3369. !

x = y + ϕ(y), (1)

!" ϕ(0) = 0, %( −a < y < a & |ϕ′(y)| " k < 1. '$: ( −ε < x < ε &!!($
"!%!" y = y(x) ##"$ (1) % y(0) = 0.

3370. ! y = y(x) !("$
x = ky + ϕ(y)

#"",!", !"%" k %= 0, ϕ(y) !! ω !3&"3&!", % |ϕ′(y)| < |k|. '$:

y =
x

k
+ ψ(x),

!" ψ(x) !! |k|ω !3&"3&!".

$"("!&"$#""!" y, " y′ $ y′′:

3371. x2 + 2xy − y2 = a2. 3372. ln
√

x2 + y2 = arctan
y

x
.

3373. y − ε sin y = x (0 < ε < 1). 3374. xy = yx (x %= y).

3375. y = 2x arctan
y

x
.

3376. '$: "
1 + xy = k(x − y),
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$" k !%", ""#'$
dx

1 + x2
=

dy

1 + y2
.

3377. '$: "
x2y2 + x2 + y2 − 1 = 0,

"( xy > 0 &"#'$
dx√

1 − x4
+

dy√
1 − y4

= 0.

3378. '$: "$
(x2 + y2)2 = a2(x2 − y2) (a %= 0)

!! x = 0, y = 0 "%#"#"#&"!%!": y = y1(x) $ y = y2(x). " y′
1(0) #

y′
2(0).

3379. !
(x2 + y2)2 = 3x2y − y3,

" y′ ( x = 0 $ y = 0 &"$.
3380. ! x2 + xy + y2 = 3, " y′, y′′ # y′′′.
3381. !

x2 − xy + 2y2 + x − y − 1 = 0,

" y′, y′′ # y′′′ ( x = 0, y = 1 &"$.
3382. '$: $"!$##

ax2 + 2bxy + cy2 + 2dx + 2ey + f = 0

"#'$
d3

dx3

[
(y′′)−

2
3
]

= 0.

"!" z = z (x, y) "$)$!)#-", !:
3383. x2 + y2 + z2 = a2. 3384. z3 − 3xyz = a3.

3385. x + y + z = ez. 3386. z =
√

x2 − y2 · tan
x√

x2 − y2
.

3387. x + y + z = e−(x+y+z).
3388. !

x2 + y2 + z2 − 3xyz = 0 (1)

%
f(x, y, z) = xy2z3.

" f ′
x(1, 1, 1), ": (a) z = z(x, y) %("$ (1) #"",!", (b) " y = y(x, z) %(

"$ (1) #"",!". !$!(%$&-")-.
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3389.! x2+2y2+3z2+xy−z−9 = 0, "
∂2z

∂x2
,
∂2z

∂x∂y
,
∂2z

∂y2
( x = 1, y = −2, z = 1

&"$.

" dz $ d2z, !

3390.
x2

a2
+

y2

b2
+

z2

c2
= 1. 3391. xyz = x + y + z.

3392.
x

z
= ln

z

y
+ 1. 3393. z = x + arctan

y

z − x
.

3394. ! u3 − 3(x + y)u2 + z3 = 0, " du.

3395. ! F (x + y + z, x2 + y2 + z2) = 0, " ∂2z

∂x∂y
.

3396. ! F (x − y, y − z, z − x) = 0, " ∂z

∂x
$ ∂z

∂y
.

3397. ! F (x, x + y, x + y + z) = 0, "
∂z

∂x
,
∂z

∂y
$

∂2z

∂x2
.

3398. (1) ! F (xz, yz) = 0, " ∂2z

∂x2
.

(2) ! (a) F (x + z, y + z) = 0; (b) F
(x

z
,
y

z

)
= 0, " d2z.

3399.! z = z(x, y)!("$ z3−xz+y = 0 #""!%!", %( x = 3, y = −2
& z = 2. " dz(3,−2) $ d2z(3,−2).

3400. ! x = x(y, z), y = y(x, z), z = z(x, y) !("$ F (x, y, z) = 0 #""!
". '$:

∂x

∂y

∂y

∂z

∂z

∂x
= −1.

3401. ! x + y + z = 0, x2 + y2 + z2 = 1, " dx

dz
$ dy

dz
.

3402. (a) ! x2 + y2 =
1
2
z2, x + y + z = 2, " dx

dz
,

dy

dz
,

d2x

dz2
$ d2y

dz2
(

x = 1, y = −1, z = 2 &"$.

(b) ! xu − yv = 0, yu + xv = 1, " ∂u

∂x
,
∂u

∂y
,
∂v

∂x
$ ∂v

∂y
.

3403. !("$) 



xeu+v + 2uv = 1,

yeu−v − u

1 + v
= 2x

#""!%!" u = u(x, y) $ v = v(x, y) ## u(1, 2) = 0 $ v(1, 2) = 0, " du(1, 2)
$ dv(1, 2).

3404. ! u + v = x + y,
sin u

sin v
=

x

y
, " du, dv, d2u $ d2v.

3405. !

e
u
x cos

v

y
=

x√
2
, e

u
x sin

v

y
=

y√
2
,
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" du, dv, d2u $ d2v ( x = 1, y = 1, u = 0, v =
π

4
&"(*$.

3406. !

x = t + t−1, y = t2 + t−2, z = t3 + t−3,

" dy

dx
,

dz

dx
,

d2y

dx2
$ d2z

dx2
.

3407. ! Oxy "#!#'"!#!, "$)
x = u + v, y = u2 + v2, z = u3 + v3

(+" u $ v ,$)!%"0"$) #" z !&% x $ y "!"? "-" ∂z

∂x
$ ∂z

∂y
.

3408. (a)! x = u+ln v, y = v− ln u, z = 2u+v, " ∂z

∂x
$ ∂x

∂y
!! u = 1, v = 1

"$.

(b) ! x = u + v2, y = u2 − v3, z = 2uv, " ∂2z

∂x∂y
!! u = 2, v = 1 "$.

(c) ! x = cosϕ cosψ, y = cosϕ sinψ, z = sinϕ, " ∂2z

∂x2
.

3409. ! x = u cos v, y = u sin v, z = v, " ∂2z

∂x2
,
∂2z

∂x∂y
# ∂2z

∂y2
.

3410. !!" z = z(x, y) ("$)




x = eu+v,

y = eu−v,

z = uv

(u # v !+") #", "( u = 0 # v = 0 &" dz # d2z.
3411. ! z = x2 + y2, !" y = y(x) !("$ x2 − xy + y2 = 1 #""!", "

dz

dx
# d2z

dx2
.

3412.! u =
x + z

y + z
, !" z !("$ zez = xex + yey #""!", " ∂u

∂x
# ∂u

∂y
.

3413. !"$

x = ϕ(u, v), y = ψ(u, v), z = χ(u, v)

#" z ! x $ y "!". " ∂z

∂x
$ ∂z

∂y
.

3414. !

x = ϕ(u, v), y = ψ(u, v),

")!" u = u(x, y) $ v = v(x, y) "$)$!)#-".

3415. ! (a) x = u cos
v

u
, y = u sin

v

u
; (b) x = eu + u sin v, y = eu − u cos v, "

∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂y
.
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3416. !" u = u(x) ("$)




u = f(x, y, z),
g(x, y, z) = 0,

h(x, y, z) = 0

#", " du

dx
$ d2u

dx2
.

3417. !" u = u(x, y) ("$)




u = f(x, y, z, t),
g(y, z, t) = 0,

h(z, t) = 0

#", " ∂u

∂x
$ ∂u

∂y
.

3418. !
x = f(u, v, w), y = g(u, v, w), z = h(u, v, w),

" ∂u

∂x
,
∂u

∂y
$ ∂u

∂z
.

3419. !!" z = z(x, y) ##"$){
f(x, y, z, t) = 0,

g(x, y, z, t) = 0,

$" t !+&%, " dz.
3420. ! u = f(z), !" z = z(x, y) !("$ z = x + yϕ(z) #"",!". '$

$"&"#%:
∂nu

∂yn
=

∂n−1

∂xn−1

{
[ϕ(z)]n

∂u

∂x

}
.

#$: $ n = 1 '$%$$,%"*.&(.
3421. ! Φ(u, v) %&% u, v "#&!%!", a $ b !%". '$: ("$

Φ(x − az, y − bz) = 0 (1)
#""!" z = z(x, y) !"$

a
∂z

∂x
+ b

∂z

∂y
= 1

"0. !$## (1) ".##&.
3422. ! Φ(u, v) %&% u $ v "#&!%!". '$: ("$

Φ
(

x − x0

z − z0
,
y − y0

z − z0

)
= 0 (2)

#""!" z = z(x, y) ##"$

(x − x0)
∂z

∂x
+ (y − y0)

∂z

∂y
= z − z0.

!$## (2) ".##&.
3423. ! Φ(u) %&% u "#&!%!", a, b $ c !%". '$: ("$

ax + by + cz = Φ(x2 + y2 + z2) (3)
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#""!" z = z(x, y) ##"$

(cy − bz)
∂z

∂x
+ (az − cx)

∂z

∂y
= bx − ay.

!$## (3) ".##&.
3424. !" z = z(x, y) ("$

x2 + y2 + z2 = yf

(
z

y

)

!#, '$:

(x2 − y2 − z2)
∂z

∂x
+ 2xy

∂z

∂y
= 2xz.

3425. !" z = z(x, y) ("$
F (x + zy−1, y + zx−1) = 0

!#, '$:

x
∂z

∂x
+ y

∂z

∂y
= z − xy.

! α = α(x, y) !+&%, f(α) # ϕ(α), ψ(α) !#&!%!", )""!&$:
3426. '$: ("$){

x cosα+ y sinα+ ln z = f(α),
−x sinα+ y cosα = f ′(α)

#""!" z = z(x, y) ##"$(
∂z

∂x

)2

+
(
∂z

∂y

)2

= z2.

3427. '$: ("$) 




z = αx +
y

α
+ f(α),

0 = x − y

α2
+ f ′(α)

!#"!" z = z(x, y) ##"$
∂z

∂x

∂z

∂y
= 1.

3428. '$: ("$) {
[z − f(α)]2 = x2(y2 − α2),
[z − f(α)] f ′(α) = αx2

!#"!" z = z(x, y) ##"$
∂z

∂x

∂z

∂y
= xy.

3429. '$: ("$) 



z = αx + yϕ(α) + ψ(α),

0 = x + yϕ′(α) + ψ′(α)
!#"!" z = z(x, y) ##"$

∂2z

∂x2

∂2z

∂y2
−
(
∂2z

∂x∂y

)2

= 0.
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3430. '$: ("$
y = xϕ(z) + ψ(z)

#"",!" z = z(x, y) ##"$(
∂z

∂y

)2 ∂2z

∂x2
− 2

∂z

∂x

∂z

∂y

∂2z

∂x∂y
+
(
∂z

∂x

)2 ∂2z

∂y2
= 0.

§4. "#"!

1. #"$!###""#"#"!.!!%%(*$
A = Φ(x, y, y′

x, y′′
xx, · · · )

"-## x, y (!."&% t ($&%) # u (!"), $&&%$2&% x, y ,$"%,("$
x = f(t, u), y = g(t, u) (1)

!#. #"$ (1) %%, !!

y′
x =

∂g
∂t

+
∂g
∂u

u′
t

∂f
∂t

+
∂f
∂u

u′
t

.

-(/!(+#()-" y′′
xx, · · · , ((%

A = Φ1(t, u, u′
t, u

′′
tt, · · · ).

2. #"!$!###""#""#"!. "!%%(*$

B = F

„
x, y, z,

∂z
∂x

,
∂z
∂y

,
∂2z
∂x2

,
∂2z
∂x∂y

,
∂2z
∂y2

, · · ·
«

"'
x = f(u, v), y = g(u, v), (2)

!" u $ v !."$&%, "#-" ∂z
∂x

,
∂z
∂y

, · · · ("!"$$#:

∂z
∂u

=
∂z
∂x

∂f
∂u

+
∂z
∂y

∂g
∂u

,
∂z
∂v

=
∂z
∂x

∂f
∂v

+
∂z
∂y

∂g
∂v

, · · ·

3. #"!$!###""#""#$!!#"!. !*$$"(#", !"!!"$

x = f(u, v, w), y = g(u, v, w), z = h(u, v, w), (3)

!" u, v !."$&%, w = w(u, v) !."!", "$"#-" ∂z
∂x

,
∂z
∂y

, · · · %2$'""$:

∂z
∂x

„
∂f
∂u

+
∂f
∂w

∂w
∂u

«
+
∂z
∂y

„
∂g
∂u

+
∂g
∂w

∂w
∂u

«
=
∂h
∂u

+
∂h
∂w

∂w
∂u

,

∂z
∂x

„
∂f
∂v

+
∂f
∂w

∂w
∂v

«
+
∂z
∂y

„
∂g
∂v

+
∂g
∂w

∂w
∂v

«
=
∂h
∂v

+
∂h
∂w

∂w
∂v

, · · ·

!"&(#", #%&%%(3,&%((%"!".

3431. # y $!."$&%, &("$
y′y′′′ − 3y′′2 = x.
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3432. %)'""(&("$
y′2y(4) − 10y′y′′y′′′ + 15y′′3 = 0.

3433. # x $!!", # t = xy $!$&%, &("$
y′′ +

2
x

y′ + y = 0.

.-.&%, &("!%%%"$:

3434. x2y′′ + xy′ + y = 0, x = et. 3435. y′′′ =
6y

x3
, t = ln |x|.

3436. (1 − x2)y′′ − xy′ + n2y = 0, x = cos t.

3437. y′′ + y′ tanh x +
m2

cosh2 x
y = 0, x = ln tan

t

2
.

3438. y′′ + p(x)y′ + q(x)y = 0, y = ue−
1
2

R x
x0

p(ξ) dξ, !" p(x) ∈ C(1).
3439. x4y′′ + xyy′ − 2y2 = 0, x = et, y = ue2t, !" u = u(t).

3440. (1 + x2)2y′′ = y, x = tan t, y =
u

cos t
, !" u = u(t).

3441. (1 − x2)2y′′ = −y, x = tanh t, y =
u

cosh t
, !" u = u(t).

3442. y′′ + (x + y)(1 + y′)3 = 0, x = u + t, y = u − t, !" u = u(t).

3443. y′′′ − x3y′′ + xy′ − y = 0, x =
1
t
, y =

u

t
, !" u = u(t).

3444. '
u =

y

x − b
, t = ln

∣∣∣∣
x − a

x − b

∣∣∣∣ ,

$# u $!&% t "!", &(!$"!"!
y′′ =

Ay

(x − a)2(x − b)2
.

3445. '$: ""$
d2y

dx2
+ p(x)

dy

dx
+ q(x)y = 0

((( x = ϕ(ξ) &(!"$
d2y

dξ2
+ P (ξ)

dy

dξ
+ Q(ξ)y = 0,

"
[2P (ξ)Q(ξ) + Q′(ξ)] [Q(ξ)]−

3
2 = [2p(x)q(x) + q′(x)] [q(x)]−

3
2 .

3446. ' y = e
R x

x0
u dx, &("$

Φ(y, y′, y′′) = 0,

!" Φ !&% y, y′, y′′ "$$!".

3447. ' u = x
y′

y
, &("$

F (x2y′′, xy′, y) = 0,

!" F !!$&%"$$!".
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3448. '$: "$ y′′′(1 + y′2) − 3y′y′′2 = 0 ")$!')&(

x =
a1ξ + b1η + c1

aξ + bη + c
, y =

a2ξ + b2η + c2

aξ + bη + c
".-"& 1©.

#$: $&(("!%,&&(/":

x = αX + βY + γ, y = Y ;

X =
1

X1
, Y =

Y1

X1
;

X1 = aξ + bη + c, Y1 = a2ξ + b2η + c2.

3449. '$: &""$# 2©

S [x(t)] =
x′′′(t)
x′(t)

− 3
2

[
x′′(t)
x′(t)

]2

"$!%$##&(

y =
ax(t) + b

cx(t) + d
(ad − bc %= 0)

".-"&.

' x = r cosϕ, y = r sinϕ, (#"!"$!!*/ r, ϕ "")$:

3450.
dy

dx
=

x + y

x − y
. 3451. (xy′ − y)2 = 2xy(1 + y′2).

3452. (x2 + y2)2y′′ = (x + yy′)3.

3453. (#(*$ x + yy′

xy′ − y
!!*/"")$.

3454. %!*/ r $ ϕ (+"###"#(

K =
|y′′

xx|
(1 + y′2

x ) 3
2
.

3455. (#"$)
dx

dt
= y + kx(x2 + y2),

dy

dt
= −x + ky(x2 + y2)

!!*/"")$.
3456. .-.!" r =

√
x2 + y2, ϕ = arctan

y

x
, &((*$

W = x
d2y

dt2
− y

d2x

dt2
.

3457. !'#(!"", ## y = y(x) ""$! (x, y) $'! (X, Y ), !"
X = y′, Y = xy′ − y.

" Y ′, Y ′′ # Y ′′′.

.-."$&% ξ # η, 0"!"$:

3458.
∂z

∂x
=
∂z

∂y
, ξ = x + y, η = x − y.

1©-$!'. "!"$!+!: 9y′′2y(5) − 45y′′y′′′y(4) + 40y′′′3 = 0. *(
2©1*.", )&$"%*%&"!"-". *(
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3459. y
∂z

∂x
− x

∂z

∂y
= 0, ξ = x, η = x2 + y2.

3460. a
∂z

∂x
+ b

∂z

∂y
= 1 (a %= 0), ξ = x, η = y − bz.

3461. x
∂z

∂x
+ y

∂z

∂y
= z, ξ = x, η =

y

x
.

# u $ v $!."$&%, &("!"$:

3462. x
∂z

∂x
+
√

1 + y2
∂z

∂y
= xy, u = ln x, v = ln(y +

√
1 + y2).

3463. (x + y)
∂z

∂x
− (x − y)

∂z

∂y
= 0, u = ln

√
x2 + y2, v = arctan

y

x
.

3464. x
∂z

∂x
+ y

∂z

∂y
= z +

√
x2 + y2 + z2, u =

y

x
, v = z +

√
x2 + y2 + z2.

3465. x
∂z

∂x
+ y

∂z

∂y
=

x

z
, u = 2x − z2, v =

y

z
.

3466. (x + z)
∂z

∂x
+ (y + z)

∂z

∂y
= x + y + z, u = x + z, v = y + z.

3467. , ξ = y + ze−x, η = x + ze−y !."$&%, &((*$

(z + ex)
∂z

∂x
+ (z + ey)

∂z

∂y
− (z2 − ex+y).

3468. '
x = uv, y =

1
2
(u2 − v2),

&((*$ (
∂z

∂x

)2

+
(
∂z

∂y

)2

.

3469. ' ξ = x, η = y − x, ζ = z − x, &("$
∂u

∂x
+
∂u

∂y
+
∂u

∂z
= 0.

3470. , x !!", # y $ z !$&%, &("$

(x − z)
∂z

∂x
+ y

∂z

∂y
= 0.

3471. , x !!", # u = y − z, v = y + z !$&%, &("$

(y − z)
∂z

∂x
+ (y + z)

∂z

∂y
= 0.

3472. , x !!", # u = xz, v = yz !$&%, &((*$

A =
(
∂z

∂x

)2

+
(
∂z

∂y

)2

.

3473. ' eξ = x − u, eη = y − u, eζ = z − u, &("$

(y + z + u)
∂u

∂x
+ (x + z + u)

∂u

∂y
+ (x + y + u)

∂u

∂z
= x + y + z.

*'.&% u, v, w (!" w = w(u, v)) (+"!"$:

3474. y
∂z

∂x
− x

∂z

∂y
= (y − x)z, u = x2 + y2, v =

1
x

+
1
y
, w = ln z − (x + y).
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3475. x2 ∂z

∂x
+ y2 ∂z

∂y
= z2, u = x, v =

1
y
− 1

x
, w =

1
z
− 1

x
.

3476. (xy + z)
∂z

∂x
+ (1 − y2)

∂z

∂y
= x + yz, u = yz − x, v = xz − y, w = xy − z.

3477.
(

x
∂z

∂x

)2

+
(

y
∂z

∂y

)2

= z2 ∂z

∂x

∂z

∂y
, x = uew, y = vew, z = wew.

3478. ' u = ln
√

x2 + y2, v = arctan z, w = x + y + z, !" w = w(u, v), &(
(*$

(x − y)
/(

∂z

∂x
− ∂z

∂y

)
.

3479. ' u = xez , v = yez, w = zez, !" w = w(u, v), &((*$

A =
∂z

∂x

/
∂z

∂y
.

3480. ' ξ =
x

z
, η =

y

z
, ζ = z, w =

u

z
, !" w = w(ξ, η, ζ), &("$

x
∂u

∂x
+ y

∂u

∂y
+ z

∂u

∂z
= u +

xy

z
.

' x = r cosϕ, y = r sinϕ, (#"!&$!!*/ r $ ϕ "")$:

3481. w = x
∂u

∂y
− y

∂u

∂x
. 3482. w = x

∂u

∂x
+ y

∂u

∂y
.

3483. w =
(
∂u

∂x

)2

+
(
∂u

∂y

)2

. 3484. w =
∂2u

∂x2
+
∂2u

∂y2
.

3485. w = x2 ∂
2u

∂x2
+ 2xy

∂2u

∂x∂y
+ y2 ∂

2u

∂y2
.

3486. w = y2 ∂
2z

∂x2
− 2xy

∂2z

∂x∂y
+ x2 ∂

2z

∂y2
−
(

x
∂z

∂x
+ y

∂z

∂y

)
.

3487. I =
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x
.

3488. .-."$&%
ξ = x − at, η = x + at,

0"$
∂2u

∂t2
= a2 ∂

2u

∂x2
.

, u # v !."$&%, &("!"$:

3489. 2
∂2z

∂x2
+

∂2z

∂x∂y
− ∂2z

∂y2
+
∂z

∂x
+
∂z

∂y
= 0, u = x + 2y + 2, v = x − y − 1.

3490. (1 + x2)
∂2z

∂x2
+ (1 + y2)

∂2z

∂y2
+ x

∂z

∂x
+ y

∂z

∂y
= 0, u = ln

(
x +

√
1 + x2

)
,

v = ln(y +
√

1 + y2).

3491. ax2 ∂
2z

∂x2
+ 2bxy

∂2z

∂x∂y
+ cy2 ∂

2z

∂y2
= 0 (a, b, c !%"), u = ln x, v = ln y.



§4. "#"! · 247 ·

3492.
∂2z

∂x2
+
∂2z

∂y2
= 0, u =

x

x2 + y2
, v = − y

x2 + y2
.

3493.
∂2z

∂x2
+
∂2z

∂y2
+ m2z = 0, x = eu cos v, y = eu sin v.

3494.
∂2z

∂x2
− y

∂2z

∂y2
=

1
2
∂z

∂y
(y > 0), u = x − 2√y, v = x + 2√y.

3495. x2 ∂
2z

∂x2
− y2 ∂

2z

∂y2
= 0, u = xy, v =

x

y
.

3496. x2 ∂
2z

∂x2
− (x2 + y2)

∂2z

∂x∂y
+ y2 ∂

2z

∂y2
= 0, u = x + y, v =

1
x

+
1
y
.

3497. xy
∂2z

∂x2
−(x2+y2)

∂2z

∂x∂y
+xy

∂2z

∂y2
+y

∂z

∂x
+x

∂z

∂y
= 0, u =

1
2
(x2 +y2), v = xy.

3498. x2 ∂
2z

∂x2
− 2x sin y

∂2z

∂x∂y
+ sin2 y

∂2z

∂y2
= 0, u = x tan

y

2
, v = x.

3499. x
∂2z

∂x2
− y

∂2z

∂y2
= 0 (x > 0, y > 0), x = (u + v)2, y = (u − v)2.

3500.
∂2z

∂x∂y
=
(

1 +
∂z

∂y

)3

, u = x, v = y + z.

3501. .%##&(
ξ = x + λ1y, η = x + λ2y,

#"$

A
∂2u

∂x2
+ 2B

∂2u

∂x∂y
+ C

∂2u

∂y2
= 0 (1)

(A, B $ C !%", % AC − B2 < 0) &(!!")$:
∂2u

∂ξ∂η
= 0.

"##"$ (1) "!""$$)$.
3502. '$: $!$!"!

∆z ≡ ∂2z

∂x2
+
∂2z

∂y2
= 0

")$!###&
∂ϕ

∂u
=
∂ψ

∂v
,

∂ϕ

∂v
= −∂ψ

∂u

"##&+$&(
x = ϕ(u, v), y = ψ(u, v)

".-"&.
3503. ' u = f(r), !" r =

√
x2 + y2, &("$:

(a) ∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
= 0; (b) ∆(∆u) = 0.

3504. "' w = f(u), !" u = (x − x0)(y − y0), ""$
∂2w

∂x∂y
+ cw = 0
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$!#4)$?
3505. ' x + y = X, y = XY, &((*$

A = x
∂2u

∂x2
+ y

∂2u

∂x∂y
+
∂u

∂x
.

3506. '$: "$
∂2z

∂x2
+ 2xy2 ∂z

∂x
+ 2(y − y3)

∂z

∂y
+ x2y2z = 0

")$!&(
x = uv, y =

1
v

".-"&.
3507. '$: "$

∂2z

∂x2
+ 2

∂2z

∂x∂y
+
∂2z

∂y2
= 0

")$!&(
u = x + z, v = y + z

".-"&.
3508. ' x = ηζ, y = ξζ, z = ξη, &("$

xy
∂2u

∂x∂y
+ yz

∂2u

∂y∂z
+ xz

∂2u

∂x∂z
= 0.

3509. ' y1 = x2 + x3 − x1, y2 = x1 + x3 − x2, y3 = x1 + x2 − x3, &("$
∂2z

∂x2
1

+
∂2z

∂x2
2

+
∂2z

∂x2
3

+
∂2z

∂x1∂x2
+

∂2z

∂x1∂x3
+

∂2z

∂x2∂x3
= 0.

3510. ' ξ =
y

x
, η =

z

x
, ζ = y − z, &("$

x2 ∂
2u

∂x2
+ y2 ∂

2u

∂y2
+ z2∂

2u

∂z2
+ 2xy

∂2u

∂x∂y
+ 2xz

∂2u

∂x∂z
+ 2yz

∂2u

∂y∂z
= 0.

#$: #"$(! A2u − Au = 0 ")$, !" A = x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z
.

3511. '
x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ,

#(*$

∆1u =
(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2

, ∆2u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

&(!**/"")$.
#$: &((&",2"&(/":

x = R cosϕ, y = R sinϕ, z = z;
R = r sin θ, ϕ = ϕ, z = r cos θ.

3512. .-.!" w $' w = z2, &("$

z

(
∂2z

∂x2
+
∂2z

∂y2

)
=
(
∂z

∂x

)2

+
(
∂z

∂y

)2

.
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, u $ v !."$&%, # w = w(u, v) !.!", &("!"$:

3513. y
∂2z

∂y2
+ 2

∂z

∂y
=

2
x

, u =
x

y
, v = x, w = xz − y.

3514.
∂2z

∂x2
− 2

∂2z

∂x∂y
+
∂2z

∂y2
= 0, u = x + y, v =

y

x
, w =

z

x
.

3515.
∂2z

∂x2
+ 2

∂2z

∂x∂y
+
∂2z

∂y2
= 0, u = x + y, v = x − y, w = xy − z.

3516.
∂2z

∂x2
+

∂2z

∂x∂y
+
∂z

∂x
= z, u =

x + y

2
, v =

x − y

2
, w = zey.

3517.
∂2z

∂x2
− 2

∂2z

∂x∂y
+
(
1 +

y

x

) ∂2z

∂y2
= 0, u = x, v = x + y, w = x + y + z.

3518. (1 − x2)
∂2z

∂x2
+ (1 − y2)

∂2z

∂y2
= x

∂z

∂x
+ y

∂z

∂y
, x = sinu, y = sin v, z = ew.

3519. (1 − x2)
∂2z

∂x2
− ∂2z

∂y2
− 2x

∂z

∂x
− 1

4
z = 0 (|x| < 1),

u =
1
2
(y + arccosx), v =

1
2
(y − arccosx), w = z 4

√
1 − x2.

3520.
∂2z

∂x2
+
∂2z

∂y2
= 2

x
∂z

∂x
− y

∂z

∂y
x2 − y2

− 3(x2 + y2)z
(x2 − y2)2

(|x| > |y|),

u = x + y, v = x − y, w =
z√

x2 − y2
.

3521. '$: %((
z = ueαx+βy (α $ β !%", u = u(x, y))

!!###"$ ∂2z

∂x∂y
+ a

∂z

∂x
+ b

∂z

∂y
+ cz = 0 (a, b, c !%") $!!")$:

∂2u

∂x∂y
+ c1u = 0 (c1 !%").

3522. '$: "$
∂2u

∂x2
=
∂u

∂y

")$!&(
x′ =

x

y
, y′ = −1

y
, u′ =

u
√

y
e−

x2
4y (u′ !&% x′ $ y′ "!")

".-"&.
3523. ' u = x + z, v = y + z, w = x + y + z, %/! w = w(u, v), &("$

q(1 + q)
∂2z

∂x2
− (1 + p + q + 2pq)

∂2z

∂x∂y
+ p(1 + p)

∂2z

∂y2
= 0,

!" p =
∂z

∂x
, q =

∂z

∂y
.

3524. ' x = eξ, y = eη, z = eζ , u = ew, !" w = w(ξ, η, ξ), &("$

x2 ∂
2u

∂x2
+ y2 ∂

2u

∂y2
+ z2 ∂

2u

∂z2
=
(

x
∂u

∂x

)2

+
(

y
∂u

∂y

)2

+
(

z
∂u

∂z

)2

.
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3525. '$: "$
∂2z

∂x2

∂2z

∂y2
−
(
∂2z

∂x∂y

)2

= 0

")$$&% x, y $ z "%%)#"-0#%.
3526. , x !&% y $ z "!", 0"$(

∂z

∂y

)2 ∂2z

∂x2
− 2

∂z

∂x

∂z

∂y

∂2z

∂x∂y
+
(
∂z

∂x

)2 ∂2z

∂y2
= 0.

3527. ,%'#(!"
X =

∂z

∂x
, Y =

∂z

∂y
, Z = x

∂z

∂x
+ y

∂z

∂y
− z,

!" Z = Z(X, Y ), &("$

A

(
∂z

∂x
,
∂z

∂y

)
∂2z

∂x2
+ 2B

(
∂z

∂x
,
∂z

∂y

)
∂2z

∂x∂y
+ C

(
∂z

∂x
,
∂z

∂y

)
∂2z

∂y2
= 0.

§5. "%!##$

1. !#$$"!. ##
x = ϕ(t), y = ψ(t), z = χ(t)

!!!$! M(x, y, z) ""#"$!
X − x

dx
dt

=
Y − y

dy
dt

=
Z − z

dz
dt

,

!"!"#"!"$!:
dx
dt

(X − x) +
dy
dt

(Y − y) +
dz
dt

(Z − z) = 0.

2. !"!$$#. ## z = f(x, y) !!!$! M(x, y, z) """!"$!

Z − z =
∂z
∂x

(X − x) +
∂z
∂y

(Y − y),

!! M "##"$!
X − x
∂z
∂x

=
Y − y
∂z
∂y

=
Z − z
−1

.

"##"$!,!"")$ F (x, y, z) = 0 !#, ")"#"$!
∂F
∂x

(X − x) +
∂F
∂y

(Y − y) +
∂F
∂z

(Z − z) = 0,

(#"$!
X − x
∂F
∂x

=
Y − y
∂F
∂y

=
Z − z
∂F
∂z

.

3. "!"###!"#. &+"##+ f(x, y,α) = 0 (α !+") "!!###"
$)

f(x, y,α) = 0, f ′
α(x, y,α) = 0.

4. "!##!"!. &+"##+ F (x, y, z,α) = 0 "!!!##"$)
F (x, y, z,α) = 0, F ′

α(x, y, z,α) = 0.
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++"##+ Φ(x, y, z,α, β) = 0 "%)###"$):

Φ(x, y, z,α,β) = 0, Φ′
α(x, y, z,α,β) = 0, Φ′

β(x, y, z,α, β) = 0.

(#"!##!%%!")#$("#"$:
3528. x = a cosα cos t, y = a sinα cos t, z = a sin t; ! t = t0.
3529. x = a sin2 t, y = b sin t cos t, z = c cos2 t; ! t =

π

4
.

3530. y = x, z = x2; ! M(1, 1, 1).
3531. x2 + z2 = 10, y2 + z2 = 10; ! M(1, 1, 3).
3532. x2 + y2 + z2 = 6, x + y + z = 0; ! M(1,−2, 1).
3533. !## x = t, y = t2, z = t3 !"$!, "%")#",""# x+2y+z = 4.
3534. '$: */# x = a cos t, y = a sin t, z = bt ")#$ Oz 0)"#-.
3535. '$: ## x = aet cos t, y = aet sin t, z = aet $,# x2 + y2 = z2 "&'

#)4"-.)).
3536. '$: 03#

tan
(
π

4
+
ψ

2

)
= ekϕ (k = %")

(!" ϕ %/*!!"5., ψ %/*!!"*.) $/*"$)'+#)4"#-.
3537. "##

z = f(x, y),
x − x0

cosα
=

y − y0

sinα
(f !!%!")

!! M0(x0, y0) ")#$ Oxy "#""-"1).
3538. "!"

u =
x√

x2 + y2 + z2

!! M(1, 2,−2) $##
x = t, y = 2t2, z = −2t4

!"!")#"%"-".

(#"!##!! M0 ")"#$(#""$:
3539. z = x2 + y2; M0(1, 2, 5). 3540. x2 + y2 + z2 = 169; M0(3, 4, 12).

3541. z = arctan
y

x
; M0

(
1, 1,
π

4

)
. 3542. ax2 + by2 + cz2 = 1; M0(x0, y0, z0).

3543. z = y + ln
x

z
; M0(1, 1, 1). 3544. 2

x
z + 2

y
z = 8; M0(2, 2, 1).

3545. x = a cosψ cosϕ, y = b cosψ sinϕ, z = c sinψ; M0(ϕ0,ψ0).
3546. x = r cosϕ, y = r sinϕ, z = r cotα; M0(ϕ0, r0).
3547. x = u cos v, y = u sin v, z = av; M0(u0, v0).
3548. "##

x = u + v, y = u2 + v2, z = u3 + v3

")"#()! M(u, v) (u %= v)#!6+"##")$# u = v !"! M0(u0, v0)&
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"!!,5.
3549. !##

x2 + 2y2 + 3z2 + 2xy + 2xz + 4yz = 8

!"#)"#","*/"#"6)!.
3550. !-*#

x2

a2
+

y2

b2
+

z2

c2
= 1

!#'"!, -*#"(#$&*/0"'-?
3551. "##

x2 + 2y2 + 3z2 = 21

"",""# x + 4y + 6z = 0 "&)"#.
3552. '$: ## xyz = a3 (a > 0) ")"#$*/#)""#$#"*#".
3553. '$: ##

√
x +

√
y +

√
z =

√
a (a > 0)

")"#!*/0!,""6#3, !$!%%.
3554. '$: ,#

z = xf
( y

x

)

")"#5'!4!.
3555. '$: /-#

z = f(
√

x2 + y2) (f ′ %= 0)

"(#$/-0)4.
3556. "-*#

x2 + y2 + z2 − xy = 1

!&*/#!".).
3557. %1") {0 " x " 1, 0 " y " 1} !)."'" δ "!!"'% σ. "##

z = 1 − x2 − y2

!*")$'% σ "##&! P (x, y) # P1(x1, y1) "(#"%)(%" 1◦, "" δ "
!$.

3558. !
z = f(x, y), !" (x, y) ∈ D (1)

!##""$, ϕ(P1, P )!## (1) !! P (x, y) ∈ D # P1(x1, y1) ∈ D !!"(#,
$"--. '$: " D !!$#!#, !" f(x, y) !!# D !/!!$"!)-",
"(#!#$")%

ϕ(P1, P ) < Cρ(P1, P ) (2)
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"#, !" C !%", ρ(P1, P ) !! P $ P1 ,$"!!.
3559. )-# x2 + y2 = a2 $## bz = xy !%0! M0(x0, y0, z0) )4"#'

"-?
3560. '$: **/"*/# x2 + y2 + z2 = r2, y = x tanϕ, x2 + y2 = z2 tan2 θ

&&14.
3561. '$: *#

x2 + y2 + z2 = 2ax, x2 + y2 + z2 = 2by, x2 + y2 + z2 = 2cz

)")(14*/,.
3562. ( λ = λ1, λ = λ2, λ = λ3 &, 5'"$! M(x, y, z) &!)"!$##:

x2

a2 − λ2
+

y2

b2 − λ2
+

z2

c2 − λ2
= −1 (a > b > c > 0).

'$: $&##%14".
3563. "!" u = x+ y + z !*# x2 + y2 + z2 = 1 !"! M0(x0, y0, z0) $*#

-(#"%"-". !*#!#'"!, !" u "!.(%-"!: (a) %'$, (b) %
%$, (c) '"&?

3564. "!" u = x2 + y2 + z2 !-*# x2

a2
+

y2

b2
+

z2

c2
= 1 !"! M0(x0, y0, z0)

$-*#-(#"%"-".

3565. !
∂u

∂n
$

∂v

∂n
!!" u $ v !## F (x, y, z) = 0 !"!"(%-".

'$:
∂

∂n
(uv) = u

∂v

∂n
+ v

∂u

∂n
.

"&+%"###+"%)#:

3566. x cosα+ y sinα = p (p = %"). 3567. (x − a)2 + y2 =
a2

2
.

3568. y = kx +
a

k
(a = %"). 3569. y2 = 2px + p2.

3570. !!&! l "#3, !&5!$")*/0)6, ".".4"#3+"%
)#.

3571. "## S !%""-)+
x2

a2
+

y2

b2
= 1 "%)#.

3572. '7!-""!+%. v0 '#, (.'- α !5)"#"&$&, "'7
1/"%)#.

3573. '$: "###"(#"%)#%"##"0+# 1©.
3574. "&"!##+"####"#& (c %+&%):

(a) #"(.# y = (x − c)3; (b) "#"(.# y2 = (x − c)3;

(c) (*(.# y3 = (x − c)2; (d) *,# (y − c)2 = x2 a − x

a + x
.

1©1 112 /. *(
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3575. "".! r, "+!)3 x = R cos t, y = R sin t, z = 0 (t %+", R > r)
!"*#+"%)#.

3576. "*#+
(x − t cosα)2 + (y − t cosβ)2 + (z − t cos γ)2 = 1

(cos2 α+ cos2 β + cos2 γ = 1, t %+&%) "%)#.

3577. ")'"# V %%""-*#+
x2

a2
+

y2

b2
+

z2

c2
= 1 "%)#.

3578. "".! ρ, "+!),# x2 + y2 = z2 !"*#+"%)#.
3579. !$+2!,"*/.!. " x2

0 + y2
0 + z2

0 > R2, "(*
(x − x0)2 + (y − y0)2 + (z − z0)2 " R2

.)"4""0)),.
3580. "+% p $ q ##"$

p2 + q2 = 1,

""#+
z − z0 = p(x − x0) + q(y − y0)

"%)#.

§6. !$""

1. !$"". "!" f(x, y) !! (a, b) ""%#!!)2 n + 1 )""!#-", "!"
%#!"#%$

f(x, y) = f(a, b) +
nX

i=1

1
i!

»
(x − a)

∂
∂x

+ (y − b)
∂
∂y

–i

f(a, b) + Rn(x, y), (1)

!"

Rn(x, y) =
1

(n + 1)!

»
(x − a)

∂
∂x

+ (y − b)
∂
∂y

–n+1

f(a + θn(x − a), b + θn(y − b)) (0 < θn < 1).

2. !$#!. "!" f(x, y) #$$!%% lim
n→∞

Rn(x, y) = 0, ""!"!(+"&2""
)$:

f(x, y) = f(a, b) +
∞X

i+j!1

1
i!j!

f (i+j)

xiyj (a, b)(x − a)i(y − b)j . (2)

! a = b = 0 ",2()", %$ (1) $ (2) %%!!"")##%$"")#"#.

$","&"&%"!"!-("%$.

3. "!"###&. "!%## F (x, y) = 0 !"! M0(x0, y0) ##"!#&:

F (x0, y0) = 0, F ′
x(x0, y0) = 0, F ′

y(x0, y0) = 0,

"!"!!)!. ! M0(x0, y0) %*"2)##- C(2) "##")!, %"

A = F ′′
xx(x0, y0), B = F ′′

xy(x0, y0), C = F ′′
yy(x0, y0)

"&!&. "%, "
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(1) AC − B2 > 0, " M0 %$*!;

(2) AC − B2 < 0, " M0 %%"! ("!);

(3) AC − B2 = 0, " M0 %#!#$*! 1©.

! A = B = C = 0 "(), )!"4-!%*)/. *""*"2)##- C(2) "##,

)!'!%!*)/"#&: #*!!#!''.

3581. !! A(1,−2) "%#!#%//%$0%!"
f(x, y) = 2x2 − xy − y2 − 6x − 3y + 5.

3582. !! A(1, 1, 1) "%#!#%//%$0%!"
f(x, y, z) = x3 + y3 + z3 − 3xyz.

3583. ($&%$# x = 1, y = −1 &2 x1 = 1 + h, y1 = −1 + k &, "!"
f(x, y) = x2y + xy2 − 2xy "&%.

3584. !
f(x, y, z) = Ax2 + By2 + Cz2 + 2Dxy + 2Exz + 2Fyz,

!" h, k $ l "17"$&0% f(x + h, y + k, z + l).
3585. (#!"

f(x, y) = xy

!! A(1, 1) "%#!"0%$, 2!$*!8.
3586. #%+&0,%$0%!"

f(x, y) =
√

1 − x2 − y2,

2*$*!8.
3587. " |x| $ |y| $ 1 )0,%, $""!(*$, %-#7$2!$*"+(

%$:
(a)

cosx

cos y
; (b) arctan

1 + x + y

1 − x + y
.

3588. )# x, y, z "*$$,%, ,$(*$
cos(x + y + z) − cosx cos y cos z.

3589. ! h "&$0%!"
F (x, y) =

1
4

[f(x + h, y) + f(x, y + h) + f(x − h, y) + f(x, y − h)] − f(x, y),

7$2 h4.
3590. %%$")"".! ρ, )+,"! P (x, y),! f(P ) = f(x, y), # Pi(xi, yi)

(i = 1, 2, 3) !$)"!61)-)"4!, $% x1 = x + ρ, y1 = y. ! ρ "17"$
&0%!"

F (ρ) =
1
3

[f(P1) + f(P2) + f(P3)] ,

1©"&'!#&!(!'(), #3!"!%!0$-3! (#3!#+"&2##!3!-+,"%)
#"&1) $0!-3! (#3!#+"&2##!3!-+,"%)#")$1). -1: G. M. ,38.
*,. %#%*9$. 0$:. 1!-, 23,*. 2;: ('9+#&6, 2006, 0*1 236 %1. *(
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7$2 ρ2.
3591. ! h $ k "&$0%!"

∆xyf(x, y) = f(x + h, y + k) − f(x + h, y) − f(x, y + k) + f(x, y).

3592. 4 ρ "&$0%!"

F (ρ) =
1
2π

∫ 2π

0
f(x + ρ cosϕ, y + ρ sinϕ)dϕ.

4"!!"0%"+&0,2":

3593. f(x, y) = (1 + x)m(1 + y)n. 3594. f(x, y) = ln(1 + x + y).
3595. f(x, y) = ex sin y. 3596. f(x, y) = ex cos y.
3597. f(x, y) = sinx sinh y. 3598. f(x, y) = cosx cosh y.
3599. f(x, y) = sin(x2 + y2). 3600. f(x, y) = ln(1 + x) ln(1 + y).
3601. 0%!"

f(x, y) =
∫ 1

0
(1 + x)t2y dt

!+&0,2"$(#-)*.
3602. !!*$ x − 1 $ y + 1 "17"$&4!" ex+y 0%"&2".
3603. (#!" f(x, y) =

x

y
!! M(1, 1) "%#!"//2"0%$.

3604. ! z !("$ z3 − 2xz + y = 0 #"" x $ y ",!", %( x = 1 $
y = 1 & z = 1. (#!" z !!*$ x − 1 $ y − 1 "7&)!"0%$"""/*.

"&"!##")!"4-$'./!#$&##:
3605. y2 = ax2 + x3. 3606. x3 + y3 − 3xy = 0.
3607. x2 + y2 = x4 + y4. 3608. x2 + y4 = x6.
3609. (x2 + y2)2 = a2(x2 − y2). 3610. (y − x2)2 = x5.
3611. (a + x)y2 = (a − x)x2.
3612. "&+% a, b, c (a " b " c) "$$## y2 = (x − a)(x − b)(x − c) ").

,%,.

"&/2##")!:
3613. y2 = 1 − e−x2

. 3614. y2 = 1 − e−x3
.

3615. y = x ln x. 3616. y =
x

1 + e 1
x

.

3617. y = arctan
(

1
sinx

)
. 3618. y2 = sin

π

x
.

3619. y2 = sin x2. 3620. y2 = sin3 x.
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§7. "!!!#!#

1. !##%#. !!" f(P ) = f(x1, · · · , xn) !! P0 "%#!!#". "( 0 < ρ(P0,

P ) < δ &"! f(P0) > f(P ) ""! f(P0) < f(P ), "!!" f(P ) !! P0 !$$ ()'/
!$$$"$$$).

2. !##$$"$. !%!" f(P ) #!$$! ("!), % df(P0) = 0 "! P0 %*2!
$. "!, !" f(P ) "!$!##"$)

f ′
xi

(x1, · · · , xn) = 0 (i = 1, · · · , n).

3. !##"""$. !" f(P ) !! P0 !:

(a) $$$, " df(P0) = 0, %(
nX

i=1

|dxi| #= 0 &d2f(P0) < 0;

(b) $$$, " df(P0) = 0, %(
nX

i=1

|dxi| #= 0 &d2f(P0) > 0.

!$"&!)%% d2f(P0) "'), !#)'!$1$!//)$.

)., $"&"$&% x $ y "!" f(x, y), "!/$! (x0, y0) ( df(x0, y0) = 0) "##
& D = AC − B2 #= 0, !" A = f ′′

xx(x0, y0), B = f ′′
xy(x0, y0), C = f ′′

yy(x0, y0), "*1!:

(a) $$$, " D > 0, A > 0 (C > 0);

(b) $$$, " D > 0, A < 0 (C < 0);

(c) $$"%!, " D < 0.

4. "$!#. "!" f(P ) = f (x1, x2, · · · , xn) !"#%,$ ϕi(P ) = 0 (i = 1, · · · , m;

m < n) "#&""!$"$$, !.(!"$"&"!#

L(P ) = f(P ) +
mX

i=1

λiϕi(P )

"%*!$"$$, !" λi (i = 1, · · · , m) !%5' 1©. %"#&!$"!!#$#&"$$,

!%,&"(#", !#%$!" L(P ) !/$! P0 "!)%% d2L(P0) "')""&(0<,

"&&% dx1, dx2, · · · , dxn ##!"!9#&:
nX

j=1

∂ϕi

∂xj
dxj = 0 (i = 1, · · · , m).

5. !'!#. !$#!#!"!%!" f(P ) !"!#!""/$!, ""!#")$!*

2$5"%'$$%%$.

"&"!,%!""!$:
3621. z = x2 + (y − 1)2. 3622. z = x2 − (y − 1)2.
3623. z = (x − y + 1)2. 3624. z = x2 − xy + y2 − 2x + y.
3625. z = x2y3(6 − x − y). 3626. z = x3 + y3 − 3xy.
3627. (a) z = x4 + y4 − x2 − 2xy − y2; (b) z = 2x4 + y4 − x2 − 2y2.

3628. z = xy +
50
x

+
20
y

(x > 0, y > 0).

1©""(!!*021''(, 5' λi !!*021''. *(
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3629. z = xy

√
1 − x2

a2
− y2

b2
(a > 0, b > 0).

3630. z =
ax + by + c√
x2 + y2 + 1

(a2 + b2 + c2 %= 0).

3631. z = 1 −
√

x2 + y2. 3632. z = e2x+3y(8x2 − 6xy + 3y2).
3633. z = ex2−y(5 − 2x + y). 3634. z = (5x + 7y − 25)e−(x2+xy+y2).
3635. z = x2 + xy + y2 − 4 lnx − 10 ln y.

3636. z = sinx + cos y + cos(x − y)
(
0 " x " π

2
; 0 " y " π

2

)
.

3637. z = sinx sin y sin(x + y) (0 " x " π; 0 " y " π).
3638. z = x − 2y + ln

√
x2 + y2 + 3 arctan

y

x
.

3639. z = xy ln(x2 + y2). 3640. z = x + y + 4 sinx sin y.
3641. z = (x2 + y2)e−(x2+y2). 3642. u = x2 + y2 + z2 + 2x + 4y − 6z.
3643. u = x3 + y2 + z2 + 12xy + 2z.

3644. u = x +
y2

4x
+

x2

y
+

2
x

(x > 0, y > 0, z > 0).

3645. u = xy2z3(a − x − 2y − 3z) (a > 0).

3646. u =
a2

x
+

x2

y
+

y2

z
+

z2

b
(x > 0, y > 0, z > 0, a > 0, b > 0).

3647. u = sin x+sin y +sin z− sin(x+y +z) (0 " x " π; 0 " y " π; 0 " z " π).
3648. u = x1x

2
2 · · ·xn

n (1 − x1 − 2x2 − · · ·− nxn) (x1 > 0, x2 > 0, · · · , xn > 0).

3649. u = x1 +
x2

x1
+

x3

x2
+ · · · + xn

xn−1
+

2
xn

(xi > 0, i = 1, 2, · · · , n).

3650. $$!#%. ! a $ b !1"$0- n "" x1, x2, · · · , xn, #%"

u =
x1x2 · · ·xn

(a + x1)(x1 + x2) · · · (xn + b)
"$%'.

"&% x $ y ",!" z "!$:
3651. x2 + y2 + z2 − 2x + 2y − 4z − 10 = 0.
3652. x2 + y2 + z2 − xz − yz + 2x + 2y + 2z − 2 = 0.
3653. (x2 + y2 + z2)2 = a2(x2 + y2 − z2).

""!!""!!$$!:

3654. z = xy, x + y = 1. 3655. z =
x

a
+

y

b
, x2 + y2 = 1.

3656. z = x2 + y2,
x

a
+

y

b
= 1.

3657. (a) z = Ax2 + 2Bxy + Cy2, x2 + y2 = 1;
(b) z = x2 + 12xy + 2y2, 4x2 + y2 = 25.
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3658. z = cos2 x + cos2 y, x − y =
π

4
.

3659. u = x − 2y + 2z, x2 + y2 + z2 = 1.
3660. u = xmynzp, x + y + z = a (m > 0, n > 0, p > 0, a > 0).

3661. u = x2 + y2 + z2,
x2

a2
+

y2

b2
+

z2

c2
= 1 (a > b > c > 0).

3662. u = xy2z3, x + 2y + 3z = a (x > 0, y > 0, z > 0, a > 0).
3663. (a) u = xyz, x2 + y2 + z2 = 1, x + y + z = 0;

(b) u = xy + yz, x2 + y2 = 2, y + z = 2 (x > 0, y > 0, z > 0).

3664. u = sin x sin y sin z, x + y + z =
π

2
(x > 0, y > 0, z > 0).

3665. u =
x2

a2
+

y2

b2
+

z2

c2
, x2 + y2 + z2 = 1, x cosα + y cosβ + z cos γ = 0 (a >

b > c > 0, cos2 α+ cos2 β + cos2 γ = 1).
3666. u = (x − ξ)2 + (y − η)2 + (z − ζ)2, Ax + By + Cz = 0, x2 + y2 + z2 =

R2,
ξ

cosα
=

η

cosβ
=

ζ

cos γ
, !" cos2 α+ cos2 β + cos2 γ = 1 1©.

3667. u = x2
1 + x2

2 + · · · + x2
n,

x1

a1
+

x2

a2
+ · · · + xn

an
= 1 (ai > 0; i = 1, 2, · · · , n).

3668. u = xp
1 + xp

2 + · · · + xp
n (p > 1), x1 + x2 + · · · + xn = a (a > 0).

3669. u =
α1

x1
+
α2

x2
+ · · · + αn

xn
, β1x1 + β2x2 + · · · + βnxn = 1 (αi > 0, βi >

0, xi > 0; i = 1, 2, · · · , n).
3670. u = xα1

1 xα2
2 · · ·xαn

n , x1 +x2 + · · ·+xn = a (a > 0, αi > 1, i = 1, 2, · · · , n).

3671. !
n∑

i=1

x2
i = 1 "#&", "!$1 u =

n∑

i,j=1

aijxixj (aij = aji) "!$.

3672. " n ! 1 # x ! 0, y ! 0, '$"'$:
xn + yn

2
!
(

x + y

2

)n

.

#$: ! x + y = s "#&", "!" z =
1
2
(xn + yn) "!%$.

3673. '$%&(")%:
n∑

i=1

aixi "
(

n∑

i=1

ak
i

) 1
k
(

n∑

i=1

xk′

i

) 1
k′

(
ai ! 0, xi ! 0, i = 1, 2, · · · , n; k > 1,

1
k

+
1
k′ = 1

)
.

#$: !
n∑

i=1

aixi = A "#&", "!" u =

(
n∑

i=1

ak
i

) 1
k
(

n∑

i=1

xk′

i

) 1
k′

"!%$.

1©"$!+". +0"$$: /!*/! ξ, η, ζ "!,""%&'!#%5'*/.!")#!, $%%
&#". +0"$!: /!$"!!!!.)#!#&2,. $-'!)'+7. *(



· 260 · !!" "!!!!"!

3674. $" n ),!$ A = |aij |, '$"&%")%:

A2 "
n∏

i=1




n∑

j=1

a2
ij



 .

#$: !%,$
n∑

j=1

a2
ij = Si (i = 1, 2, · · · , n)

!!"#&", "&,!$ A = |aij | "!$.

""!!"!.#!#!"!$$ (sup) $"$$ (inf):
3675. z = x − 2y − 3, 0 " x " 1, 0 " y " 1, 0 " x + y " 1.
3676. z = x2 + y2 − 12x + 16y, x2 + y2 " 25.
3677. z = x2 − xy + y2, |x| + |y| " 1.
3678. u = x2 + 2y2 + 3z2, x2 + y2 + z2 " 100.
3679. u = x + y + z, x2 + y2 " z " 1.
3680. "!"

u = (x + y + z)e−(x+2y+3z)

!!# x > 0, y > 0, z > 0 !""$$ (inf) $!$$ (sup).
3681. '$: !" z = (1 + ey) cosx − yey !#$,"!'$##$!%$.
3682. !" f(x, y) !! M0(x0, y0) !!%$")%#&%$!"!"!*'!

M0 ""$#)#!!!%$? "&)' f(x, y) = (x − y2)(2x − y2).
3683. %0!#1" a ! n "1",#, #!8",$%%.
3684. %0!#1" a ! n "",$, #!""$%%.
3685. %0!#1" a ! n "1",#, #!!#1"$&,$%%.
3686. !"#!!# n "&! P1(x1, y1), P2(x2, y2), · · · , Pn(xn, yn), !&%%%

! m1, m2, · · · , mn. ! P (x, y) ,"#%&, $&!,$"!"-6+%%%?
3687. 2#! V "#1&",,!#41."!%%"(##?
3688. 4=#!"))"#1-),,"(##'" S, !#41."",,!%

'"2#?
3689. !*# x2 + y2 + z2 = 1 !"$!, $!2 n "!#! Mi(xi, yi, zi) (i =

1, 2, · · · , n) "!!"""$%%.
3690. 1#))"))-"$)),"-6!$./"$".", !"(## Q ,

!#$. !$#"."""#%', ")'1..
3691. $&"""!"&1'!1"), %%$/!)'1")1#"&"))"

1*-,"-6!$./"$".", !"# V ,!#$. (*-,"1#$&!"1
"#'".-&, $."""(##%%?

3692. 43&! 2p ",)3!$)/-, ,)"4'"!#/"$/-", "#$
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/-""#%'"*",).
3693. 43&! 2p ")-)3!$)/-, )-)"4'"!#/"$/-", "

#$/-""#%'"*")-).
3694. !".! R ""*!!#/!%'"#"!6&"".
3695. !!#")),!!#/!%'"#"!6&"".
3696. !-*

x2

a2
+

y2

b2
+

z2

c2
= 1

!!#/!%'"#"!6&"".
3697. )),"'# l $1#".- α, -!")),"!#/!%'&(##"

!6&"".

3698. !-)(.# z

c
=

x2

a2
+

y2

b2
$ z = c "/!#!!#/!%'"#"!6

&"".
3699. "! M0(x0, y0, z0) *"# Ax + By + Cz + D = 0 !"!"%9!!.
3700. ""$!)#

x − x1

m1
=

y − y1

n1
=

z − z1

p1
,

x − x2

m2
=

y − y2

n2
=

z − z2

p2

,$"%9!!.
3701. "(.# y = x2 $)# x − y − 2 = 0 ,$"%9!!.
3702. "!+!$##

Ax2 + 2Bxy + Cy2 = 1

""0.
3703. "!+!$##

Ax2 + By2 + Cz2 + 2Dxy + 2Eyz + 2Fxz = 1

""0.
3704. ""#

Ax + By + Cz = 0
$-"

x2

a2
+

y2

b2
" 1

)4""-)"##.
3705. ""#

x cosα+ y cosβ + z cos γ = 0
(!" cos2 α+ cos2 β + cos2 γ = 1) $-*

x2

a2
+

y2

b2
+

z2

c2
" 1

)4""=#"##.
3706. #%-0.+, 2!%9&$!#$!)3*"$!. )#$&!,"4$

#!"#"")"2>&", $%2")3%.!0$4>&"'" v1, #!0!4>
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&"'" v2, -%#2"3'#1.
3707. $3'3?"3'- 1©! α, 3'(! n. 2#!#'"-'-'%"3?

1#, !#%- (%-'#$#'#,$"-) %%? ""%%#%-.
3708. &% x $ y ##,"/#"##"$

y = ax + b.

5'$,!7.))"*%, $"% x $ y %2$ xi, yi (i = 1, 2, · · · , n). .%%%!
'(, "," a $ b "%!'"$.

#$: #%%%!'(, ," a $ b "%!'"$"$'"'("""$
n∑

i=1

∆2
i =

n∑

i=1

(axi + b − yi)2

%%.
3709. !"#!!# n "! Mi(xi, yi) (i = 1, 2, · · · , n). )#

x cosα+ y sinα− p = 0

!#'",5&, $&!$")#"#("""$%%?
3710. !!$ [1, 3] !%##!" ax + b (+(/(&!" x2, #*$#(

∆ = sup |x2 − (ax + b)| (1 " x " 3)

%%.

1©3'3?"3'-.&3'#,$"!#-. *(



!!! !!"!"!!

§1. !!"!"!!!!

1. !!""!". !!! f(x, y) !!!!" R[a ! x ! A; b ! y ! B] !!!!!"!!,

"

F (y) =

Z A

a

f(x, y) dx

"!"!! b ! y ! B "!!"!!.

2. !!"!"!!". !!!! 1 !!"!""!, !#! f ′
y(x, y) !!" R !!!, "

$ b < y < B #""!!!!!!
d
dy

Z A

a

f(x, y) dx =

Z A

a

f ′
y(x, y) dx.

!!"!"#!!, !!!"!""""!#"$%# y ""#!! ϕ(y) " ψ(y), !"$
b < y < B # a ! ϕ(y) ! A, a ! ψ(y) ! A, "!

d
dy

Z ψ(y)

ϕ(y)

f(x, y) dx = f(ψ(y), y)ψ′(y) − f(ϕ(y), y)ϕ′(y) +

Z ψ(y)

ϕ(y)

f ′
y(x, y) dx, b < y < B.

3. !!"!"!!". ! 1 "!"!!:Z B

b

dy

Z A

a

f(x, y) dx =

Z A

a

dx

Z B

b

f(x, y) dy.

3711. #!: &!!!! f(x, y) = sgn(x − y) "!!

F (y) =
∫ 1

0
f(x, y)dx

"!!!!. !#!! u = F (y) ""#.
3712. ""!!

F (y) =
∫ 1

0

yf(x)
x2 + y2

dx

"!!#, "! f(x) ""!! [0, 1] ""$"!!!!.
3713. $:

(a) lim
α→0

∫ 1+α

α

dx

1 + x2 + α2
; (b) lim

α→0

∫ 1

−1

√
x2 + α2 dx;
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(c) lim
α→0

∫ 2

0
x2 cosαxdx; (d) lim

n→∞

∫ 1

0

dx

1 +
(
1 +

x

n

)n ;

(e) lim
R→∞

∫ π
2

0
e−R sin θ dθ.

3714.1. $!! f(x) !"!! [A, B] "!!. #!:

lim
h→0

1
h

∫ x

a
[f(t + h) − f(t)] dt = f(x) − f(a) (A < a < x < B).

3714.2.$: (1) ! [−1, 1] " ϕn(x) " 0 (n = 1, 2, · · · ); (2) %# 0 < ε ! |x| ! 1, $

n → ∞ # ϕn(x) ⇒ 0; (3) $ n → ∞ #
∫ 1

−1
ϕn(x)dx → 1. #!: ! f(x) ∈ C[−1, 1],

"

lim
n→∞

∫ 1

−1
f(x)ϕn(x)dx = f(0).

3715. !'!%

lim
y→0

∫ 1

0

x

y2
e−

x2

y2 dx

!, ""!!!#!$"#"#"?
3716. $ y = 0 #, """#$(""#"$"!!

F (y) =
∫ 1

0
ln
√

x2 + y2 dx

"#!?

3717. !

F (x) =
∫ x2

x
e−xy2

dy,

$" F ′(x).

3718. $ F ′(α):

(a) F (α) =
∫ cos α

sin α
eα

√
1−x2 dx; (b) F (α) =

∫ b+α

a+α

sinαx

x
dx;

(c) F (α) =
∫ α

0

ln(1 + αx)
x

dx; (d) F (α) =
∫ α

0
f(x + α, x − α)dx;

(e) F (α) =
∫ α2

0
dx

∫ x+α

x−α
sin(x2 + y2 − α2)dy.

3719. !
F (x) =

∫ x

0
(x + y)f(y)dy,

"! f(x) ""#!!, $ F ′′(x).
3720. $

F (x) =
∫ b

a
f(y)|x − y|dy,

"! a < b, f(y) "!!!!, $ F ′′(x).



§1. !!"!"!!!! · 265 ·

3721.1. $

F (x) =
1
h2

∫ h

0
dξ
∫ h

0
f(x + ξ + η)dη (h > 0),

"! f(x) "!!!!, $ F ′′(x).
3721.2. $

F (x) =
∫ x

0
f(t)(x − t)n−1 dt,

$ F (n)(x).
3722. #!#%:

dn

dxn

(
sin x

x

)
=

1
xn+1

∫ x

0
yn cos

(
y +

nπ

2

)
dy (n = 1, 2, · · · ). (1)

%$#% (1) "&#!$$:∣∣∣∣
dn

dxn

(
sin x

x

)∣∣∣∣ ! 1
n + 1

, x ∈ (−∞, +∞).

3723. !!! 1 ! x ! 3 "$$#!! a + bx $#'##!! f(x) = x2, &∫ 3

1
(a + bx − x2)2 dx = min .

3724. $#!$%"$##%:√
1 + x2 ≈ a + bx (0 ! x ! 1),

&!! a + bx %
√

1 + x2 !$!! [0, 1] ""%$!$"%.
3725. $!!!!!!

E(k) =
∫ π

2

0

√
1 − k2 sin2 ϕdϕ,

F (k) =
∫ π

2

0

dϕ√
1 − k2 sin2 ϕ

(0 < k < 1)

"#!, !"$"$!! E(k) " F (k) ''#&. #!: E(k) ###!$%

E′′(k) +
1
k
E′(k) +

E(k)
1 − k2

= 0.

3726. #!: !" n "!"!"""!"

Jn(x) =
1
π

∫ π

0
cos(nϕ− x sinϕ)dϕ

##"""#!

x2J ′′
n(x) + xJ ′

n(x) + (x2 − n2)Jn(x) = 0.

3727. $

I(α) =
∫ α

0

ϕ(x)dx√
α− x

,

"!!! ϕ(x) %"#! ϕ′(x) !"!! 0 ! x ! a "!!. #!: $ 0 < α < a #!

I ′(α) =
ϕ(0)√
α

+
∫ α

0

ϕ′(x)√
α− x

dx.

"#: $ x = αt.
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3728. $

u(x) =
∫ 1

0
K(x, y)v(y)dy,

"!

K(x, y) =

{
x(1 − y), x ! y,

y(1 − x), x > y,

" v(y) "!!". #!: !! u(x) ##$%
u′′(x) = −v(x) (0 ! x ! 1).

3729. $
F (x, y) =

∫ xy

x
y

(x − yz)f(z)dz,

"! f(z) ""#!!, $ F ′′
xy(x, y).

3730. $ f(x) "%&"#!!, F (x) ""#!!. #!: !!

u(x, t) =
1
2
[f(x − at) + f(x + at)] +

1
2a

∫ x+at

x−at
F (z)dz

##!!""#!
∂2u

∂t2
= a2 ∂

2u

∂x2

%&(!": u(x, 0) = f(x), u′
t(x, 0) = F (x).

3731. #!: !!! f(x) !"!! [0, l] "!!, "$ 0 ! ξ ! l # (x− ξ)2 + y2+
z2 '= 0, "!!

u(x, y, z) =
∫ l

0

f(ξ)dξ√
(x − ξ)2 + y2 + z2

##"!"!#!
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0.

%$%$%#"#!#, $"!"!!:

3732.
∫ π

2

0
ln(a2 sin2 x + b2 cos2 x)dx. 3733.

∫ π

0
ln(1 − 2a cosx + a2)dx.

3734.
∫ π

2

0

arctan(a tanx)
tan x

dx. 3735.
∫ π

2

0
ln

1 + a cosx

1 − a cosx
· dx

cosx
(|a| < 1).

3736. %$#%
arctanx

x
=
∫ 1

0

dy

1 + x2y2

$"!! ∫ 1

0

arctanx

x

dx√
1 − x2

.

3737. %$!!#!"!!#, $"!!∫ 1

0

xb − xa

ln x
dx (a > 0, b > 0).



§2. !!"!"#!!!. !!""!!#" · 267 ·

3738. $"!!:

(a)
∫ 1

0
sin
(

ln
1
x

)
xb − xa

ln x
dx; (b)

∫ 1

0
cos
(

ln
1
x

)
xb − xa

ln x
dx (a > 0, b > 0).

3739. $ F (k) " E(k) "$#$$!! ($%%% 3725). #!#%:

(a)
∫ k

0
F (k)k dk = E(k) − k2

1F (k);

(b)
∫ k

0
E(k)k dk =

1
3
[(1 + k2)E(k) − k2

1F (k)],

"! k2
1 = 1 − k2.

3740. #!#%: ∫ x

0
xJ0(x)dx = xJ1(x),

"! J0(x) % J1(x) "&!" 0 & 1 ")$&!! ($%%% 3726).

§2. !!"!"#!!!. !!""!!#"

1. "!!#""#!. !!! f(x, y) !!" a ! x < +∞, y1 < y < y2 !!!, "%#%
% ε > 0 ($!! B = B(ε), &&! b " B "!"!!

˛̨
˛̨
Z +∞

b

f(x, y) dx

˛̨
˛̨ < ε (y1 < y < y2),

"''(!! Z +∞

a

f(x, y) dx (1)

!!! (y1, y2) !!#$#.

!! (1) "%)')&#$&
∞X

n=0

Z an+1

an

f(x, y) dx (2)

""%'!"%)', "! a = a0 < a1 < a2 < · · · < an < an+1 < · · · , " lim
n→∞

an = +∞.

!!! (1) !!! (y1, y2) !"%)', "$!%!!!"$%# y "$!!".

2. !"!". !! (1) !!! (y1, y2) !"%)'")!*$!"": %#%% ε > 0, $!
! B = B(ε), &&&$ b′ > B % b′′ > B, "

˛̨
˛̨
˛

Z b′′

b′
f(x, y) dx

˛̨
˛̨
˛ < ε (y1 < y < y2).

3. #$!!$!!". !! (1) "%)'")!!"": $!&$%# y %&"&!!

F (x), && (1) $ a ! x < +∞ # |f(x, y)| ! F (x), (2)

Z +∞

a

F (x) dx < +∞.

4. %#&!!!!"'(!!, ""(#"!).

$!"!!")'":

3741.
∫ +∞

0

e−ax

1 + x2
dx. 3742.

∫ +∞

π

x cosx

xp + xq
dx.
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3743.
∫ +∞

0

sinxq

xp
dx. 3744.

∫ 2

0

dx

| ln x|p .

3745.
∫ 1

0

cos
1

1 − x
n√
1 − x2

dx. 3746.
∫ +∞

0

sinx

xp + sin x
dx (p > 0).

%$&'!+'"$#""!"!!")'#:

3747.
∫ +∞

0

cosx

x + a
dx. 3748.

∫ +∞

0

xdx

1 + xn sin2 x
(n > 0).

3749.
∫ +∞

π

dx

xp 3
√

sin2 x
. 3750.

∫ +∞

0

sin(x + x2)
xn

dx.

3751. $#!"$%**, !!∫ +∞

a
f(x, y)dx

!%!!! (y1, y2) !&"%)'''+#?
3752. #!: ! (1) !! ∫ +∞

a
f(x)dx

)', (2) !! ϕ(x, y) !!"&# x &*, "!!∫ +∞

a
f(x)ϕ(x, y)dx

(!&%!"!) "%)'.
3753. #!: %#"%)'"!!

I =
∫ +∞

1
e−

1
y2 (x− 1

y )2

dx (0 < y < 1),

&$!"!!)'"&$!%&"&!!.

3754. #!: !!

I =
∫ +∞

0
αe−αx dx

(a) !%%!! 0 < a ! α ! b !"%)'; (b) !!! 0 ! α ! b !("%)'.

3755.1. #!: #%!&!!

I =
∫ +∞

0

sinαx

x
dx

(a) !$"&&'!' α = 0 ""!! [a, b] ""%)'; (b) !$"&#'!' α = 0
""!! [a, b] "("%)'.

3755.2. ""!!
∫ +∞

1

dx

xα
!#!!!"""%)'#:

(a) 1 < α0 ! α < +∞; (b) 1 < α < +∞.

3755.3. #!: !! ∫ +∞

0

dx

xα + 1
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!!! 1 < α < +∞ "&"%)'.

""!"!!!!(!!!!""%)'#:

3756. (a)
∫ 1

0

dx

xα
(0 < α < 1); (b)

∫ +∞

0
e−αx sinxdx (0 < α0 ! α < +∞).

3757.
∫ +∞

1
xαe−x dx (a ! α ! b). 3758.

∫ +∞

−∞

cosαx

1 + x2
dx (−∞ < α < +∞).

3759.
∫ +∞

0

dx

(x − α)2 + 1
(0 ! α < +∞).

3760. (a)
∫ +∞

0

sin x

x
e−αx dx (0 ! α < +∞); (b)

∫ +∞

1

lnp x

x
√

x
dx (0 ! p ! 10).

3761.
∫ +∞

1
e−αx cosx

xp
dx (0 ! α < +∞), "! p > 0 "(!.

3762.
∫ +∞

0

√
αe−αx2

dx (0 ! α < +∞).

3763.
∫ +∞

−∞
e−(x−α)2 dx; (a) a < α < b; (b) −∞ < α < +∞.

3764. (a)
∫ +∞

0
e−x2(1+y2) sin xdy (−∞ < x < +∞); (b)

∫ +∞

0

sin x2

1 + xp
dx (p " 0).

3765. &'! b > 0, &&! 1.1 ! p ! 10 #∫ +∞

b

dx

1 + xp
< ε,

%! ε = 10−6.

3766.
∫ 1

0
xp−1 lnq 1

x
dx; (a) p " p0 > 0; (b) p > 0 (q > −1).

3767.
∫ 1

0

xn

√
1 − x2

dx (0 ! n < +∞). 3768.
∫ 1

0
sin

1
x

dx

xn
(0 < n < 2).

3769.
∫ 2

0

xα dx
3
√

(x − 1)(x − 2)2

(
|α| <

1
2

)
. 3770.

∫ 1

0

sinαx√
|x − α|

dx (0 ! α ! 1).

3771. !"&!!!$%#%!'"#%"!"%)', "'%!!$"#$'$
!#$#. #!: !!

I =
∫ +∞

0

αdx

1 + α2x2

%$"&(&" α '"%)', )% α = 0 ("%)'.
3772. !'!%

lim
α→+0

∫ +∞

0
αe−αx dx

!, (#$#"&$!!"%'""()?
3773. !! f(x) !!! (0, +∞) !"!, #!#%:

lim
α→+0

∫ +∞

0
e−αxf(x)dx =

∫ +∞

0
f(x)dx.
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3774.1. #!: ! f ′(x) ! [a, +∞) ")%"!, "$! lim
x→∞

f(x).
3774.2. #!: ! f(x) !!! (0, +∞) !)%"!, "

lim
n→∞

∫ +∞

0
f(x) sin nxdx = 0.

3775. #!: ! (1) !$"&!"!! (a, b) ! f(x, y) ⇒ f(x, y0); (2) |f(x, y)|!
F (x), "!

∫ +∞

a
F (x)dx < +∞, "

lim
y→y0

∫ +∞

a
f(x, y)dx =

∫ +∞

a
lim

y→y0
f(x, y)dx.

3776.1. (#$!!&$#""%', $"!!
∫ +∞

0
e−x2

dx =
∫ +∞

0
lim

n→∞

[(
1 +

x2

n

)−n
]

dx.

3776.2. $ f(x) ! [0, +∞) "!!"!!. #!:

lim
y→0

2
π

∫ +∞

0

yf(x)
x2 + y2

dx = f(0).

3777.1. $

lim
n→∞

∫ +∞

0

dx

xn + 1
.

3777.2. #!: !!

F (a) =
∫ +∞

0
e−(x−a)2 dx

"$%# a "!!!!.
3778.1. #!:

F (α) =
∫ 1

0

sin
α

x
xα

dx

!!! 0 < α < 1 ""!!!!.
3778.2. $!!

F (a) =
∫ +∞

0

sin(1 − a2)x
x

dx

"!+,. !#!! y = F (a) ""#.

""!"!!!!%!!!"!!#:

3779. F (α) =
∫ +∞

0

xdx

2 + xα
, α > 2. 3780. F (α) =

∫ +∞

1

cosx

xα
dx, α > 0.

3781. F (α) =
∫ π

0

sin x

xα(π− x)α
dx, 0 < α < 2.

3782. F (α) =
∫ +∞

0

e−x

| sinx|α dx, 0 < α < 1.

3783. F (α) =
∫ +∞

0
αe−xα2

dx, −∞ < α < +∞.
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§3. #!!!"!"!!"#!!"

1. $!"!"!!". !: 1) !! f(x, y) %"#! f ′
y(x, y) !!" a ! x < +∞, y1 <

y < y2 !!!; 2)

Z +∞

a

f(x, y) dx )'; 3)

Z +∞

a

f ′
y(x, y) dx !!! (y1, y2) !"%)', "$

y1 < y < y2 #
d
dy

Z +∞

a

f(x, y) dx =

Z +∞

a

f ′
y(x, y) dx

(!!!!$").

2. $!"!"!!!". !: 1) !! f(x, y) !!" x " a, y1 ! y ! y2 !!!;

2)

Z +∞

a

f(x, y) dx !!"!! [y1, y2] !"%)', "
Z y2

y1

dy

Z +∞

a

f(x, y) dx =

Z +∞

a

dx

Z y2

y1

f(x, y) dy. (1)

! f(x, y) " 0, &#(!)% (1) !*&!,"!!!!, !")% (1) ""-!%!, "

#% (1) %#%'!! (y1, y2) &"".

3784. %$#% ∫ 1

0
xn−1 dx =

1
n

(n > 0)

$"!!

I =
∫ 1

0
xn−1 lnm xdx (m "$)!).

3785. %$#% ∫ +∞

0

dx

x2 + a
=
π

2
√

a
(a > 0)

$"!!

I =
∫ +∞

0

dx

(x2 + a)n+1
(n "$)!).

3786. #!: .%$+!!

I(α) =
∫ +∞

0

sinαx

x
dx

$ α '= 0 #!#!, /"&$%$$(""#"&$$.
"#: $ αx = y.
3787. #!: !!

F (α) =
∫ +∞

0

cosx

1 + (x + α)2
dx

!!" −∞ < α < +∞ !!!!""#.
3788. ')%

e−ax − e−bx

x
=
∫ b

a
e−xy dy
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#*, $"!! ∫ +∞

0

e−ax − e−bx

x
dx (a > 0, b > 0).

3789. #!#!"!!!:

∫ +∞

0

f(ax) − f(bx)
x

dx = f(0) ln
b

a
(a > 0, b > 0),

%! f(x) "!!!!, !!
∫ +∞

A

f(x)
x

dx %%% A > 0 (!%!.

%$'',"#%$"!! (a > 0, b > 0):

3790.
∫ +∞

0

cos ax − cos bx

x
dx. 3791.

∫ +∞

0

sin ax − sin bx

x
dx.

3792.
∫ +∞

0

arctanax − arctan bx

x
dx.

%$%$%#"#!#$"!"!!: (α > 0, β > 0)

3793.
∫ +∞

0

e−αx2 − e−βx2

x
dx. 3794.

∫ +∞

0

(
e−αx − e−βx

x

)2

dx.

3795.
∫ +∞

0

e−αx − e−βx

x
sin mxdx. 3796.

∫ +∞

0

e−αx − e−βx

x
cosmxdx.

$"!"!!:

3797.
∫ 1

0

ln(1 − α2x2)
x2

√
1 − x2

dx (|α| ! 1). 3798.
∫ 1

0

ln(1 − α2x2)√
1 − x2

dx (|α| ! 1).

3799.
∫ +∞

1

arctanαx

x2
√

x2 − 1
dx. 3800.

∫ +∞

0

ln(α2 + x2)
β2 + x2

dx.

3801.
∫ +∞

0

arctanαx arctanβx

x2
dx. 3802.

∫ +∞

0

ln(1 + α2x2) ln(1 + β2x2)
x4

dx.

3803. '#%

I2 =
∫ +∞

0
e−x2

dx

∫ +∞

0
xe−x2y2

dy

#*, $"""–%"!!

I =
∫ +∞

0
e−x2

dx.

%$%,–-&!!, $!"!!:

3804.
∫ +∞

−∞
e−(ax2+2bx+c) dx (a > 0, ac − b2 > 0).

3805.
∫ +∞

−∞
(a1x

2 + 2b1x + c1)e−(ax2+2bx+c) dx (a > 0, ac − b2 > 0).

3806.
∫ +∞

−∞
e−ax2

cosh bxdx (a > 0). 3807.
∫ +∞

0
e−

“
x2+ a2

x2

”

dx (a > 0).
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3808.
∫ +∞

0

e−αx2 − e−βx2

x2
dx (α > 0, β > 0).

3809.
∫ +∞

0
e−ax2

cos bxdx (a > 0).

3810. (a)
∫ +∞

0
xe−ax2

sin bxdx (a > 0);

(b)
∫ +∞

0
x2ne−x2

cos 2bxdx (n "$)!).

3811. #!:

lim
x→+∞

√
x

∫ δ

−δ
e−axt2 dt =

√
π

a
(a > 0, δ > 0).

3812.1. '!!

I(α) =
∫ +∞

0
e−αx sinβx

x
dx (α " 0)

#*, $"#%!&!!

D(β) =
∫ +∞

0

sinβx

x
dx.

3812.2. !!%!.!!"
Si x =

∫ x

0

sin t

t
dt.

!! y = Si x ""#(%*!&'"$$?

%$#%!&!!"#!"!!!, $!"!!:

3813.
∫ +∞

0

e−αx2 − cosβx

x2
dx (α > 0). 3814.

∫ +∞

0

sinαx sinβx

x
dx (|α| '= |β|).

3815.
∫ +∞

0

sinαx cos βx

x
dx. 3816.

∫ +∞

0

sin3 αx

x
dx.

3817.
∫ +∞

0

(
sinαx

x

)2

dx. 3818.
∫ +∞

0

(
sinαx

x

)3

dx.

3819.
∫ +∞

0

sin4 x

x2
dx.

3820.
∫ +∞

0

sin4 αx − sin4 βx

x
dx (αβ '= 0).

3821.
∫ +∞

0

sinx2

x
dx.

3822.
∫ +∞

0
e−kx sinαx sinβx

x2
dx (k " 0, α > 0, β > 0).

3823. %#&&" x ', $#%!&!%"!

D(x) =
2
π

∫ +∞

0
sinλ cosλx

dλ
λ

.

!#!! y = D(x) ""#.
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3824. $"!!:

(a) v.p.
∫ +∞

−∞

sin ax

x + b
dx; (b) v.p.

∫ +∞

−∞

cos ax

x + b
dx.

3825. %$#%
1

1 + x2
=
∫ +∞

0
e−y(1+x2) dy

$""!"!!!

L =
∫ +∞

0

cos ax

1 + x2
dx.

3826. $"!!

L1 =
∫ +∞

0

x sin ax

1 + x2
dx.

$"!!:

3827.
∫ +∞

0

sin2 x

1 + x2
dx. 3828.

∫ +∞

0

cos ax

(1 + x2)2
dx.

3829.
∫ +∞

0

cos ax

ax2 + 2bx + c
dx (a > 0, ac − b2 > 0).

3830. %$#%
1√
x

=
2√
π

∫ +∞

0
e−xy2

dy (x > 0)

$"%#"!! ∫ +∞

0
sin x2 dx =

1
2

∫ +∞

0

sin x√
x

dx,

∫ +∞

0
cosx2 dx =

1
2

∫ +∞

0

cosx√
x

dx.

$!"!!:

3831.
∫ +∞

−∞
sin(ax2 + 2bx + c)dx (a '= 0).

3832.
∫ +∞

−∞
sin x2 cos 2axdx. 3833.

∫ +∞

−∞
cosx2 cos 2axdx.

3834. #!#%:

1)
∫ +∞

0

cosαx

a2 − x2
dx =

π

2a
sin aα; 2)

∫ +∞

0

x sinαx

a2 − x2
dx = −π

2
cos aα,

'- a '= 0, !!%)+"!%&*'"%!".
3835. %#!"!! f(t):
(a) f(t) = tn (n "$)!); (b) f(t) =

√
t; (c) f(t) = eαt; (d) f(t) = te−αt;

(e) f(t) = cos t; (f) f(t) =
1 − e−t

t
; (g) f(t) = sinα

√
t,

$"!"!$"

F (p) =
∫ +∞

0
e−ptf(t)dt (p > 0).
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3836. #!#% (%!"!!!):∫ +∞

0
e−atJ0(bt)dt =

1√
a2 + b2

(a > 0),

"! J0(x) =
1
π

∫ π

0
cos(x sinϕ)dϕ " 0 &)$&!! ($%%% 3726).

3837. $: (a) f(y) = 1; (b) f(y) = y2; (c) f(y) = e2ay; (d) f(y) = cos ay, $#"
!#"!$"

F (x) =
1√
π

∫ +∞

−∞
e−(x−y)2f(y)dy.

3838. !&"&–!"!#&#!'#%
Hn(x) = (−1)nex2 dn

dxn
e−x2

(n = 0, 1, 2, · · · )
!!. #!: ∫ +∞

−∞
Hm(x)Hn(x)e−x2

dx =

{
0, m '= n,

2nn!
√
π, m = n.

3839. $"!! (%!!!(()!!+$%!):

ϕ(x) =
1

2πσ1σ2

∫ +∞

−∞
e
− 1

2

»
ξ2

σ2
1
+ (x−ξ)2

σ2
2

–

dξ (σ1 > 0, σ2 > 0).

3840. $!! f(x) !!! (−∞, +∞) !!!")%"!. #!: !!

u(x, t) =
1

2a
√
πt

∫ +∞

−∞
f(ξ)e−

(ξ−x)2

4a2t dξ

###"'#!
∂u

∂t
= a2 ∂

2u

dx2

%&(!"
lim

t→+0
u(x, t) = f(x).

§4. !$!!

1. !!$# (Γ $#). $ x > 0 #!:

Γ(x) =

Z +∞

0

tx−1e−t dt.

Γ !!"$/#,"'#!($!!'!:

Γ(x + 1) = xΓ(x).

! n "$)!, "

Γ(n) = (n − 1)!; Γ

„
n +

1
2

«
=

1 · 3 · · · (2n − 1)
2n

√
π.

2. #"!". $ x &)#)!#!:

Γ(x)Γ(1 − x) =
π

sin πx
.

%#%"$&$%%#")'" Γ !!.

3. #"$# (B $#). $ x > 0 " y > 0 #!

B(x, y) =

Z 1

0

tx−1(1 − t)y−1 dt.
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""#%

B(x, y) =
Γ(x)Γ(y)
Γ(x + y)

.

3841. #!: Γ !! Γ(x) !!" x > 0 !!!, !"!!!"*&#!.
3842. #!: B !! B(x, y) !!" x > 0, y > 0 !!!, !"!!!"*&#!.

%$%,!!$"!"!!:

3843.
∫ 1

0

√
x − x2 dx. 3844.

∫ a

0
x2
√

a2 − x2 dx (a > 0).

3845.
∫ +∞

0

4
√

x

(1 + x)2
dx. 3846.

∫ +∞

0

dx

1 + x3
.

3847.
∫ +∞

0

x2 dx

1 + x4
. 3848.

∫ π
2

0
sin6 x cos4 xdx.

3849.
∫ 1

0

dx
n√
1 − xn

(n > 0). 3850.
∫ +∞

0
x2ne−x2

dx (n "$)!).

$!"!!"$!", !$%,!!'''(!!:

3851.
∫ +∞

0

xm−1

1 + xn
dx (n > 0). 3852.

∫ +∞

0

xm−1

(1 + x)n
dx.

3853.
∫ +∞

0

xm dx

(a + bxn)p
(a > 0, b > 0, n > 0).

3854.
∫ b

a

(x − a)m(b − x)n

(x + c)m+n+2
dx (0 < a < b, c > 0).

3855.
∫ 1

0

dx
n√
1 − xm

(m > 0). 3856.
∫ π

2

0
sinm x cosn xdx.

3857.
∫ π

2

0
tann xdx. 3858.

∫ π

0

sinn−1 x

(1 + k cosx)n
dx (0 < |k| < 1).

3859.
∫ +∞

0
e−xn

dx (n > 0). 3860.
∫ +∞

0
xme−xn

dx.

3861.
∫ 1

0

(
ln

1
x

)p

dx. 3862.
∫ +∞

0
xpe−ax ln xdx (a > 0).

3863.
∫ +∞

0

xp−1 ln x

1 + x
dx.

3864. (a)
∫ +∞

0

xp−1 ln2 x

1 + x
dx; (b)

∫ ∞

0

x ln x

1 + x3
dx; (c)

∫ ∞

0

ln2x

1 + x4
dx.

3865.
∫ +∞

0

xp−1 − xq−1

(1 + x) ln x
dx.
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3866.
∫ 1

0

xp−1 − x−p

1 − x
dx (0 < p < 1).

"#: %!!"&! lim
ε→+0

[B(p, ε) − B(1 − p, ε)].

3867.
∫ +∞

0

sinhαx

sinhβx
dx (0 < α < β). 3868.

∫ 1

0
ln Γ(x)dx.

3869.
∫ a+1

a
ln Γ(x)dx (a > 0). 3870.

∫ 1

0
ln Γ(x) sinπxdx.

3871.
∫ 1

0
ln Γ(x) cos 2nπxdx (n "$)!).

#!)%:

3872.
∫ 1

0

dx√
1 − x4

·
∫ 1

0

x2 dx√
1 − x4

=
π

4
.

3873.
∫ +∞

0
e−x4

dx ·
∫ +∞

0
x2e−x4

dx =
π

8
√

2
.

3874.
n∏

m=1

∫ +∞

0
xm−1e−xn

dx =
(

1
n

)n+ 1
2

(2π)
n−1

2 .

3875. lim
n→∞

∫ +∞

0
e−xn

dx = 1.

%$)% 1
xm

=
1

Γ(m)

∫ +∞

0
tm−1e−xt dt (x > 0), $!!:

3876.
∫ +∞

0

cos ax

xm
dx (0 < m < 1). 3877.

∫ +∞

0

sin ax

xm
dx (0 < m < 2).

3878. #!%,#%:

(a)
∫ +∞

0
tx−1e−λt cos α cos(λt sinα)dt =

Γ(x)
λx

cosαx;

(b)
∫ +∞

0
tx−1e−λt cos α sin(λt sinα)dt =

Γ(x)
λx

sinαx

(
λ > 0, x > 0, −π

2
< α <

π

2

)
.

3879. $($
rn = an cosnϕ (a > 0, n "$)!)

"%+.
3880. $($

|x|n + |y|n = an (n > 0, a > 0)
!'"%!.
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§5. "%#!!!"

1. !"%#!!$$$#. !: 1) !! f(x) ! −∞ < x < +∞ !!!!, 2) %!!%"
#! f ′(x) !$"&!"!!!,"!0!!", 3) f(x) !!! (−∞,+∞) !)%"!, "!
!!!!""%,, ""!!''"$("!!"$%:

f(x) =

Z +∞

0

[a(λ) cos λx + b(λ) sinλx] dλ, (1)

%!

a(λ) =
1
π

Z +∞

−∞
f(ξ) cos λξ dξ, b(λ) =

1
π

Z +∞

−∞
f(ξ) sinλξ dξ.

!!! f(x) "*!+,, #% (1) "&-%+" 1
2

[f(x + 0) + f(x − 0)] .

%#&!! f(x), #% (1) %#

f(x) =

Z +∞

0

a(λ) cos λxdλ, (2)

"!

a(λ) =
2
π

Z +∞

0

f(ξ) cosλξ dξ,

!"%!+,&!&'"'!.

%##!! f(x), (#'&1

f(x) =

Z +∞

0

b(λ) sinλxdλ, (3)

"!

b(λ) =
2
π

Z +∞

0

f(ξ) sinλξ dξ.

2. #!! (0, +∞) "!"%#!!$$$#. !: 1) !! f(x) !!! (0, +∞) "!!!,

2) %!!%"#! f ′(x) !$"&!"!! (a, b) ⊂ (0, +∞) !,"!0!!, 3) f(x) !!!

(0, +∞) ")%"!, "!$!!!"$(""()$#% (2) ($!#%) &#% (3) ("!#

%) &''!! f(x).

$,-(!!''!"!!:

3881. f(x) =

{
1, |x| < 1,

0, |x| > 1.
3882. f(x) =

{
sgnx, |x| < 1,

0, |x| > 1.

3883. f(x) = sgn(x − a) − sgn(x − b) (b > a).

3884. f(x) =





h

(
1 − |x|

a

)
, |x| ! a,

0, |x| > a.
3885. f(x) =

1
a2 + x2

(a > 0).

3886. f(x) =
x

a2 + x2
(a > 0). 3887. f(x) =

{
sinx, |x| ! π,
0, |x| > π.

3888. f(x) =






cosx, |x| ! π
2
,

0, |x| >
π

2
.
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3889. f(x) =






A sinωx, |x| ! 2πn
ω

,

0, |x| >
2πn
ω

(n "$)!).

3890. f(x) = e−α|x| (α > 0). 3891. f(x) = e−α|x| cosβx (α > 0).
3892. f(x) = e−α|x| sinβx (α > 0). 3893. f(x) = e−x2

.
3894. f(x) = xe−x2

.
3895. $,-(!!''!!

f(x) = e−x (0 < x < +∞),

(a) $&%)'; (b) $#%)'.

%#!"!! f(t), $$("$"

F (x) =
1√
2π

∫ +∞

−∞
f(t)e− itx dt =

1√
2π

lim
l→+∞

∫ l

−l
f(t)e− itx dt :

3896. f(x) = e−α|x| (α > 0). 3897. f(x) = xe−α|x| (α > 0).

3898. f(x) = e− x2
2 . 3899. f(x) = e− x2

2 cosαx.
3900. $!! ϕ(x) % ψ(x), $:

(a)
∫ +∞

0
ϕ(y) cosxy dy =

1
1 + x2

;

(b)
∫ +∞

0
ψ(y) sin xy dy = e−x (x > 0).



!!! "!!!!!!!!

§1. "!!!

1. "!!!#"!!!#. !!!!!! f(x, y) !!!!!!!!"""" Ω !!!!
!", !!" ZZ

Ω

f(x, y) dxdy = lim
max |∆xi|→0
max |∆yj |→0

X

i

X

j

f(xi, yj)∆xi∆yj ,

!" ∆xi = xi+1 − xi, ∆yj = yj+1 − yj , #!"""!!# (xi, yj) ∈ Ω !!" i, j #!#!.

""" Ω #!""#$!!:

a ! x ! b, y1(x) ! y ! y2(x),

!" y1(x) " y2(x) #!"! [a, b] !!!!!!, "#$"$!$!!!""$""":

ZZ

Ω

f(x, y) dxdy =

Z b

a

dx

Z y2(x)

y1(x)

f(x, y) dy.

2. "!!!##!!!". "!!!$!!
x = x(u, v), y = y(u, v)

!!"! Oxy !!!!!"" Ω %"! Ouv !!"" Ω′ %!!""&%, #$!##!$

I =
D(x, y)
D(u, v)

!%#! Ω "$""% (!#!"&$#!!#%), "#$!""$:
ZZ

Ω

f(x, y) dxdy =

ZZ

Ω′

f(x(u, v), y(u, v))|I |dudv.

##, "!"$ x = r cosϕ, y = r sinϕ %"#$!' r " ϕ, "!
ZZ

Ω

f(x, y) dxdy =

ZZ

Ω′

f(r cosϕ, r sinϕ)r dr dϕ.
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3901. "!$
∫∫

0!x!1
0!y!1

xy dxdy %"!$"!$!, '&$

x =
i

n
, y =

j

n
(i, j = 1, 2, · · · , n − 1)

"!$"$#%&'&&, ('$)!!!!#"'&&(!'(!#, ""!!$.
3902. '&$

x = 1 +
i

n
, y = 1 +

2j

n
(i, j = 0, 1, · · · , n)

""" 1 ! x ! 2, 1 ! y ! 3 $#%&"&, !!!! f(x, y) = x2 + y2 !!"""!
"!$" S %!!$" S. % n → ∞ &, !!$"%"!$"!$!#)'"?

3903. '"#'( Aij &)(!(!'&&"#!$"!##", ($)!!!!
##'&&$$($%!'(%#, ##)""!$∫∫

x2+y2!25

dxdy√
24 + x2 + y2

,

(%%%#%!#&.
3904. '&$ x = $!, y = $!, x + y = $!"!$" S $#$##!!&'

&, ($)!!!!##&'&!)(%#, ##)""!$∫∫

S

√
x + y dS,

!" S "!&$ x = 0, y = 0 & x + y = 1 #*!&'&.
3905. "!$" S = {x2 + y2 ! 1} $#!!#&()) δ !!!!!%""

∆Si (i = 1, 2, · · · , n). &#!# δ #$*"#$∣∣∣∣∣∣

∫∫

S

sin(x + y)dS −
n∑

i=1

sin(xi + yi)∆Si

∣∣∣∣∣∣
< 0.001

#$? !" (xi, yi) ∈ ∆Si.

""!$:

3906.
∫ 1

0
dx

∫ 1

0
(x + y)dy. 3907.

∫ 1

0
dx

∫ x

x2
xy2 dy.

3908.
∫ 2π

0
dϕ
∫ a

0
r2 sin2 ϕdr.

3909. *$#$:
∫∫

R

X(x)Y (y)dxdy =
∫ A

a
X(x)dx ·

∫ B

b
Y (y)dy,

!" R #"& a ! x ! A, b ! y ! B, #!! X(x) " Y (y) !#$"!!!!.
3910. ( f(x, y) = F ′′

xy(x, y), ""

I =
∫ A

a
dx

∫ B

b
f(x, y)dy.
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3911. ( f(x) #"! a ! x ! b "!!!!!. *$"#$:[∫ b

a
f(x)dx

]2

! (b − a)
∫ b

a
f2(x)dx,

#)% f(x) = $!&#$#$.
!!: **!$ ∫ b

a
dx

∫ b

a
[f(x) − f(y)]2 dy.

3912. "!!$!&#!%#?

(a)
∫∫

|x|+|y|!1

ln(x2 + y2)dxdy; (b)
∫∫

x2+y2!4

3
√

1 − x2 − y2 dxdy;

(c)
∫∫

0!x!1
−1!y!1−x

arcsin(x + y)dxdy.

3913. !!!
f(x, y) = sin2 x sin2 y

!'&& 0 ! x ! π, 0 ! y ! π "!"+#.
3914. %'"#*&$"!$

I =
∫∫

|x|+|y|!10

dxdy

100 + cos2 x + cos2 y
.

3915. !' (x − a)2 + (y − b)2 ! R2 !!(+$(!$'%"&!"+#.

!%" 3916—3922 ", ")!!!$" Ω, !((#"!!%+#+"$!$∫∫

Ω

f(x, y)dxdy !!"!:

3916. Ω — ! O(0, 0), A(1, 0), B(1, 1) #'(!&'&.
3917. Ω — ! O(0, 0), A(2, 1), B(−2, 1) #'(!&'&.
3918. Ω — ! O(0, 0), A(1, 0), B(1, 2), C(0, 1) #'(!#&.
3919. Ω — ' x2 + y2 ! 1.
3920. Ω — ' x2 + y2 ! y.
3921. Ω — )#'$ y = x2 "&$ y = 1 !$(!"" (#'$$&).
3922. Ω — '# 1 ! x2 + y2 ! 4.
3923. *$!!!"!":∫ a

0
dx

∫ x

0
f(x, y)dy =

∫ a

0
dy

∫ a

y
f(x, y)dx (a > 0).

!"!!$"%%!$!%+:

3924.
∫ 2

0
dx

∫ 2x

x
f(x, y)dy. 3925.

∫ 2

−6
dx

∫ 2−x

x2
4 −1

f(x, y)dy.

3926.
∫ 1

0
dx

∫ x2

x3
f(x, y)dy. 3927.

∫ 1

−1
dx

∫ 1−x2

−
√

1−x2
f(x, y)dy.
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3928.
∫ 2

1
dx

∫ √
2x−x2

2−x
f(x, y)dy. 3929.

∫ 2a

0
dx

∫ √
2ax

√
2ax−x2

f(x, y)dy (a > 0).

3930.
∫ e

1
dx

∫ ln x

0
f(x, y)dy. 3931.

∫ 2π

0
dx

∫ sin x

0
f(x, y)dy.

"""!!$:

3932.
∫∫

Ω

xy2 dxdy, !" Ω ")#'$ y2 = 2px "&$ x =
p

2
(p > 0) !$(

!"".
3933.

∫∫

Ω

dxdy√
2a − x

(a > 0), !" Ω ")'(&)( (a, a) #%(# a !',

(&%!'-#$) !&,$"!'-!$(!"".

3934.
∫∫

Ω

|xy|dxdy, !" Ω "! a #%(, !!'$(#'(!'.

3935.
∫∫

Ω

(x2 + y2)dxdy, !" Ω "! y = x, y = x+ a, y = a " y = 3a (a > 0)

#*!"#$*&.

3936.
∫∫

Ω

y2 dxdy, !" Ω ")%!'-"&$

x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π)
!-"&!$(!"".

!"$!$ ∫∫

Ω

f(x, y)dxdy

", # x = r cosϕ " y = r sinϕ, %"#$!' r " ϕ, ($+!$!!"!:
3937. Ω — ' x2 + y2 ! a2.
3938. Ω — ' x2 + y2 ! ax (a > 0).
3939. Ω — # a2 ! x2 + y2 ! b2.
3940. Ω — &'& 0 ! x ! 1, 0 ! y ! 1 − x.

3941. Ω — #'$$& −a ! x ! a,
x2

a
! y ! a.

3942. !&#!%"", %%"#$!'%%, !$!!"!"$!?

!"!!$", # x = r cosϕ " y = r sinϕ, %"#$!' r " ϕ, ($(."!
!%+$+!$!!"!:

3943.
∫ 1

0
dx

∫ 1

0
f(x, y)dy. 3944.

∫ 1

0
dx

∫ √
1−x2

1−x
f(x, y)dy.
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3945.
∫ 2

0
dx

∫ √
3x

x
f(
√

x2 + y2)dy. 3946.
∫ 1

0
dx

∫ x2

0
f(x, y)dy.

3947.
∫∫

Ω

f(x, y)dxdy, !""" Ω #&$ (x2 + y2)2 = a2(x2 − y2) (x " 0)(#.

( r " ϕ #$!', !"!!$"%'!$!%+:

3948.
∫ π

2

− π
2

dϕ
∫ a cos ϕ

0
f(ϕ, r)dr (a > 0).

3949.
∫ π

2

0
dϕ
∫ a

√
sin 2ϕ

0
f(ϕ, r)dr (a > 0).

3950.
∫ a

0
dϕ
∫ ϕ

0
f(ϕ, r)dr (0 < a < 2π).

%"#$!', ""$!$&#"$!$:

3951.
∫∫

x2+y2!1

f(
√

x2 + y2)dxdy.

3952.
∫∫

Ω

f(
√

x2 + y2)dxdy, !" Ω = {|y| ! |x|, |x| ! 1}.

3953.
∫∫

x2+y2!x

f
(y

x

)
dxdy.

%"#$!', """!"$!$:

3954.
∫∫

x2+y2!a2

√
x2 + y2 dxdy. 3955.

∫∫

π2!x2+y2!4π2

sin
√

x2 + y2 dxdy.

3956. %'!!
u =

y2

x
, v =

√
xy

"'&& S = {a ! x ! a + h, b ! y ! b + h} (a > 0, b > 0) %"#"" S′, !""
S′ % S !!!%#. % h → 0 &, !##!$!#)'"?

!"!"$!$", %',!%) u, v ""$ x, y, (%*!$!!"!:

3957.
∫ b

a
dx

∫ βx

αx
f(x, y)dy (0 < a < b, 0 < α < β); u = x, v =

y

x
.

3958.
∫ 2

0
dx

∫ 2−x

1−x
f(x, y)dy; u = x + y, v = x − y.

3959.
∫∫

Ω

f(x, y)dxdy, !" Ω ")&$
√

x + √
y =

√
a, x = 0, y = 0 (a > 0)

!$(!""; x = u cos4 v, y = u sin4 v.
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3960. *$: %)""
x + y = ξ, y = ξη

"&'& 0 ! x ! 1, 0 ! y ! 1 − x %"##&'&& 0 ! ξ ! 1, 0 ! η ! 1.
3961. !&#!%)""", #&$ xy = 1, xy = 2, x− y + 1 = 0, x− y − 1 = 0

(x > 0, y > 0) (#!&$$*&)%"#"&, #!*"#)!'-?

!#)%!%)"", ""$!$&#"$!$:

3962.
∫∫

|x|+|y|!1

f(x + y)dxdy.

3963.
∫∫

x2+y2!1

f(ax + by + c)dxdy (a2 + b2 &= 0).

3964.
∫∫

Ω

f(xy)dxdy, !""" Ω #&$ xy = 1, xy = 2, y = x, y = 4x (x >

0, y > 0) (#.

"""!"$!$:

3965.
∫∫

Ω

(x + y)dxdy, !""" Ω #&$ x2 + y2 = x + y (#.

3966.
∫∫

|x|+|y|!1

(|x| + |y|)dxdy.

3967.
∫∫

Ω

√
1 − x2

a2
− y2

b2
dxdy, !""" Ω "%' x2

a2
+

y2

b2
! 1.

3968.
∫∫

x4+y4!1

(x2 + y2)dxdy.

3969.
∫∫

Ω

(x + y)dxdy, !""" Ω #&$ y2 = 2x, x + y = 4, x + y = 12 (#.

3970.
∫∫

Ω

xy dxdy, !""" Ω #&$ xy = 1, x + y =
5
2
(#.

3971.
∫∫

0!x!π
0!y!π

| cos(x + y)|dxdy.

3972.
∫∫

x2+y2!1

∣∣∣∣
x + y√

2
− x2 − y2

∣∣∣∣ dxdy.

3973.
∫∫

|x|!1
0!y!2

√
|y − x2|dxdy.
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"""!!!!!!$:

3974.
∫∫

x2+y2!4

sgn(x2 − y2 + 2)dxdy.

3975.
∫∫

0!x!2
0!y!2

[x + y] dxdy.

3976.
∫∫

x2!y!4

√
[y − x2] dxdy.

3977. ( m & n #'(!#!"/*!"#"%!, *$:∫∫

x2+y2!a2

xmyn dxdy = 0.

3978. !
lim
ρ→0

1
πρ2

∫∫

x2+y2!ρ2

f(x, y)dxdy,

!" f(x, y) #!!!!.

! F ′(t):

3979. F (t) =
∫∫

0!x!t
0!y!t

e−
tx
y2 dxdy 1©.

3980. F (t) =
∫∫

(x−t)2+(y−t)2!1

√
x2 + y2 dxdy.

3981. F (t) =
∫∫

x2+y2!t2

f(x, y)dxdy (t > 0) 2©.

3982. *$: " f(x, y) !!, "!!

u(x, y) =
1
2

∫ x

0
dξ
∫ x+y−ξ

ξ−x+y
f(ξ, η)dη

$&&%
∂2u

∂x2
− ∂2u

∂y2
= f(x, y).

3983.(!! f(x, y) !##$"'#!!&$, "" S(v1, v2) #&$ f(x, y) = v1

& f(x, y) = v2 (#. *$:∫∫

S(v1,v2)

f(x, y)dxdy =
∫ v2

v1

vF ′(v)dv,

!" F (v) #&$ f(x, y) = v1 % f(x, y) = v !$(!!!.
!!: '!! f(x, y) !)',#!##$"!$"$#%&+$.

1©)!!!!$+"# e
tx
y2 , ##.0#$'$!$((. &'

2©'!)!!! f !#&""!!!. &'
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§2. !!#!!#

Oxy "!!!! S "!!#!""$!!:

S =

ZZ

S

dxdy.

!"!&$!(!!!:

3984. xy = a2, x + y =
5
2
a (a > 0).

3985. y2 = 2px + p2, y2 = −2qx + q2 (p > 0, q > 0).
3986. (x − y)2 + x2 = a2 (a > 0).

%"#$!', """!&$!(!!!:
3987. (x2 + y2)2 = 2a2(x2 − y2), x2 + y2 " a2.
3988. (x3 + y3)2 = x2 + y2, x " 0, y " 0.
3989. (x2 + y2)2 = a(x3 − 3xy2) (a > 0).
3990. (x2 + y2)2 = 8a2xy, (x − a)2 + (y − a)2 ! a2 (a > 0).

(-!""$%''($!' r " ϕ:

x = ar cosα ϕ, y = br sinα ϕ (r " 0),

!" a, b " α #)%'!!$!, ##%+ D(x, y)
D(r,ϕ)

= αabr cosα−1 ϕ sinα−1 ϕ, !#"

!&$!(!!! ((*,!"'!):

3991.
x2

a2
+

y2

b2
=

x

h
+

y

k
. 3992.

x3

a3
+

y3

b3
=

x2

h2
+

y2

k2
, x = 0, y = 0.

3993.
(x

a
+

y

b

)4
=

x2

h2
+

y2

k2
(x > 0, y > 0).

3994. (a)
(x

a
+

y

b

)4
=

x2

h2
− y2

k2
(x > 0, y > 0); (b)

(x

a
+

y

b

)5
=

x2y2

c4
.

3995.
4√x

a
+

4√y

b
= 1, x = 0, y = 0.

!#)%!%)"", !"!&$!(!!!:
3996. x + y = a, x + y = b, y = αx, y = βx (0 < a < b, 0 < α < β).
3997. xy = a2, xy = 2a2, y = x, y = 2x (x > 0, y > 0).
3998. (a) y2 = 2px, y2 = 2qx, x2 = 2ry, x2 = 2sy (0 < p < q, 0 < r < s);

(b) x2 = ay, x2 = by, x3 = cy2, x3 = dy2 (0 < a < b, 0 < c < d);
(c) y = axp, y = bxp, y = cxq, y = dxq (0 < p < q, 0 < a < b, 0 < c < d).

3999. (a)
√

x

a
+
√

y

b
= 1,

√
x

a
+
√

y

b
= 2,

x

a
=

y

b
,

4x

a
=

y

b
(a > 0, b > 0);
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(b)
(x

a

) 2
3
+
(y

b

) 2
3

= 1,
(x

a

) 2
3
+
(y

b

) 2
3

= 4,
x

a
=

y

b
,

8x

a
=

y

b
(x > 0, y > 0).

4000.
x2

λ
+

y2

λ− c2
= 1, !" λ $"!)#:

1
3
c2,

2
3
c2,

4
3
c2,

5
3
c2 (x > 0, y > 0).

4001. !%' (a1x + b1y + c1)2 + (a2x + b2y + c2)2 = 1 (δ = a1b2 − a2b1 &= 0) !
!!.

4002. !%'
x2

cosh2 u
+

y2

sinh2 u
= c2 (u = u1, u2)

"'&$
x2

cos2 v
− y2

sin2 v
= c2 (v = v1, v2)

(0 < u1 < u2, 0 < v1 < v2, x > 0, y > 0)
!(!!!.

!!: # x = c coshu cos v, y = c sinh u sin v.
4003. !&! x2 + y2 + z2 − xy − xz − yz = a2 )"! x + y + z = 0 !.##.

!%!!.
4004. !&! 1

x
+

1
y

+
1
z

= 0 )"! z = 1 − 2(x + y) !.##.!%!!.

§3. !!#!!#

& 14

#& 14 !,, (1''!&)!!&! z = f(x, y),

/!&)"! z = 0, -!$&)/!, #/!!"! Oxy

!!)"" Ω "!!!, """""!#):

V =

ZZ

Ω

f(x, y) dxdy.

4005. -'!"'', !'!#)!$

V =
∫ 1

0
dx

∫ 1−x

0
(x2 + y2)dy.

4006. '!"!"$!$!.,!'!:

(a)
∫∫

0!x+y!1
x"0,y"0

(x + y)dxdy; (b)
∫∫

x2
4 + y2

9 !1

√
1 − x2

4
− y2

9
dxdy;

(c)
∫∫

|x|+|y|!1

(x2 + y2)dxdy; (d)
∫∫

x2+y2!x

√
x2 + y2 dxdy;

(e)
∫∫

1!x!2
x!y!2x

√
xy dxdy; (f)

∫∫

x2+y2!1

sin
(
π
√

x2 + y2
)

dxdy.



§3. !!#!!# · 289 ·

!"!&!!(""!'!:
4007. z = 1 + x + y, z = 0, x + y = 1, x = 0, y = 0.
4008. x + y + z = a, x2 + y2 = R2, x = 0, y = 0, z = 0 (a "

√
2R).

4009. z = x2 + y2, y = x2, y = 1, z = 0.

4010. z = cosx cos y, z = 0, |x + y| ! π
2
, |x − y| ! π

2
.

4011. z = sin
πy

2x
, z = 0, y = x, y = 0, x = π.

4012. z = xy, x + y + z = 1, z = 0.

%"#$!', !"!&!!(""!'!:
4013. z2 = xy, x2 + y2 = a2.
4014. z = x + y, (x2 + y2)2 = 2xy, z = 0 (x > 0, y > 0).
4015. z = x2 + y2, x2 + y2 = x, x2 + y2 = 2x, z = 0.
4016. x2 + y2 + z2 = a2, x2 + y2 " a|x| (a > 0).
4017. x2 + y2 − az = 0, (x2 + y2)2 = a2(x2 − y2), z = 0 (a > 0).
4018. z = e−(x2+y2), z = 0, x2 + y2 = R2.

4019. z = c cos
π
√

x2 + y2

2a
, z = 0, y = x tanα, y = x tanβ (a > 0, c > 0, 0 !

α < β ! 2π, x2 + y2 ! a2).
4020. z = x2 + y2, z = x + y.

!"!&!!(""!'! ((*,!"'!):

4021.
x2

a2
+

y2

b2
+

z2

c2
= 1,

x2

a2
+

y2

b2
=

z2

c2
(z > 0).

4022.
x2

a2
+

y2

b2
− z2

c2
= −1,

x2

a2
+

y2

b2
= 1.

4023.
x2

a2
+

y2

b2
=

z

c
,

x2

a2
+

y2

b2
=

x

a
+

y

b
, z = 0.

4024.
(

x2

a2
+

y2

b2

)2

+
z

c
= 1, z = 0.

4025.
(x

a
+

y

b

)2
+

z2

c2
= 1, x = 0, y = 0, z = 0.

4026.
x2

a2
+

y2

b2
+

z2

c2
= 1,

(
x2

a2
+

y2

b2

)2

=
x2

a2
− y2

b2
.

4027. z2 = xy, x + y = a, x + y = b (0 < a < b).

4028. z = x2 + y2, xy = a2, xy = 2a2, y =
x

2
, y = 2x, z = 0.

4029. z = xy, x2 = y, x2 = 2y, y2 = x, y2 = 2x, z = 0.

4030. z = c sin
πxy

a2
, z = 0, xy = a2, y = αx, y = βx (0 < α < β, x > 0).
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4031. z = x
3
2 + y

3
2 , z = 0, x + y = 1, x = 0, y = 0.

4032.
x2

a2
+

y2

b2
+

z

c
= 1,

(x

a

) 2
3

+
(y

b

) 2
3

= 1, z = 0.

4033. (a) z = c arctan
y

x
, z = 0,

√
x2 + y2 = a arctan

y

x
(y " 0);

(b) z = ye−
xy
a2 , xy = a2, xy = 2a2, y = m, y = n, z = 0 (0 < m < n).

4034.
xn

an
+

yn

bn
+

zn

cn
= 1, x = 0, y = 0, z = 0 (n > 0).

4035.
(x

a
+

y

b

)n
+
(z

c

)m
= 1, x = 0, y = 0, z = 0 (n > 0, m > 0).

§4. !!!!#!!#

1. !!!""!!!#"!. ((&! z = z(x, y) !!!#!"!$.,:

S =

ZZ

Ω

s

1 +

„
∂z
∂x

«2

+

„
∂z
∂y

«2

dxdy,

!" Ω #*&!! Oxy "!!!(*.

2. !!!"!$"!!#"!. "&!#,!&%!!:

x = x(u, v), y = y(u, v), z = z(u, v),

!" (u, v) ∈ Ω, Ω #!!!!!!!"", #!! x, y " z !"" Ω "!!!$, "")&!
!!!!"$

S =

ZZ

Ω

p
EG − F 2 dudv,

!"

E =

„
∂x
∂u

«2

+

„
∂y
∂u

«2

+

„
∂z
∂u

«2

,

G =

„
∂x
∂v

«2

+

„
∂y
∂v

«2

+

„
∂z
∂v

«2

,

F =
∂x
∂u

∂x
∂v

+
∂y
∂u

∂y
∂v

+
∂z
∂u

∂z
∂v

.

4036. !&! az = xy !'1 x2 + y2 = a2 %"!+$!!!.
4037. !!&! x2 + z2 = a2 " y2 + z2 = a2 #/!''!.!!.

4038. !(! x2 + y2 + z2 = a2 !1!
x2

a2
+

y2

b2
= 1 (b ! a) %"!+$!!!.

4039. !&! z2 = 2xy )"! x + y = 1, x = 0, y = 0 !.+$!!!.
4040. !&! x2 + y2 + z2 = a2 !'1 x2 + y2 = ±ax %%!+$!!! (""

-$*").
4041. !&! z =

√
x2 + y2 !'1 x2 + y2 = 2x %"!+$!!!.

4042. !&! z =
√

x2 − y2 !1! (x2 + y2)2 = a2(x2 − y2) %"!+$!
!!.
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4043. !&! z =
1
2
(x2 − y2) )"! x − y = ±1, x + y = ±1 !.+$!!!.

4044. !&! x2 + y2 = 2az !1! (x2 + y2)2 = 2a2xy %"!+$!!!.
4045. !!!: (a) &! x2 + y2 = a2 )"! x + z = 0, x − z = 0 (x > 0, y > 0)

!.!+$;
(b) &! (x2 + y2) 3

2 + z = 1 )"! z = 0 !.!+$;

(c) &!
(x

a
+

y

b

)2
+

2z

c
= 1 )"! x = 0, y = 0 " z = 0 !.!+$;

(d) &!
x2

a
− y2

b
= 2z )&!

x2

a2
+

x2

b2
= 1 !.!+$ (z " 0);

(e) &! sin z = sinh x · sinh y )"! x = 1 " x = 2 !.!+$ (y " 0).

4046. !!&! x2 + y2 =
1
3
z2 " x + y + z = 2a (a > 0) #/!''!.!!"

'!.

4047. !(!!()+$"()0$%!!+$!!!.
4048. !&.!

x = r cosϕ, y = r sinϕ, z = hϕ

!$& 0 < r < a, 0 < ϕ < 2π !+$!!!.
4049. !#!
x = (b + a cosψ) cosϕ, y = (b + a cosψ) sinϕ, z = a sinψ (0 < a ! b)

!()0$ ϕ = ϕ1, ϕ = ϕ2 "()+$ ψ = ψ1, ψ = ψ2 %!!+$!!!. (##
!!!!#)'"?

4050. !"& x = a > 0, 0 ! y ! b, 0 ! z ! c "!'$(!$'' ω. " a )
%, *! ω !##"$.

§5. "!!!"""!#"#

1. $#. "/' Ω &)"! Oxy ", x0, y0 #!)(!', ρ = ρ(x, y) #!!%$, "

x0 =
1
M

ZZ

Ω

ρxdxdy, y0 =
1
M

ZZ

Ω

ρy dxdy, (1)

!" M =

ZZ

Ω

ρdxdy #/'!)).

"/'"+)!, "!"$ (1) "$# ρ = 1.

2. !$#!. "/' Ω &)"! Oxy ", "&"!'- Ox " Oy !!#!# Ix " Iy

!$0.,#!""$:

Ix =

ZZ

Ω

ρy2 dxdy, Iy =

ZZ

Ω

ρx2 dxdy, (2)

!" ρ = ρ(x, y) #/'!!%$.
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)!**!!!

Ixy =

ZZ

Ω

ρxy dxdy. (3)

!"$ (2) "# ρ = 1, ,&10+"!&&!!"!#!#.

4051. !*&# a !'&&/'!)), (/'!#"(!!%$%*(+'&&
'(%"!$'#'#, #!'&&"(#) ρ0.

!!"!&$#/!+*/'!)(!':
4052. ay = x2, x + y = 2a (a > 0).

4053.
√

x + √
y =

√
a, x = 0, y = 0.

4054. x
2
3 + y

2
3 = a

2
3 (x > 0, y > 0). 4055.

(x

a
+

y

b

)3
=

xy

c2
($)).

4056. (x2 + y2)2 = 2a2xy (x > 0, y > 0). 4057. r = a(1 + cosϕ), ϕ = 0.
4058. x = a(t − sin t), y = a(1 − cos t) (0 ! t ! 2π), y = 0.
4059. ('&/' x2 + y2 ! a2 !( M(x, y) !!%$%( M +( A(a, 0) !$

'#'#, !*/'!)(!'.
4060. !&$

y =
√

2px, y = 0, x = X

!(&&!)(!,! X %&&!''!&$.

!#"!&$!(!&& (ρ = 1) "!'- Ox " Oy !(1*) Ix " Iy:
4061.

x

b1
+

y

h
= 1,

x

b2
+

y

h
= 1, y = 0 (b1 > 0, b2 > 0, h > 0).

4062. (x − a)2 + (y − a)2 = a2, x = 0, y = 0 (0 ! x ! a).
4063. r = a(1 + cosϕ). 4064. x4 + y4 = a2 (x2 + y2).
4065. xy = a2, xy = 2a2, x = 2y, 2x = y (x > 0, y > 0).
4066.1. !&$

(x2 + y2)2 = a2(x2 − y2)
!(&& S !$(1*)

I0 =
∫∫

S

(x2 + y2)dxdy.

4066.2. !&$
ay = x2, ax = y2 (a > 0)

!("!&&!*/! Ixy .
4067. *$"$:

Il = Il0 + Sd2,

$" Il, Il0 "&& S "#$ d !""#- l " l0 !(1*), # l0 ++&&!)(.
4068. *$: "!&& S "++!)( O(0, 0) (% Ox -# α '!&$!(1
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!!!!
I = Ix cos2 α− 2Ixy sinα cosα+ Iy sin2 α,

!! Ix " Iy !!! S " Ox "" Oy "#!$!!, Ixy =
∫∫

S

ρxy dxdy !!"!.

4069. !! a !!##!!!""#!!!$#""!#!! α !#%!#!$
!!.

4070. !!&!"" x2 + y2 = a2, z = 0 !"#", "#!! z = h, !""""
#$ x ! 0 #$". 1©

4071. !"! a #"###"%! δ #"#!#%! h ($"##$) #&!, "
# h ! a. !"#""#$%!""%!#$".

4072. '!"! a !! b #%!&#"%##"%! δ #"#!, !!##"!
"##%! h, "!&#""$%!#! α !. !"#"!&$'""'#$".

4073. !$!! M #$$!&# x2 + y2 " a2, 0 " z " h "$!! m #$(
P (0, 0, b) ##".

4074. ##"!!!
x2

a2
+

y2

b2
" 1

#$##&$"%

p = p0

(
1 − x2

a2
− y2

b2

)

#". !##"!!$!##$$#.
4075. ! a " b !!#%!'&$$$&$%#$&&#'', !!"%! ρ. &

%$$!! M #"#)&$! r #&!%%#(!! kMr (0 < k < 1) 2©, &!!"
%#''"!#'&!%, ''%$$*'(?

§6. !!!!

1. !!!!!"!!!". &%( f(x, y, z) )%&#, $#'%& V $""(!%#":

x1 " x " x2, y1(x) " y " y2(x), z1(x, y) " z " z2(x, y),

!! y1(x), y2(x), z1(x, y), z2(x, y) (!%&%(, &%( f(x, y, z) #%& V !#!(!#
!#"% ZZZ

V

f(x, y, z) dxdy dz =

Z x2

x1

dx

Z y2(x)

y1(x)

dy

Z z2(x,y)

z1(x,y)

f(x, y, z) dz

&##. #*)'!""%&&!*:ZZZ

V

f(x, y, z) dxdy dz =

Z x2

x1

dx

ZZ

S(x)

f(x, y, z) dy dz,

!! S(x) )'#! x = #( )%& V %+#)!.

1©'!%$ 4070—4072 !+' 166 '#*". ("
2©(+'!, !,&( k )#!)#, !#)&(%'*# 0 " 1 +$. ("
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2. !!!!#!!!!". &%&!$%(
x = x(u, v, w), y = y(u, v, w), z = z(u, v, w)

#" Oxyz "$##'!!!%,%& V " O′uvw "$#%& V ′ +$#))(-, "$,
(u, v, w) ∈ V ′ *

I =
D(x, y, z)
D(u, v, w)

"= 0,

&!'"%ZZZ

V

f(x, y, z) dxdydz =

ZZZ

V ′

f(x(u, v, w), y(u, v, w), z(u, v, w))|I |dudv dw.

#%.&!", &##:

1) !!!!! ϕ, r, h, !!

x = r cosϕ, y = r sinϕ, z = h,
D(x, y, z)
D(ϕ, r, h)

= r;

2) !!!! ϕ,ψ, r, !!

x = r cosϕ cosψ, y = r sinϕ cosψ, z = r sinψ,
D(x, y, z)
D(ϕ,ψ, r)

= r2 cosψ.

##""!(!#:

4076.
∫∫∫

V

xy2z3 dxdy dz, !! V )'! z = xy, y = x, x = 1, z = 0

%'#%&.
4077.

∫∫∫

V

dxdy dz

(1 + x + y + z)3
, !! V )'! x + y + z = 1, x = 0, y = 0, z = 0

%'#%&.

4078.
∫∫∫

V

xyz dxdy dz, !! V )'! x2 + y2 + z2 = 1, x = 0, y = 0, z = 0

%'#%&.

4079.
∫∫∫

V

(
x2

a2
+

y2

b2
+

z2

c2

)
dxdy dz, !! V )'!

x2

a2
+

y2

b2
+

z2

c2
= 1 %'#

%&.

4080.
∫∫∫

V

√
x2 + y2 dxdy dz, !! V )'! x2 + y2 = z2, z = 1 %'#%&.

#""!(!#!, '(&!$%,!##$"':

4081.
∫ 1

0
dx

∫ 1−x

0
dy

∫ x+y

0
f(x, y, z)dz.

4082.
∫ 1

−1
dx

∫ √
1−x2

−
√

1−x2
dy

∫ 1

√
x2+y2

f(x, y, z)dz.

4083.
∫ 1

0
dx

∫ 1

0
dy

∫ x2+y2

0
f(x, y, z)dz.
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')(!#"'!(!#:

4084.
∫ x

0
dξ
∫ ξ

0
dη
∫ η

0
f(ζ)dζ. 4085.

∫ 1

0
dx

∫ 1

0
dy

∫ x+y

0
f(z)dz.

4086. ! f(x, y, z) = F ′′′
xyz(x, y, z), $ a, b, c, A, B, C !#(, !
∫ A

a
dx

∫ B

b
dy

∫ C

c
f(x, y, z)dz.

-#!"#., ##!#:

4087.
∫∫∫

V

√
x2 + y2 + z2 dxdy dz, !! V )'! x2 + y2 + z2 = z %'#%&.

4088.
∫ 1

0
dx

∫ √
1−x2

0
dy

∫ √
2−x2−y2

√
x2+y2

z2 dz.

4089. "!#-#!"#."#!%:
∫∫∫

V

f
(√

x2 + y2 + z2
)

dxdy dz,

!! V )'! z = x2 + y2, x = y, x = 1, y = 0, z = 0 %'#%&.
4090. +'/,#-!"#, ##!(!#

∫∫∫

V

√
1 − x2

a2
− y2

b2
− z2

c2
dxdy dz,

!! V !(" x2

a2
+

y2

b2
+

z2

c2
= 1.

4091. -#!!&#., ##!#∫∫∫

V

(x2 + y2)dxdy dz,

!! V )'! x2 + y2 = 2z, z = 2 %'#%&.
4092. ##!# ∫∫∫

V

x2 dxdy dz,

!! V )'! z = ay2, z = by2, y > 0 (0 < a < b), z = αx, z = βx (0 < α < β), z =
h (h > 0) %'#%&.

4093. !!# ∫∫∫

V

xyz dxdy dz,

!!%& V (!!' x > 0, y > 0, z > 0 $$""'!'!:

z =
x2 + y2

m
, z =

x2 + y2

n
, xy = a2, xy = b2, y = αx, y = βx

(0 < a < b, 0 < α < β, 0 < m < n).

4094. !%( f(x, y, z) = x2 +y2 +z2 #%& x2 +y2 +z2 " x+y+z !##$).
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4095. !%(
f(x, y, z) = e

q
x2
a2 + y2

b2
+ z2

c2

#%& x2

a2
+

y2

b2
+

z2

c2
" 1 !##$).

4096. ('!)-)(#!#

u =
∫∫∫

x2+y2+z2!R2

dxdy dz√
(x − a)2 + (y − b)2 + (z − c)2

,

!! a2 + b2 + c2 > R2.
4097. -$: &%( f(x, y, z) #%& V !)%&#, $"!()%& ω ⊂ V #∫∫∫

ω

f(x, y, z)dxdy dz = 0,

&, (x, y, z) ∈ V * f(x, y, z) ≡ 0.
4098. ! F ′(t):

(a) F (t) =
∫∫∫

x2+y2+z2!t2

f(x2 + y2 + z2)dxdy dz, !! f !!$%(;

(b) F (t) =
∫∫∫

0!x!t
0!y!t
0!z!t

f(xyz)dxdy dz, !! f !!$%(.

4099. ! ∫∫∫

x2+y2+z2!1

xmynzp dxdy dz,

!! m, n, p !%*.(.
4100. # x + y + z = ξ, y + z = ξη, z = ξηζ, ##!!!"!!∫∫∫

V

xpyqzr(1 − x − y − z)s dxdy dz (p > 0, q > 0, r > 0, s > 0),

!! V )#! x + y + z = 1, x = 0, y = 0, z = 0 %'#%&.

§7. "!!!!!!!!!

"!"!! V !%0!!""%:

V =

ZZZ

V

dxdy dz.

!!""'!!'#####!:
4101. z = x2 + y2, z = 2x2 + 2y2, y = x, y = x2.
4102. z = x + y, z = xy, x + y = 1, x = 0, y = 0.
4103. x2 + z2 = a2, x + y = ±a, x − y = ±a.
4104. az = x2 + y2, z =

√
x2 + y2 (a > 0).
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4105. az = a2 − x2 − y2, z = a − x − y, x = 0, y = 0, z = 0 (a > 0).
4106. z = 6 − x2 − y2, z =

√
x2 + y2.

-#!"#.$!&#., ##!"'!%'##!:
4107. x2 + y2 + z2 = 2az, x2 + y2 " z2.
4108. (x2 + y2 + z2)2 = a2(x2 + y2 − z2). 4109. (x2 + y2 + z2)3 = 3xyz.
4110. x2 + y2 + z2 = a2, x2 + y2 + z2 = b2, x2 + y2 = z2 (z ! 0) (0 < a < b).

#""+$!$*('+*"#.

r, ϕ, ψ
“
r ! 0, 0 " ϕ " 2π, −π

2
" ψ " π

2

”
,

!#$!""%##: 8
>><

>>:

x = ar cosα ϕ cosβ ψ,

y = br sinα ϕ cosβ ψ,

z = cr sinβ ψ

(a, b, c,α,β !#(),

D(x, y, z)

D(r,ϕ,ψ)
= αβabcr2 cosα−1 ϕ sinα−1 ϕ cos2β−1 ψ sinβ−1 ψ.

!!""'!!'#####!:

4111.
(

x2

a2
+

y2

b2
+

z2

c2

)2

=
x

h
.

4112. (a)
(

x2

a2
+

y2

b2
+

z2

c2

)2

=
x2

a2
+

y2

b2
; (b)

(
x2

a2
+

y2

b2
+

z2

c2

)2

=
x2

a2
+

y2

b2
− z2

c2
.

4113.
x2

a2
+

y2

b2
+

z2

c2
= 1,

x2

a2
+

y2

b2
=

z

c
.

4114.
x2

a2
+

y2

b2
+

z4

c4
= 1. 4115.

(
x2

a2
+

y2

b2

)2

+
z4

c4
= 1.

('/,#-!"#, ##!""'!!'#####! (%-+()##):

4116. (a)
(x

a
+

y

b
+

z

c

)2
=

x

h
+

y

k
(x ! 0, y ! 0, z ! 0);

(b)
(x

a
+

y

b
+

z

c

)2
=

x

h
− y

k
(x ! 0, y ! 0, z ! 0).

4117. (a)
(x

a
+

y

b
+

z

c

)4
=

xyz

abc
(x ! 0, y ! 0, z ! 0);

(b)
(x

a
+

y

b

)2
+
(z

c

)2
= 1 (x ! 0, y ! 0, z ! 0).

4118. (a)
√

x

a
+
√

y

b
+
√

z

c
= 1 (x ! 0, y ! 0, z ! 0);

(b)
3√x

a
+

3√y

b
+

3√z

c
= 1 (x ! 0, y ! 0, z ! 0);

(c)
(x

a

) 2
3

+
(y

b

) 2
3

+
(z

c

) 2
3

= 1.
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4119. z = x2 + y2, z = 2(x2 + y2), xy = a2, xy = 2a2, x = 2y, 2x = y (x >

0, y > 0).
4120. x2 + z2 = a2, x2 + z2 = b2, x2 − y2 − z2 = 0 (x > 0).

4121. (x2 + y2 + z2)3 =
a6x2

x2 + y2
.

4122.
(

x2

a2
+

y2

b2
+

z2

c2

)2

=
z

h
· e

−
z2
c2

x2
a2 + y2

b2
+ z2

c2 .

4123.

x

a
+

y

b
x

a
+

y

b
+

z

c

=
2
π

arcsin
(x

a
+

y

b
+

z

c

)
,

x

a
+

y

b
= 1, x = 0, x = a.

4124.
x

a
+

y

b
+

z

c
= ln

x

a
+

y

b
+

z

c
x

a
+

y

b

, x = 0, z = 0,
y

b
+

z

c
= 0,

x

a
+

y

b
+

z

c
= 1.

4125. '! x2 + y2 + az = 4a2 "" x2 + y2 + z2 = 4az #!*/#, !"*/#
##!+0.

4126. !!'! x2 + y2 = az, z = 2a−
√

x2 + y2 (a > 0) !'#####!"%
!!.

4127. !!#!
aix + biy + ciz = ±hi (i = 1, 2, 3)

!'##'$!###!, !

∆ =

∣∣∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣∣∣
&= 0.

4128. !!'!
(a1x + b1y + c1z)2 + (a2x + b2y + c2z)2 + (a3x + b3y + c3z)2 = h2

!'#####!, !

∆ =

∣∣∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣∣∣
&= 0.

4129. !!'!(
x2

a2
+

y2

b2

)n

+
z2n

c2n
=

z

h

(
x2

a2
+

y2

b2

)n−2

(n > 1)

!'#####!.
4130. )##(!"$ Oxyz ##!' (x ! 0, y ! 0, z ! 0), "!'!

xm

am
+

yn

bn
+

zp

cp
= 1 (m > 0, n > 0, p > 0), x = 0, y = 0, z = 0

!', !!#!.
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§8. !!!!"#!"!"!

1. !!!$!. &)##)#%& V, ρ = ρ(x, y, z) !!#( (x, y, z) #"%, &,!!"
"#!!

M =

ZZZ

V

ρ dxdy dz. (1)

2. !!!$". ###""!! (x0, y0, z0) #"""%&##:

8
>>>>>>>>>>><

>>>>>>>>>>>:

x0 =
1
M

ZZZ

V

ρxdxdydz,

y0 =
1
M

ZZZ

V

ρy dxdy dz,

z0 =
1
M

ZZZ

V

ρz dxdy dz.

(2)

&##)$$#, &#"% (2) & (1) !!# ρ = 1.

3. !$"!. !#

Ixy =

ZZZ

V

ρz2 dxdy dz, Iyz =

ZZZ

V

ρx2 dxdy dz, Izx =

ZZZ

V

ρy2 dxdy dz

#1$!!!#!!!!""$!#.

!#
Il =

ZZZ

V

ρr2 dxdy dz

$!!!#!# l ""$!#, %! r !##+( (x, y, z) )" l #&$. %1&, "!#."
Ox, Oy, Oz #1#:

Ix = Ixy + Ixz, Iy = Iyx + Iyz, Iz = Izx + Izy.

!#
I0 =

ZZZ

V

ρ(x2 + y2 + z2) dxdydz

$!!!#!!"%""$!#.

()#
I0 = Ixy + Iyz + Izx.

4. !#!. !#
u(x, y, z) =

ZZZ

V

ρ(ξ, η, ζ)
dξ dη dζ

r

$!!!#% P (x, y, z) ""&!$!,%! V !##%)%&, ρ = ρ(ξ, η, ζ)!###"%, $

r =
p

(ξ − x)2 + (η − y)2 + (ζ − z)2.

$!! m #$()####"##." Ox, Oy, Oz $#)) X, Y , Z #1!!:

X = Gm
∂u
∂x

= Gm

ZZZ

V

ρ
ξ − x

r3
dξ dη dζ,
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Y = Gm
∂u
∂y

= Gm

ZZZ

V

ρ
η − y

r3
dξ dη dζ,

Z = Gm
∂u
∂z

= Gm

ZZZ

V

ρ
ζ − z

r3
dξ dη dζ,

!! G !#"#!.

4131. !)##)##!! 1 #%& 0 " x " 1, 0 " y " 1, 0 " z " 1, "$!#
( M(x, y, z) #"%$"% ρ = x + y + z #", !,###$!.

4132. !)##)#*(%& x2 + y2 + z2 ! 1, "$!#"%#,% ρ =
ρ0e−k

√
x2+y2+z2 -%, %! ρ0 > 0 & k > 0 !#!, !,###$!.

!!""'!!'#$$###$##.:

4133.
x2

a2
+

y2

b2
=

z2

c2
, z = c.

4134. z = x2 + y2, x + y = a, x = 0, y = 0, z = 0.

4135. x2 = 2pz, y2 = 2px, x =
p

2
, z = 0.

4136.
x2

a2
+

y2

b2
+

z2

c2
= 1, x = 0, y = 0, z = 0 (x ! 0, y ! 0, z ! 0).

4137. x2 + z2 = a2, y2 + z2 = a2, z = 0 (z ! 0).
4138. x2 + y2 = 2z, x + y = z.

4139.
(

x2

a2
+

y2

b2
+

z2

c2

)2

=
xyz

abc
(x ! 0, y ! 0, z ! 0, a > 0, b > 0, c > 0).

4140. z = x2 + y2, z =
1
2
(x2 + y2), x + y = ±1, x − y = ±1.

4141.
xn

an
+

yn

bn
+

zn

cn
= 1, x = 0, y = 0, z = 0 (n > 0, x ! 0, y ! 0, z ! 0).

4142. !)##)#'!#!%& 0 " x " 1, 0 " y " 1, 0 " z " 1, "$!#(
(x, y, z) #"%!!

ρ = x
2α−1
1−α y

2β−1
1−β z

2γ−1
1−γ ,

%! 0 < α < 1, 0 < β < 1, 0 < γ < 1, !,###$##..

!!""'! (+!)##) !'#$$##"#.#!#!$!!:

4143.
x

a
+

y

b
+

z

c
= 1, x = 0, y = 0, z = 0.

4144.
x2

a2
+

y2

b2
+

z2

c2
= 1. 4145.

x2

a2
+

y2

b2
=

z2

c2
, z = c.

4146. (a)
x2

a2
+

y2

b2
+

z2

c2
= 1,

x2

a2
+

y2

b2
=

x

a
; (b)

x2

a2
+

y2

b2
= 2

z

c
,

x

a
+

y

b
=

z

c
.

4147. (a)
(

x2

a2
+

y2

b2
+

z2

c2

)2

=
x2

a2
+

y2

b2
− z2

c2
;
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(b)
(x

a

)n
+
(y

b

)n
+
(z

c

)n
= 1, x = 0, y = 0, z = 0 (x ! 0, y ! 0, z ! 0).

!!""'!!'#$$##" Oz "#!$!!:
4148. z = x2 + y2, x + y = ±1, x − y = ±1, z = 0.
4149. (a) x2 + y2 + z2 = 2, x2 + y2 = z2 (z ! 0); (b) (x2 + y2 + z2)3 = a5z.
4150. !%$$"# x2 + y2 + z2 " R2 #$!! M , "$"#!+( P (x, y, z)

#"%",('"##&$!#0, !,"#"!%"#!$!!.
4151. -$!%:

Il = Il0 + Md2,

!! Il !##""" l #!$!!, Il0 !##"#'! l ""###$##" l0 #!
$!!, d !!&"+$#&$, M !###$!.

4152. -$: )#%& V ###"#!$# O(0, 0, 0) ""+#."'!! α, β,
γ #" l #!$!!!!:

Il = Ix cos2 α+ Iy cos2 β + Iz cos2 γ

−2Kxy cosα cosβ − 2Kxz cosα cos γ − 2Kyz cosβ cos γ,

!! Ix, Iy , Iz !##"#."#!$!!, "

Kxy =
∫∫∫

V

ρxy dxdy dz, Kxz =
∫∫∫

V

ρxz dxdy dz, Kyz =
∫∫∫

V

ρyz dxdy dz

!!"!.
4153. !"%! ρ0 #$$!&# x2 + y2 " a2, −h " z " h "%! x = y = z #

!$!!.
4154. !"%! ρ0 $!'!

(x2 + y2 + z2)2 = a2(x2 + y2)

!'#$$##"#.((#!$!!.
4155. !"%! ρ0 #$$"# ξ2 + η2 + ζ2 " R2 #( P (x, y, z) ##.#"1.
"": # Oζ ""#( P (x, y, z).
4156. !"# R2

1 " ξ2 + η2 + ζ2 " R2
2 #"% ρ = f(R), !! f !$/%(, "

R =
√
ξ2 + η2 + ζ2, !,"##( P (x, y, z) ##.#"1.

4157. !"% ρ0 --#!&# ξ2 + η2 " a2, 0 " ζ " h #( P (0, 0, z) ##.#
"1.

4158. $!! M #$$"# ξ2 + η2 + ζ2 " R2 !*+#")#$!! m #$(
P (0, 0, a)?

4159. !"%! ρ0 #$$!&# ξ2 + η2 " a2, 0 " ζ " h "#($!$(
P (0, 0, z) ##".

4160. !"%! ρ0 #$$"%#"(!!/(##($!$(##", !"!!
"! R, "")!*!#!!! 2α.
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§9. #!!!!$!!!

1. """#!##. &&%%& Ω )*'#, %( f(x, y) #%& Ω $%&, &-*:

ZZ

Ω

f(x, y) dxdy = lim
n→∞

ZZ

Ωn

f(x, y) dxdy, (1)

!! Ωn )!!#'',%&, "$!#&! Ω #())-,-0+(" 1©. &*1#('$#
$"(" Ωn #),*', &)%!#$!#%"; (&$!"!".

+&&-*"%&%(#*'!%%&$#!()#!#.

2. "$$#"!##. &%( f(x, y) ##'',%& Ω !%!( P (a, b) "+%%)%
&#, &-*: ZZ

Ω

f(x, y) dxdy = lim
ε→+0

ZZ

Ω−Uε

f(x, y) dxdy, (2)

!! Uε )$.( P #! ε !%"#%&, "$,('$#*, %*.#!#$!#%"; (&
$!"!".

%!#( P (a, b) ./!'!%

f(x, y) =
ϕ(x, y)

rα
,

!!%( ϕ(x, y) #0")1!&#( m " M +$, $ r =
p

(x − a)2 + (y − b)2, & 1) ,
α < 2 *, !# (2) &,; 2) , α ! 2 *, !# (2) *+.

&%( f(x, y) #$2!, &!+&&-*")#!# (2).

(%&%(#)#!##/$,!#2)!(!##&!.

*.""2#*'!#&#)#!##&," (0 < m " |ϕ(x, y)| " M):

4161.
∫∫

x2+y2"1

ϕ(x, y)
(x2 + y2)p

dxdy. 4162.
∫ +∞

−∞

∫ +∞

−∞

dxdy

(1 + |x|p)(1 + |y|q) .

4163.
∫∫

0!y!1

ϕ(x, y)
(1 + x2 + y2)p

dxdy. 4164.
∫∫

|x|+|y|"1

dxdy

|x|p + |y|q (p > 0, q > 0).

4165.
∫∫

x+y"1

sin x sin y

(x + y)p
dxdy.

4166. -$: & f(x, y) !%*#%&%(, #',%& Sn (n = 1, 2, · · · ) &!%
& S #())-,-0+(", &∫∫

S

f(x, y)dxdy = lim
n→∞

∫∫

Sn

f(x, y)dxdy,

"#'1"*1&*#-*$&**-*.

1©%& Ω #,-0+(")0"+#(" Ωn, "(-#.( n # Ωn ⊂ Ωn+1 ⊂ Ω, $
∞[

n=1

Ωn = Ω.

("
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4167. -$:
lim

n→∞

∫∫

|x|!n
|y|!n

sin(x2 + y2)dxdy = π,

)"
lim

n→∞

∫∫

x2+y2!2πn

sin(x2 + y2)dxdy = 0

(n !#.().
4168. -$: -/&(!#

∫ +∞

1
dx

∫ +∞

1

x2 − y2

(x2 + y2)2
dy &

∫ +∞

1
dy

∫ +∞

1

x2 − y2

(x2 + y2)2
dx

&,, 3!# ∫∫

x"1, y"1

x2 − y2

(x2 + y2)2
dxdy

*+.

##""!# (+()##):

4169.
∫∫

xy"1
x"1

dxdy

xpyq
. 4170.

∫∫

x+y"1
0!x!1

dxdy

(x + y)p
.

4171.
∫∫

x2+y2!1

dxdy√
1 − x2 − y2

. 4172.
∫∫

x2+y2"1

dxdy

(x2 + y2)p
.

4173.
∫∫

y"x2+1

dxdy

x4 + y2
. 4174.

∫∫

0!x!y

e−(x+y) dxdy.

-#!(#., ##""!#:

4175.
∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2) dxdy.

4176.
∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2) cos(x2 + y2)dxdy.

4177.
∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2) sin(x2 + y2)dxdy.

##""!#:

4178.
∫ +∞

−∞

∫ +∞

−∞
eax2+2bxy+cy2+2dx+2ey+f dxdy, !! a < 0, ac − b2 > 0.

4179.
∫∫

x2
a2 + y2

b2
"1

e−
“

x2

a2 + y2

b2

”

dxdy.

4180.
∫ +∞

−∞

∫ +∞

−∞
xye−

“
x2

a2 +2ε x
a

y
b + y2

b2

”

dxdy (0 < |ε| < 1).
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*.""(%&%(#&()#!##&," (0 < m " |ϕ(x, y)| " M):

4181.
∫∫

Ω

dxdy

x2 + y2
, %!%& Ω $*) |y| " x2, x2 + y2 " 1 ,-.

4182.
∫∫

x2+y2!1

ϕ(x, y)
(x2 + xy + y2)p

dxdy. 4183.
∫∫

|x|+|y|!1

dxdy

|x|p + |y|q (p > 0, q > 0).

4184.
∫ a

0

∫ a

0

ϕ(x, y)
|x − y|p dxdy. 4185.

∫∫

x2+y2!1

ϕ(x, y)
(1 − x2 − y2)p

dxdy.

4186. -$: & 1) %( ϕ(x, y) ##'%& a " x " A, b " y " B !%&; 2) %
( f(x) #,%$ a " x " A $%&; 3) p < 1, &!#

∫ A

a
dx

∫ B

b

ϕ(x, y)
|f(x) − y|p dy

&,.

##""!#:

4187.
∫∫

x2+y2!1

ln
1√

x2 + y2
dxdy. 4188.

∫ a

0
dx

∫ x

0

dy√
(a − x)(x − y)

(a > 0).

4189.
∫∫

Ω

ln sin(x − y)dxdy, !!%& Ω )$%! y = 0, y = x, x = π '!#.

4190.
∫∫

x2+y2!x

dxdy√
x2 + y2

.

*.""!(!##&,":

4191.
∫∫∫

x2+y2+z2"1

ϕ(x, y, z)
(x2 + y2 + z2)p

dxdy dz, !! 0 < m " |ϕ(x, y, z)| " M .

4192.
∫∫∫

x2+y2+z2!1

ϕ(x, y, z)
(x2 + y2 + z2)p

dxdy dz, !! 0 < m " |ϕ(x, y, z)| " M .

4193.
∫∫∫

|x|+|y|+|z|"1

dxdy dz

|x|p + |y|q + |z|r (p > 0, q > 0, r > 0).

4194.
∫ a

0

∫ a

0

∫ a

0

f(x, y, z)dxdy dz

{[y − ϕ(x)]2 + [z − ψ(x)]2}p
, !! 0 < m " |f(x, y, z)| " M ,

" ϕ(x) " ψ(x) ),%$ [0, a] $#%&%(.

4195.
∫∫∫

|x|!1
|y|!1
|z|!1

dxdy dz

|x + y − z|p .
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##""!#:

4196.
∫ 1

0

∫ 1

0

∫ 1

0

dxdy dz

xpyqzr
. 4197.

∫∫∫

x2+y2+z2"1

dxdy dz

(x2 + y2 + z2)3
.

4198.
∫∫∫

x2+y2+z2!1

dxdy dz

(1 − x2 − y2 − z2)p
.

4199.
∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
e−(x2+y2+z2) dxdy dz.

4200. ∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
e−P (x1,x2,x3) dx1 dx2 dx3,

!! P (x1, x2, x3) =
3∑

i=1

3∑

j=1

aijxixj (aij = aji) !#-&&+.

§10. #!!!

1. #!!!!"!!!". &%( f(x1, x2, · · · , xn) #$""(!%,-##'%& Ω !
)%&#: 8

>>>><

>>>>:

x′
1 " x1 " x′′

1 ,

x′
2(x1) " x2 " x′′

2 (x1),

· · · · · · · · · · · ·
x′

n(x1, x2, · · · , xn−1) " xn " x′′
n(x1, x2, · · · , xn−1),

!! x′
1 " x′′

1 !#(, x′
2(x1), x′′

2 (x1), · · · , x′
n(x1, x2, · · · , xn−1), x′′

n(x1, x2, · · · , xn−1) !%
&%(, &)%#*(!#!#"""%&##:

ZZ
· · ·

Z

Ω

f(x1, x2, · · · , xn) dx1 dx2 · · · dxn

=

Z x′′
1

x′
1

dx1

Z x′′
2 (x1)

x′
2(x1)

dx2 · · ·
Z x′′

n(x1,··· ,xn−1)

x′
n(x1,··· ,xn−1)

f(x1, x2, · · · , xn) dxn.

2. #!!!#!!!!". & 1) %( f(x1, x2, · · · , xn) ##'!2%& Ω !))1%&
#; 2) %&!$%(

xi = ϕi(ξ1, ξ2, · · · , ξn) (i = 1, 2, · · · , n)

" Ox1x2 · · ·xn "$!#%& Ω ))(-! O′ξ1ξ2 · · · ξn "$!##'%& Ω′; 3) #%& Ω′

!,!0'"%
I =

D(x1, x2, · · · , xn)
D(ξ1, ξ2, · · · , ξn)

"= 0,

&!'"%
ZZ

· · ·
Z

Ω

f(x1, x2, · · · , xn) dx1 dx2 · · · dxn

=

ZZ
· · ·

Z

Ω′

f(ϕ1,ϕ2, · · · ,ϕn)|I |dξ1 dξ2 · · · dξn.
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-', &03"%

x1 = r cosϕ1,

x2 = r sinϕ1 cosϕ2,

· · · · · · · · · · · ·
xn−1 = r sinϕ1 sinϕ2 · · · sinϕn−2 cosϕn−1,

xn = r sinϕ1 sinϕ2 · · · sinϕn−2 sinϕn−1

-#!(#. (r,ϕ1,ϕ2, · · · ,ϕn−1), &#:

I =
D(x1, x2, · · · , xn)
D(r,ϕ1, · · · ,ϕn−1)

= rn−1 sinn−2 ϕ1 sinn−3 ϕ2 · · · sinϕn−2.

4201. ! K(x, y) !%& R (a " x " b, a " y " b) !#%&%(, $

Kn(x, y) =
∫ b

a

∫ b

a
· · ·
∫ b

a
K(x, t1)K(t1, t2) · · ·K(tn, y)dt1 dt2 · · · dtn.

-$:

Kn+m+1(x, y) =
∫ b

a
Kn(x, t)Km(t, y)dt.

4202. ! f = f(x1, x2, · · · , xn) !%& 0 " xi " x (i = 1, 2, · · · , n) !#%&%
(. -$!%:∫ x

0
dx1

∫ x1

0
dx2 · · ·

∫ xn−1

0
f dxn =

∫ x

0
dxn

∫ x

xn

dxn−1 · · ·
∫ x

x2

f dx1 (n ! 2).

4203. -$:∫ t

0
dt1

∫ t1

0
dt2 · · ·

∫ tn−1

0
f(t1)f(t2) · · · f(tn)dtn =

1
n!

{∫ t

0
f(τ)dτ

}n

,

!! f !%&%(.

##""*(!#:

4204. (a)
∫ 1

0

∫ 1

0
· · ·
∫ 1

0
(x2

1 + x2
2 + · · · + x2

n)dx1 dx2 · · · dxn;

(b)
∫ 1

0

∫ 1

0
· · ·
∫ 1

0
(x1 + x2 + · · · + xn)2 dx1 dx2 · · · dxn.

4205. In =
∫∫

· · ·
∫

x1"0, x2"0, ··· , xn"0
x1+x2+···+xn!a

dx1 dx2 · · · dxn.

4206.
∫ 1

0
dx1

∫ x1

0
dx2 · · ·

∫ xn−1

0
x1x2 · · ·xn dxn.

4207.
∫∫

· · ·
∫

x1"0, x2"0, ··· , xn"0
x1+x2+···+xn!1

√
x1 + x2 + · · · + xn dx1 dx2 · · · dxn.

4208. !!#!

ai1x1 + ai2x2 + · · · + ainxn = ±hi (i = 1, 2, · · · , n)

!'# n %#' 2n !###!, "#! ∆ = |aij | &= 0.
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4209. ! n %!%
x1

a1
+

x2

a2
+ · · · + xn

an
" 1, xi ! 0 (i = 1, 2, · · · , n) (ai > 0, i = 1, 2, · · · , n)

##!.
4210. !!'!

x2
1

a2
1

+
x2

2

a2
2

+ · · · +
x2

n−1

a2
n−1

=
x2

n

a2
n

, xn = an

!'# n %!%##!.
4211. ! n %"#

x2
1 + x2

2 + · · · + x2
n " a2

##!.

4212. !
∫∫

· · ·
∫

Ω

x2
n dx1 dx2 · · · dxn, !!%& Ω $!"(!%,-:

x2
1 + x2

2 + · · · + x2
n−1 " a2, −h

2
" xn " h

2
.

4213. ##
∫∫

· · ·
∫

x2
1+x2

2+···+x2
n!1

dx1 dx2 · · · dxn√
1 − x2

1 − x2
2 − · · ·− x2

n

.

4214. -$!%:
∫ x

0
dx1

∫ x1

0
dx2 · · ·

∫ xn−1

0
f(xn)dxn =

∫ x

0
f(u)

(x − u)n−1

(n − 1)!
du.

4215. -$!%:∫ x

0
x1 dx1

∫ x1

0
x2 dx2 · · ·

∫ xn

0
f(xn+1)dxn+1 =

1
2nn!

∫ x

0
(x2 − u2)nf(u)du.

4216. -$!!!"!$:∫∫
· · ·
∫

x1"0, x2"0, ··· , xn"0
x1+x2+···+xn!1

xp1−1
1 xp2−1

2 · · ·xpn−1
n dx1 dx2 · · · dxn

=
Γ(p1)Γ(p2) · · ·Γ(pn)

Γ(p1 + p2 + · · · + pn + 1)
(p1 > 0, p2 > 0, · · · , pn > 0).

4217. -$!"#!$:∫∫
· · ·
∫

x1"0, x2"0, ··· , xn"0
x1+x2+···+xn!1

f(x1 + x2 + · · · + xn)xp1−1
1 xp2−1

2 · · ·xpn−1
n dx1 dx2 · · · dxn

=
Γ(p1)Γ(p2) · · ·Γ(pn)
Γ(p1 + p2 + · · · + pn)

∫ 1

0
f(u)up1+p2+···+pn−1 du (p1 > 0, p2 > 0, · · · , pn > 0),

%! f(u) !%&%(.
"": %'(-0%$.
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4218. *%& x2
1 + x2

2 + · · · + x2
n " R2 $# n (!# (n ! 2) %!)(!#:

∫∫
· · ·
∫

Ω

f

(√
x2

1 + x2
2 + · · · + x2

n

)
dx1 dx2 · · · dxn,

!! f(u) !%&%(.
4219. ##!"! R, "%! ρ0 #$$"###%"!$!, +!!#

u =
ρ2
0

2

∫∫∫ ∫∫∫

x2
1+y2

1+z2
1!R2

x2
2+y2

2+z2
2!R2

dx1 dy1 dz1 dx2 dy2 dz2

r1,2
,

%! r1,2 =
√

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2.

4220. !
n∑

i,j=1

aijxixj (aij = aji) !#-&&+, ## n (!#

∫ +∞

−∞

∫ +∞

−∞
· · ·
∫ +∞

−∞
e
−

(
nP

i,j=1
aijxixj+2

nP
i=1

bixi+c

)

dx1 dx2 · · · dxn.

§11. !!!!

1. ""%!!!!. &%( f(x, y, z) #1&'! C

x = x(t), y = y(t), z = z(t) (t0 " t " T ) (1)

#+($#-*"$%&, ds !'&#$#, &
Z

C

f(x, y, z) ds =

Z T

t0

f(x(t), y(t), z(t))
p

x′2(t) + y′2(t) + z′2(t) dt.

"-!##%2#!!"'! C #!#*'.

2. ""%!!!!"#!"!"!. & ρ = ρ(x, y, z) !'! C #( (x, y, z) #!"%, &
#" C ""#!!:

M =

Z

C

ρ(x, y, z) ds.

!'!#""!! (x0, y0, z0) $!""%&%0:

x0 =
1
M

Z

C

xρ(x, y, z) ds, y0 =
1
M

Z

C

yρ(x, y, z) ds, z0 =
1
M

Z

C

zρ(x, y, z) ds.

3. "#%!!!!. &%( P = P (x, y, z), Q = Q(x, y, z), R = R(x, y, z) #'! (1) $
#+()%&#, $'!!#)+( t +,*%"%#!#, &

Z

C

P (x, y, z) dx + Q(x, y, z) dy + R(x, y, z) dz

=

Z T

t0

˘
P (x(t), y(t), z(t))x′(t) + Q(x(t), y(t), z(t))y′(t) + R(x(t), y(t), z(t))z′(t)

¯
dt. (2)

,.'! C #!#-1*, !!##+2&-1. #"-!, !# (2) )"$ {P, Q, R} '"$
"%""!#" C &!$"".
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4. ##!!##. &
P (x, y, z) dx + Q(x, y, z) dy + R(x, y, z) dz = du,

%! u = u(x, y, z) !%& V !##)%(, &!#)""%(!& V !#'! C #!(*':Z

C

P dx + Qdy + Rdz = u(x2, y2, z2) − u(x1, y1, z1),

%! (x1, y1, z1) !!#&"#3(, (x2, y2, z2) !!3(. #$-##&$", &%& V )#%
"#, "%( P , Q, R #%&#)4&4(, &$%!'#'#3.*)!: #%& V !, ""
*)-'):

∂P
∂y

=
∂Q
∂x

,
∂Q
∂z

=
∂R
∂y

,
∂R
∂x

=
∂P
∂z

.

"*, #%& V ).*&!#"4-#&!", !#!""%!"%( u:

u(x, y, z) =

Z x

x0

P (x, y, z) dx +

Z y

y0

Q(x0, y, z) dy +

Z z

z0

R(x0, y0, z) dz + c,

!! (x0, y0, z0) !%& V !")3-#(, " c )(-#(.

##""5)+'!!#:

4221.
∫

C

(x + y)ds, !! C !! O(0, 0), A(1, 0) " B(0, 1) !/(#!!!'!.

4222.
∫

C

y2 ds, !! C !%! x = a (t − sin t), y = a(1 − cos t) (0 " t " 2π) #

)2.

4223.
∫

C

(x2+y2)ds, !! C !'! x = a(cos t+t sin t), y = a(sin t−t cos t) (0 "

t " 2π).

4224.
∫

C

xy ds, !! C !)6''! x = a cosh t, y = a sinh t (0 " t " t0).

4225.
∫

C

(x
4
3 + y

4
3 )ds, !! C !!%! x

2
3 + y

2
3 = a

2
3 .

4226.
∫

C

e
√

x2+y2 ds, !! C !$'! r = a, ϕ = 0, ϕ =
π

4
(r " ϕ !(#.)

#"#+'!.

4227.
∫

C

|y|ds, !! C !'&! (x2 + y2)2 = a2(x2 − y2).

4228.
∫

C

xds, !! C !"((! r = aekϕ (k > 0) #! r = a !#/#.

4229.
∫

C

√
x2 + y2 ds, !! C !!5 x2 + y2 = ax.
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4230.
∫

C

ds

y2
, !! C !/.! y = a cosh

x

a
.

!"""$'!#'& (+()##):
4231. x = 3t, y = 3t2, z = 2t3, ' O(0, 0, 0) ) A(3, 3, 2).
4232. x = e−t cos t, y = e−t sin t, z = e−t, 0 < t < +∞.

4233. y = a arcsin
x

a
, z =

a

4
ln

a − x

a + x
, ' O(0, 0, 0) ) A(x0, y0, z0).

4234. (x − y)2 = a(x + y), x2 − y2 =
9
8
z2, ' O(0, 0, 0) ) A(x0, y0, z0).

4235. x2 + y2 = cz,
y

x
= tan

z

c
, ' O(0, 0, 0) ) A(x0, y0, z0).

4236. x2 + y2 + z2 = a2,
√

x2 + y2 cosh
(
arctan

y

x

)
= a, '( A(a, 0, 0) )(

B(x, y, z).

##."$'!#5)+'!!#:

4237.
∫

C

(x2 + y2 + z2)ds, !! C !)6(0! x = a cos t, y = a sin t, z = bt

(0 " t " 2π).

4238.
∫

C

x2 ds, !! C !!5 x2 + y2 + z2 = a2, x + y + z = 0.

4239.
∫

C

z ds, !! C !)6!%(0! x = t cos t, y = t sin t, z = t (0 " t " t0).

4240.
∫

C

z ds, !! C !'( O(0, 0, 0) )( A(a, a,
√

2a) #)6'! x2 + y2 =

z2, y2 = ax.
4241.1.!)6'! x = a cos t, y = b sin t (a ! b > 0, 0 " t " 2π) #( (x, y) #

!"%!! |y|, !!$!.
4241.2.!)6'#! y2 = 2px

(
0 " x " p

2

)
#( M(x, y) #!"%!! |y|, !

!$!.
4241.3. !)6'! x = at, y =

a

2
t2, z =

a

3
t3 (0 " t " 1) #!"%#,%

ρ =
√

2y

a
-%, !!$!.

4242. ##'( A(0, a) )( B(b, h) #)6$$'! y = a cosh
x

a
#$##..

4243. !)6%! x = a(t − sin t), y = a(1 − cos t) (0 " t " π) #$#.
4244.1. !1!! C : x

2
3 + y

2
3 = a

2
3 (x ! 0, y ! 0) "#."#5%

Sy =
∫

C

xds, Sx =
∫

C

y ds.

4244.2. !!5 x2 + y2 = a2 "!%"#!$!!.
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4244.3. !""'!"( O(0, 0) #(!$!! I0 =
∫

C

(x2 + y2)ds:

(a) #!! max{|x|, |y|} = a #!' C;

(b) !(#.( P (a, 0), Q

(
a,

2π
3

)
, R

(
a,

4π
3

)
!/(##!!!#!' C.

4244.4. !1!! x
2
3 +y

2
3 = a

2
3 ##$(!", +$!""%#"#( r0 (r0 > 0):

I0 = sr2
0 ,

!! I0 )1!!"#.((#(!$!! (+.%$ 4244.3), s )1!!#'&.
4245. ##"!!!! x2 + y2 + z2 = a2, x ! 0, y ! 0, z ! 0 #'!#$##..
4246. !$$' x = et cos t, y = et sin t, z = et (−∞ < t " 0) #$##..

4247. !)-(0! x = a cos t, y = a sin t, z =
h

2π
t (0 " t " 2π) "+#."#

!$!!.
4248. ! O !#.((, ( A ##.! (1, 2), $ OA !: (a) %!6; (b) ! Oy

!"#'#!; (c) $ Ox "$#!6 OB "#'! Oy "#!6 BA &!#-!, #
#5&+'!!# ∫

OA

xdy − y dx.

4249. "!$$!%00#&" (a), (b), (c), ##∫

OA

xdy + y dx.

.%00#'!##""5&+'!!# (!+(+,*%"%#!#!'!##
!#):

4250.
∫

C

(x2 − 2xy)dx + (y2 − 2xy)dy, !! C !'#! y = x2 (−1 " x " 1).

4251.
∫

C

(x2 + y2)dx + (x2 − y2)dy, !! C !'! y = 1 − |1 − x| (0 " x " 2).

4252.
∮

C

(x+y)dx+(x−y)dy, !! C !/'*6!#"##(!5 x2

a2
+

y2

b2
= 1.

4253.
∫

C

(2a− y)dx + xdy, !! C !%! x = a(t − sin t), y = a(1 − cos t) #)

2 (0 " t " 2π).

4254.
∮

C

(x + y)dx − (x − y)dy

x2 + y2
, !! C !/'*6!#"##!5 x2+y2 = a2.

4255.
∮

ABCDA

dx + dy

|x| + |y| , !! ABCDA !! A(1, 0), B(0, 1), C(−1, 0), D(0,−1)

!/(##!!'!.
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4256.
∫

AB

sin y dx + sin xdy, !! AB !( A(0,π) "( B(π, 0) +$#%!6.

4257.
∮

OmAnO

arctan
y

x
dy− dx, !! OmA !)6'#! y = x2, OnA !%!6

y = x.

0-4!%(!%$#, "##""'!!#:

4258.
∫ (2, 3)

(−1, 2)
xdy + y dx. 4259.

∫ (3, −4)

(0, 1)
xdx + y dy.

4260.
∫ (2, 3)

(0, 1)
(x + y)dx + (x − y)dy. 4261.

∫ (1, 1)

(1, −1)
(x − y)(dx − dy).

4262.
∫ (a, b)

(0, 0)
f(x + y)(dx + dy), !! f(u) %&.

4263.
∫ (1, 2)

(2, 1)

y dx − xdy

x2
, !#&"(" Oy ")6.

4264.
∫ (6, 8)

(1, 0)

xdx + y dy√
x2 + y2

, !#&"("##.((.

4265.
∫ (x2, y2)

(x1, y1)
ϕ(x)dx + ψ(y)dy, !! ϕ " ψ !%&%(.

4266.
∫ (3, 0)

(−2, −1)
(x4 + 4xy3)dx + (6x2y2 − 5y4)dy.

4267.
∫ (1, 0)

(0, −1)

xdy − y dx

(x − y)2
, !#&"("%! y = x )6.

4268.
∫ (2, π)

(1, π)

(
1− y2

x2
cos

y

x

)
dx+

(
sin

y

x
+

y

x
cos

y

x

)
dy, !#&"(" Oy ")6.

4269.
∫ (a, b)

(0, 0)
ex(cos y dx − sin y dy).

4270. -$: & f(u) !%&%($ C !761&#','!, &
∮

C

f(x2 + y2)(xdx + y dy) = 0.

!(%( z:
4271. dz = (x2 + 2xy − y2)dx + (x2 − 2xy − y2)dy.

4272. dz =
y dx − xdy

3x2 − 2xy + 3y2
.

4273. dz =
(x2 + 2xy + 5y2)dx + (x2 − 2xy + y2)dy

(x + y)3
.

4274. dz = ex[ey(x − y + 2) + y] dx + ex[ey(x − y) + 1]dy.
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4275. dz =
∂n+m+1u

∂xn+1∂ym
dx +

∂n+m+1u

∂xn∂ym+1
dy.

4276. dz =
∂n+m+1

∂xn+2∂ym−1
ln

1
r

dx − ∂n+m+1

∂xn−1∂ym+2
ln

1
r

dy, !! r =
√

x2 + y2.

4277. -$: "!#(#"!'!!#)#,#:∣∣∣∣∣∣

∫

C

P dx + Qdy

∣∣∣∣∣∣
" LM,

!! L !!#&"#&%, M = max
√

P 2 + Q2 (#' C $).

4278. (#!# IR =
∮

x2+y2=R2

y dx − xdy

(x2 + xy + y2)2
. -$: lim

R→∞
IR = 0.

##."$'!#!# (%-#.&)*4#):

4279.
∫

C

(y2 − z2)dx + 2yz dy − x2 dz, %! C !'! x = t, y = t2, z = t3 (0 "

t " 1), !+(+,%"%#!#!#.

4280.
∫

C

y dx+z dy+xdz,%! C !&!(! x = a cos t, y = a sin t, z = bt (0 "

t " 2π), !+(+,%"%#!#!#.

4281.
∫

C

(y− z)dx+(z−x)dy +(x− y)dz,%! C !!5 x2 + y2 + z2 = a2, y =

x tanα (0 < α < π), $&' x "###%., .'*6!#!#.

4282.
∫

C

y2 dx+z2 dy+x2 dz,%! C !%%2('! x2+y2+z2 = a2, x2+y2 =

ax (z ! 0, a > 0), $&' Ox "### (x > a) %., .'*6!#!#.

4283.
∫

C

(y2 − z2)dx + (z2 − x2)dy + (x2 − y2)dz, %! C !"!#)/# x2 +

y2 + z2 = 1, x ! 0, y ! 0, z ! 0 #!', $,.+!#!#!#1$*, "/#"!
#+#!33(!'#.

##""%$##'!!#:

4284.
∫ (2, 3, −4)

(1, 1, 1)
xdx + y2 dy − z3 dz. 4285.

∫ (6, 1, 1)

(1, 2, 3)
yz dx + xz dy + xy dz.

4286.
∫ (x2, y2, z2)

(x1, y1, z1)

xdx + y dy + z dz√
x2 + y2 + z2

, !!( (x1, y1, z1)(!"! x2 + y2 + z2 =

a2 +$, "( (x2, y2, z2) (!"! x2 + y2 + z2 = b2 +$ (a > 0, b > 0).

4287.
∫ (x2, y2, z2)

(x1, y1, z1)
ϕ(x)dx + ψ(y)dy + χ(z)dz, %! ϕ, ψ, χ !%&%(.

4288.
∫ (x2, y2, z2)

(x1, y1, z1)
f(x + y + z)(dx + dy + dz), !! f !%&%(.
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4289.
∫ (x2, y2, z2)

(x1, y1, z1)
f(
√

x2 + y2 + z2)(xdx + y dy + z dz), %! f !%&%(.

!(%( u:
4290. du = (x2 − 2yz)dx + (y2 − 2xz)dy + (z2 − 2xy)dz.

4291. du =
(

1 − 1
y

+
y

z

)
dx +

(
x

z
+

x

y2

)
dy − xy

z2
dz.

4292. du =
(x + y − z)dx + (x + y − z)dy + (x + y + z)dz

x2 + y2 + z2 + 2xy
.

4293. !,$!! m #$('(, (x1, y1, z1) 1$)(, (x2, y2, z2) *, (""
!%,#( (Oz "#!#)$%#$).

4294. !)-$(%5#7""0##.((, "#(3"$()#.((#&$

!#0, $$(/'*6!#%("(! x2

a2
+

y2

b2
= 1 ##(#+), !7"""$(

%,#(.
4295. !,#($!'( M1(x1, y1, z1) 1$)( M2(x2, y2, z2) *, #" F =

G

r2

"!%,#(, !! r =
√

x2 + y2 + z2, G )#"#!.

§12. !!"#

1. !!!!$#!!!!$". ! C !#61&#-#','!, !'!#%"##'%
& S, "$,.+'!#!#1$*, %& S 5(#'!; !+, %( P (x, y),Q(x, y) &!)4
&4( P ′

y(x, y), Q′
x(x, y) #%& S !&!!'$()%&#, &!'#"!$I

C

P (x, y) dx + Q(x, y) dy =

ZZ

S

„
∂Q
∂x

− ∂P
∂y

«
dxdy. (1)

"!$&'-#'!'!##'%& S, &"!!' C )7!))!''!+", "$"+
)/.'!#)0!#, 6+%& S 33(!'#, &"% (1) &!'.

2. !!"#!!!. !#61&#-#'! C !'#!!#!! S !!:

S =

I

C

xdy = −
I

C

y dx =
1
2

I

C

(xdy − y dx).

#")8!, &&#))#.-, &%-!##','!)-## (*-6(), ""+)/'

!##!#, 6+%'(.*(/(#%&33(!'!#'!.

4296. ('3)"%-#'!!#
I =

∮

C

√
x2 + y2 dx + y

[
xy + ln

(
x +

√
x2 + y2

)]
dy,

%!'! C )#'%& S #!'.
4297. %'3)"%##'!!#

I =
∮

K

(x + y)2 dx − (x2 + y2)dy,

!! K )! A(1, 1), B(3, 2), C(2, 5) !/(#!!!'! ABC, "$!#*#)0!
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#!#. %9##!#, !0-%!+#:4.

%'3)"%##""'!!#:

4298.
∮

C

xy2 dy − x2y dx, %! C !!5 x2 + y2 = a2.

4299.
∮

C

(x + y)dx − (x − y)dy, %! C !(! x2

a2
+

y2

b2
= 1.

4300.
∮

C

ex[(1−cos y)dx−(y−sin y)dy], !! C !%& 0 < x < π, 0 < y < sin x

#!', "$!#*#)0!#!#.

4301.
∮

x2+y2=R2

e−(x2−y2)(cos 2xy dx + sin 2xy dy).

4302. ! AmB !%9( A(1, 1) " B(2, 6) #%!6, AnB )%9( A, B &#
.((#)6'#!, $,'#!#")%! x ". !#

I1 =
∫

AmB

(x + y)2 dx − (x − y)2 dy, I2 =
∫

AnB

(x + y)2 dx − (x − y)2 dy

))*'?
4303. ##'!!#∫

AmO

(ex sin y − my)dx + (ex cos y − m)dy,

!! AmO !$( A(a, 0) '( O(0, 0) #$!!5 x2 + y2 = ax.
"": ' Ox "#%!6 OA "&" AmO )%&!','!.
4304. ##'!!#∫

AmB

[ϕ(y)ex − my] dx + [ϕ′(y)ex − m] dy,

%! ϕ(y) " ϕ′(y) !%&%(, AmB !%9( A(x1, y1) "( B(x2, y2) #(-&",
3.!!&""!6 AB )$'!2#$/!! S #%& AmBA.

4305. !*-&4!$%&%( P (x, y) " Q(x, y), 6+'!!#

I =
∮

C

P (x + α, y + β)dx + Q(x + α, y + β)dy

"!()','! C 8"#( α " β *'.
4306. !!6'!!# ∫

AmB

F (x, y)(y dx + xdy)

"!#&"#!(*', !$%( F (x, y) %')*+#*)?
4307. ##

I =
∮

C

xdy − y dx

x2 + y2
,
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!! C !(;##.((#-#','!, $!#*#)0!#!#.
"": *.*4&$: 1) #.((#'!++; 2) '! C $'#.((.

(''!!###$""'!%'#!!:
4308. x = a cos t, y = b sin t (0 " t " 2π) ((!).
4309. x = a cos3 t, y = b sin3 t (0 " t " 2π) (1!!).
4310. (x + y)2 = ax (a > 0) "" Ox ('#!).
4311. x3 + y3 = 3axy (a > 0) (9&,2!!).
"": # y = tx.
4312. (x2 + y2)2 = a2(x2 − y2) ('&!).
"": # y = x tanϕ.
4313. '! x3 + y3 = x2 + y2 &#.".
4314. ##$'!

(x + y)n+m+1 = axnym (a > 0, n > 0, m > 0)

%'#!!.
4315. ##$'!

(x

a

)n
+
(y

b

)n
= 1 (a > 0, b > 0, n > 0)

"#."%'#!!.
"": #

x

a
= cos 2

n ϕ,
y

b
= sin

2
n ϕ.

4316. ##$'!
(x

a

)n
+
(y

b

)n
=
(x

a

)n−1
+
(y

b

)n−1
(a > 0, b > 0, n > 1)

"#."%'#!!.
4317. ##$'!

(x

a

)2n+1
+
(y

b

)2n+1
= c

(x

a

)n (y

b

)n
(a > 0, b > 0, c > 0, n > 0)

%'#!!.
4318. )!"! r #!5.!"! R #3-!5+/5$"*&$*, $!5$

#)(%%(#'!$!#!". %-0) R

r
= n ).( (n ! 1), !+%!%'#!

!. *.%.&$ r = R (#0!).
4319. )-!"! r #!5.!"! R #3-!5!/5$"*&$*, $!5

$#)(%%(#'!$!#!". %-0) R

r
= n ).( (n ! 2), !!%!%'#

!!. *.%.&$ r =
R

4
(1!!).

4320.1. ##!&! x2 + y2 = ax 4'! x2 + y2 + z2 = a2 %)/##!!.
4320.2. -$: (!$!#! y ! 0 #-#','! C 0 Ox "0!"!#0!
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###!!
V = −π

∮

C

y2 dx.

4321. & X = ax + by, Y = cx + dy, $ C !$'#.((#-#','!
(ad − bc &= 0), ##

I =
1
2π

∮

C

X dY − Y dX

X2 + Y 2
.

4322. & X = ϕ(x, y), Y = ψ(x, y), -#'! C $'#.((, "'! ϕ(x, y) = 0
" ψ(x, y) = 0 #'! C !!#/-#6(, ##!# I (+'*$).

4323. -$: & C !','!, l !(-!#, &∮

C

cos(l, n)ds = 0,

%! n !'! C #+$#!.
4324. !!#

I =
∮

C

[x cos(n, x) + y cos(n, y)] ds

+), %! C )#'%& S #!', !)-#','!, " n )!#+$#!.
4325. !

lim
d(S)→0

1
S

∮

C

(F · n)ds,

!! S !$'( (x0, y0) #'! C %'#!!, d(S) !%& S #%", n !'! C #
#(+$#!, F {X, Y } ! S + C $#%&!$#!.

§13. !!!!"!%!"!"!

4326. $$#&#$!!5 x2 + y2 = a2, y ! 0 #$! M !*+#")#(!
(0, 0) $$!! m #$(?

4327. ##!""#'!
u(x, y) =

∮

C

κ ln
1
r

ds,

%! κ = #(, r =
√

(ξ − x)2 + (η − y)2, '! C )!5 ξ2 + η2 = R2.
4328. )'(#. ρ " ϕ, ###*#"(1

I1 =
∫ 2π

0
cosmψ ln

1
r

dψ, I2 =
∫ 2π

0
sin mψ ln

1
r

dψ,

%! r !( (ρ,ϕ) "$( (1,ψ) $#&$, m !#.(.
4329. ##$"!!

u(x, y) =
∮

C

cos(r, n)
r

ds,
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%! r =
√

(ξ − x)2 + (η − y)2 !#! r #&%, !#!%9( A(x, y) "-#',1
&'! C $#$( M(ξ, η), " (r, n) !#! r "'! C #( M #+$#! n +$
#'!.

4330. )'(#. ρ " ϕ, ##'*#"(1

K1 =
∫ 2π

0
cosmψ

cos(r, n)
r

dψ, K2 =
∫ 2π

0
sin mψ

cos(r, n)
r

dψ,

%! r !( A(ρ,ϕ) "$( M(1,ψ) +$#&$, (r, n) !!#
−−→
AM = r "#-(

O(0, 0) #!" −−→
OM = n +$#'!, m !#.(.

4331. ') ∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
= 0 #&4!$ 1©%( u = u(x, y) $!("#'.

-$: ,$<,!"*)!'* u 6):"%(:∮

C

∂u

∂n
ds = 0,

%! C !(-','! 2©,
∂u

∂n
!.!'!++$!!##4(.

4332. -$:
∫∫

S

[(
∂u

∂x

)2

+
(
∂u

∂y

)2
]

dxdy = −
∫∫

S

u∆udxdy +
∮

C

u
∂u

∂n
ds,

%!1&'! C )#'%& S #!'.
4333. -$: &)%(##'%& S !&!!' C $!:"%(, &!%(#)

&$!#!' C $#),- (+'%$ 4332).
4334. -$#!$##")$!$:

∫∫

S

∣∣∣∣∣
∆u ∆v

u v

∣∣∣∣∣ dxdy =
∮

C

∣∣∣∣∣∣

∂u

∂n

∂v

∂n

u v

∣∣∣∣∣∣
ds,

%!1&'! C )#'%& S #!',
∂

∂n
!. C #+$!!##4(.

4335. ('3)5&"%-$: & u = u(x, y) )#',%& S !#:"%(, &

u(x, y) =
1
2π

∮

C

(
u
∂ ln r

∂n
− ln r

∂u

∂n

)
ds,

%! C !%& S #!', n !'! C #+$#!, (x, y) !%& S #!(,

r =
√

(ξ − x)2 + (η − y)2

!( (x, y) "'! C $#$( (ξ, η) +$#&$.
"": '%& S !%.( (x, y) &!*(3!!*&, ""%& S #7+/#%

'3)5&"%.

1©!*)%,#!&4%&!$. ("
2©!*)%,#!: C !(-##61&','!. ("
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4336. -$"!:"%( u(M) = u(x, y) #!!$*&:

u(M) =
1

2πR

∮

C

u(ξ, η)ds,

%! C )!( M !!#! R !!"#!5.
4337. -$: #',%&!#%#(:"%( u(x, y) #!%&#!(()*)!

$()"$3) (""$"&).
4338. -$/+"%:

∫∫

S

∣∣∣∣∣
L[u] M [v]
u v

∣∣∣∣∣ dxdy =
∮

C

P dx + Qdy,

%!

L[u] =
∂2u

∂x∂y
+ a

∂u

∂x
+ b

∂u

∂y
+ cu, M [v] =

∂2v

∂x∂y
− a

∂v

∂x
− b

∂v

∂y
+ cv

(a, b, c !#(), P " Q !"4,-#%(, '! C )#'%& S #!'.
4339.! u = u(x, y) " v = v(x, y) !-#, 1©#)%#!, C !#'%& S #!

', !%& S !#,#$!#-%-. &,#)(!$*# 2©, $#%& S !&#1"
*, &%( u " v ')*+#)-!+?

4340. 037&–1,--%, "#4!$2 ds #;, i #"$#( M(x, y, z) %
%"%#+,#%!

dH = ki
(r × ds)

r3
,

!! r !%94!$2 ds "( M ##!, k !0-&(. "!',4! C #&!,
!( M #+,#% H #)) Hx, Hy " Hz.

§14. !!!!

1. ""%!!!!. & S !#(1&#'#'!
x = x(u, v), y = y(u, v), z = z(u, v) ((u, v) ∈ Ω), (1)

" f(x, y, z) !#'! S #+($#-*"$%&#%(, &ZZ

S

f(x, y, z) dS =

ZZ

Ω

f(x(u, v), y(u, v), z(u, v))
p

EG − F 2 dudv, (2)

%!

E =

„
∂x
∂u

«2

+

„
∂y
∂u

«2

+

„
∂z
∂u

«2

,

G =

„
∂x
∂v

«2

+

„
∂y
∂v

«2

+

„
∂z
∂v

«2

,

F =
∂x
∂u

∂x
∂v

+
∂y
∂u

∂y
∂v

+
∂z
∂u

∂z
∂v

.

1©-#,0)%!#)!8""$#.#'""*$*'#,$. ("
2©(!$*,#0()/##%$#+!8(*8#!-%#,#. %$ 4456 &9&!/$. ("
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#%1&!", &'! S #!+2#!"!%:

z = z(x, y) ((x, y) ∈ σ),

!! z(x, y) !#)%&!$%(, &
ZZ

S

f(x, y, z) dS =

ZZ

σ

f(x, y, z(x, y))

s

1 +

„
∂z
∂x

«2

+

„
∂z
∂y

«2

dxdy.

!!#"'! S ##)!#),*'.

&"%( f(x, y, z) ,,'! S #( (x, y, z) #!"%, &!# (2) )!'!#$!.

2. "#%!!!!. & S !1&'#'!, S+ !!#!, +$$#! n{cosα, cosβ, cos γ}
,-#)!, P = P (x, y, z), Q = Q(x, y, z), R = R(x, y, z) !#'! S $#-*"$%&#!
-%(, & ZZ

S+

P dy dz + Qdz dx + Rdxdy =

ZZ

S

(P cosα+ Q cos β + R cos γ) dS. (3)

&'! S !+(!+ (1) #!%#", &$#! n #!#+*$"""%&,-:

cosα =
A

±
√

A2 + B2 + C2
, cos β =

B

±
√

A2 + B2 + C2
, cos γ =

C

±
√

A2 + B2 + C2
,

!!

A =
∂(y, z)
∂(u, v)

, B =
∂(z, x)
∂(u, v)

, C =
∂(x, y)
∂(u, v)

,

$%/,)/0%*#+2.

,-#!'! S #.)! S− *, !# (3) #+2)).

4341. & S !"! x2 + y2 + z2 = a2, P !!!9'!##%! |x|+ |y|+ |z| = a,
&*-'!!#

I1 =
∫∫

S

(x2 + y2 + z2)dS, I2 =
∫∫

P

(x2 + y2 + z2)dP

))*'?
4342. ##

∫∫

S

z dS, %! S !'! x2 + z2 = 2az (a > 0) 4'! z =
√

x2 + y2

%&"#/#.

##""5)+'!!#:

4343.
∫∫

S

(x + y + z)dS, %! S !'! x2 + y2 + z2 = a2, z ! 0.

4344.
∫∫

S

(x2 + y2)dS, %! S !%&
√

x2 + y2 " z " 1 #!'.

4345.
∫∫

S

dS

(1 + x + y)2
, %! S !(!# x + y + z " 1, x ! 0, y ! 0, z ! 0 #

!'.
4346.

∫∫

S

|xyz|dS, %! S !'! z = x2 + y2 4#! z = 1 %)"#/#.
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4347.
∫∫

S

dS

h
, %! S !("!, h !("!#)"("!$2 dS ))##!

#&$.

4348.
∫∫

S

z dS, %! S !(0!#)/#: x = u cos v, y = u sin v, z = v (0 "

u " a; 0 " v " 2π).

4349.
∫∫

S

z2 dS, %! S !!%!#)/#: x = r cosϕ sinα, y = r sinϕ sinα,

z = r cosα (0 " r " a; 0 " ϕ " 2π), α !#(
(
0 < α <

π

2

)
.

4350.
∫∫

S

(xy+yz+zx)dS,%! S !!%! z =
√

x2 + y2 4'! x2 +y2 = 2ax

%&"#/#.
4351. -$##!$:∫∫

S

f(ax + by + cz)dS = 2π
∫ 1

−1
f(u
√

a2 + b2 + c2)du,

%! S )"! x2 + y2 + z2 = 1.
4352.1. !'#!#

z =
1
2
(x2 + y2) (0 " z " 1)

#!"%#,% ρ = z "-, !!$!.
4352.2. !!"!

x2 + y2 + z2 = a2 (z ! 0)
#!"%#!"!$')( M(x, y, z) !! x

a
, !!$!.

4352.3. !$$!!!(
x + y + z = a (x ! 0, y ! 0, z ! 0)

"+#.#!#5%.
4353. !"%! ρ0 #$$"!#

x2 + y2 + z2 = a2 (z ! 0)
" Oz "#!$!!.

4354. !"%! ρ0 #$$%!#
x2

a2
+

y2

a2
− z2

b2
= 0 (0 " z " b)

"%!
x

1
=

y

0
=

z − b

0
#!$!!.

4355. !""$$'!#$##.:
(a) '! z =

√
x2 + y2 4'! x2 + y2 = ax %&"#/#;

(b) '! z =
√

a2 − x2 − y2 (x ! 0; y ! 0; x + y " a).
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4356.1. !""'! S #(!$!! I0 =
∫∫

S

(x2 + y2 + z2)dS:

(a) '!#%! max{|x|, |y|, |z|} = a;
(b) !&# x2 + y2 " R2, 0 " z " H #%/%!.

4356.2. !$$!!!(
x + y + z = 1 (x ! 0; y ! 0; z ! 0)

"+#.#!#!$!!.
4357. "%! ρ0 #$$)!%!

x = r cosϕ, y = r sinϕ, z = r (0 " ϕ " 2π, 0 < b " r " a)

!*+#")#$!! m $(!,!%!/(#$(?
4358. !"%! ρ0 #$$"! S: x2 + y2 + z2 = a2 #( M0 (x0, y0, z0) #1, +

##!#
u =

∫∫

S

ρ0 dS

r
,

%! r =
√

(x − x0)2 + (y − y0)2 + (z − z0)2.
4359. ##

F (t) =
∫∫

x+y+z=t

f(x, y, z)dS,

%!

f(x, y, z) =

{
1 − x2 − y2 − z2, x2 + y2 + z2 " 1,

0, x2 + y2 + z2 > 1.

,"%( u = F (t) #!+.
4360. ##!#

F (t) =
∫∫

x2+y2+z2=t2

f(x, y, z)dS,

%!

f(x, y, z) =





x2 + y2, z !

√
x2 + y2,

0, z <
√

x2 + y2.

4361. ##!#
F (x, y, z, t) =

∫∫

S

f(ξ, η, ζ)dS,

%! S !-"!
(ξ − x)2 + (η − y)2 + (ζ − z)2 = t2,

$

f(ξ, η, ζ) =

{
1, ξ2 + η2 + ζ2 < a2,

0, ξ2 + η2 + ζ2 ! a2,
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"#%! r =
√

x2 + y2 + z2 > a > 0.
##""5&+'!!#:

4362.
∫∫

S

(xdy dz + y dz dx + z dxdy), %! S !"! x2 + y2 + z2 = a2 #+#.

4363.
∫∫

S

f(x)dy dz + g(y)dz dx + h(z)dxdy, %! f(x), g(y), h(z) !%&%(,

S !#'$!# 0 " x " a; 0 " y " b; 0 " z " c #+%!.

4364.
∫∫

S

(y − z)dy dz + (z −x)dz dx +(x− y)dxdy, %! S !!%! x2 + y2 =

z2 (0 " z " h) #+#.

4365.
∫∫

S

(
dy dz

x
+

dz dx

y
+

dxdy

z

)
,%! S!("! x2

a2
+

y2

b2
+

z2

c2
= 1 #+#.

4366.
∫∫

S

x2 dy dz+y2 dz dx+z2 dxdy,%! S !"! (x−a)2+(y−b)2+(z−c)2 =

R2 #+#.

§15. ""!""#

& P = P (x, y, z), Q = Q(x, y, z), R = R(x, y, z) !%&!$%(, S !#(1&##''

#'!, !!' C !#61&#-#','!, &!'"#!"!$:

I

C

P dx + Qdy + Rdz =

ZZ

S

˛̨
˛̨
˛̨
˛̨
˛

cosα cos β cos γ
∂
∂x

∂
∂y

∂
∂z

P Q R

˛̨
˛̨
˛̨
˛̨
˛

dS,

%! cosα, cos β, cos γ !'! S #$!#!#+*, "$'!$!%0!#&%, !#*'!

C #)0!#)'*6# ("!*4#.&).

4367. %'+,(+"%##'!!#∮

C

y dx + z dy + xdz,

!! C !!5 x2 + y2 + z2 = a2, x + y + z = 0, "$' Ox "###&%, !#*!
!5#)0!#)'*6#. '%9##$00:4.

4368. ##!#∮

AmB

(x2 − yz)dx + (y2 − xz)dy + (z2 − xy)dz,

!!#)'( A(a, 0, 0) '( B(a, 0, h) .+(0! x = a cosϕ, y = a sinϕ, z =
h

2π
ϕ

+'#.

"": !%!6"'! AmB )%"%'+,(+"%.
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4369. ! C !#! x cosα+ y cosβ+ z cos γ − p = 0 (cosα, cosβ, cos γ !#!+
$!#!#+*) $#','!, %'!!! S, !

∮

C

∣∣∣∣∣∣∣∣

dx dy dz

cosα cosβ cos γ
x y z

∣∣∣∣∣∣∣∣
,

!#.'! C ##!#+'.

%'+,(+"%##!#:

4370.
∮

C

(y + z)dx + (z + x)dy + (x + y)dz, %! C !(!5 x = a sin2 t, y =

2a sin t cos t, z = a cos2 t (0 " t " π), "$!+( t +,%"%#!#!!#*##
!#.

4371.
∮

C

(y−z)dx+(z−x)dy+(x−y)dz,%! C !(!5 x2+y2 = a2,
x

a
+

y

h
=

1 (a > 0, h > 0), "$&' Ox "##%., !#).!(!/'*6!#+'#.

4372.
∮

C

(y2 + z2)dx + (x2 + z2)dy + (x2 + y2)dz, %! C )'! x2 + y2 +

z2 = 2Rx, x2 + y2 = 2rx (0 < r < R, z > 0), "$#.!'!+'!#*, "!
x2 + y2 + z2 = 2Rx +#4,'!%'#$3%&33(!'!.

4373.
∮

C

(y2−z2)dx+(z2−x2)dy +(x2−y2)dz,%! C !'#! x+y +z =
3
2
a

)'!# 0 " x " a, 0 " y " a, 0 " z " a %+)!#!', "$&' Ox "###%
., !#). C /'*6!#+'#.

4374.
∮

C

y2z2 dx+ z2x2 dy +x2y2 dz,%! C !','! x = a cos t, y = a cos 2t,

z = a cos 3t, "$!+( t +,%"%#!#!!#*##!# 1©.

4375. #%(
W (x, y, z) = ki

∫∫

S

cos(r, n)
r2

dS (k = #(),

!!'! S #!'!'! C, n !'! S #$#!, r !%9"$#( M(x, y, z) "
'! C $#$( A(ξ, η, ζ) %!+"#!. -$: !%(!"#'! C #;, i %-
8+, H #1 (+'%$ 4340).

§16. ""#"!&"#"#

&"$%& V #!' S !#(1&'!, P = P (x, y, z), Q = Q(x, y, z), R =
R(x, y, z) "!##)4&4($!%& V + S !#%&%(, &!'""$##'#

1©!$#-. ("
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#!$
∫∫

S

(P cosα+ Q cosβ + R cos γ)dS =
∫∫∫

V

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dxdy dz,

%! cosα, cosβ, cos γ !'! S #+$!#!#+*.

%'&+%/30,+"%-#""'!!#, !1&'! S )#'%& V #!
', cosα, cosβ, cos γ !'! S #+$!#!#+*:

4376.
∫∫

S

x3 dy dz + y3 dz dx + z3 dxdy.

4377.
∫∫

S

yz dy dz + zxdz dx + xy dxdy.

4378.
∫∫

S

x cosα+ y cosβ + z cos γ√
x2 + y2 + z2

dS.

4379.
∫∫

S

(
∂u

∂x
cosα+

∂u

∂y
cosβ +

∂u

∂z
cos γ

)
dS.

4380.
∫∫

S

[(
∂R

∂y
− ∂Q

∂z

)
cosα+

(
∂P

∂z
− ∂R

∂x

)
cosβ +

(
∂Q

∂x
− ∂P

∂y

)
cos γ

]
dS.

4381. -$: & S !',#-#'!" l !(-#3-!#, &∫∫

S

cos(n, l)dS = 0,

%! n !'! S #+$#!.
4382. -$: !'! S !'#####!!!

V =
1
3

∫∫

S

(x cosα+ y cosβ + z cos γ)dS,

%! cosα, cosβ, cos γ !'! S #+$!#!#+*.
4383. -$: !1&%! F (x, y, z) = 0 "#! Ax + By + Cz + D = 0 !'#%

###!!!
V =

1
3
SH,

%! S !(!,#!#%'+!!, H !%##!.
4384. !!'! z = ±c &





x = a cosu cos v + b sinu sin v,

y = a cosu sin v − b sinu cos v,

z = c sin u

!'#####!.
4385.1. !!'! x = u cos v, y = u sin v, z = −u + a cos v (u ! 0, a > 0) &#

! x = 0, z = 0 !'#####!.
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4385.2. !)!





x = (b + a cosψ) cosϕ,

y = (b + a cosψ) sinϕ,

z = a sinψ

(0 < a " b)

%'%&##!.
4386. -$"%:

d
dt






∫∫∫

x2+y2+z2!t2

f(x, y, z, t)dxdy dz






=
∫∫

x2+y2+z2=t2

f(x, y, z, t)dS +
∫∫∫

x2+y2+z2!t2

∂f

∂t
dxdy dz (t > 0).

('&+%/30,+"%##""'!!#:

4387.
∫∫

S

x2 dy dz + y2 dz dx + z2 dxdy, %! S !'!# 0 " x " a, 0 " y "

a, 0 " z " a #+%!.

4388.
∫∫

S

x3 dy dz + y3 dz dx+ z3 dxdy, %! S !" x2 + y2 + z2 = a2 #+%!.

4389.
∫∫

S

(x − y + z)dy dz + (y − z + x)dz dx + (z − x + y)dxdy, %! S !'!

|x − y + z|+ |y − z + x| + |z − x + y| = 1 #+#.
4390. ## ∫∫

S

(x2 cosα+ y2 cosβ + z2 cos γ)dS,

%! S !/#!%! x2 + y2 = z2 (0 " z " h), cosα, cosβ, cos γ !!'!+$!#
!#+*.

"": "/##! z = h, x2 + y2 " h2 &!','!.
4391. -$"%: ∫∫∫

V

dξ dη dζ
r

=
1
2

∫∫

S

cos(r, n)dS,

!!','! S !%& V #%!, n !'! S $#( (ξ, η, ζ) %#+$#!, r !'
( (x, y, z) )( (ξ, η, ζ) #"#!, r =

√
(ξ − x)2 + (η − y)2 + (ζ − z)2.

4392. ##$"!!
I(x, y, z) =

∫∫

S

cos(r, n)
r2

dS,

%! S !-#',1&'!, !)%& V #!', n !'! S $#( (ξ, η, ζ) %#+
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$#!, r !%9( (x, y, z) "( (ξ, η, ζ) #"#!,

r =
√

(ξ − x)2 + (η − y)2 + (ζ − z)2.

*.*4&!:
(a) '! S ($'( (x, y, z); (b) '! S $'( (x, y, z).

4393. -$: &

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
,

#'%& V #!' S !1&'!, &!'"""%:

(a)
∫∫

S

∂u

∂n
dS =

∫∫∫

V

∆udxdy dz;

(b)
∫∫

S

u
∂u

∂n
dS =

∫∫∫

V

[(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2
]

dxdy dz+
∫∫∫

V

u∆udxdy dz,

%! u &!)4"&4&4()#%& V + S !%&#%(,
∂u

∂n
!.'! S #+$

!#4(.
4394. -$!%&!##")$!$:

∫∫∫

V

∣∣∣∣∣
∆u ∆v

u v

∣∣∣∣∣ dxdy dz =
∫∫

S

∣∣∣∣∣∣

∂u

∂n

∂v

∂n

u v

∣∣∣∣∣∣
dS,

%!%& V !'! S!', n)'! S #+$#!, "%( u = u(x, y, z), v = v(x, y, z)
#%& V + S !&4!$.

4395. !%( u = u(x, y, z) #"%&!2#%&#)4"&44(, &

∆u ≡ ∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0,

& u(x, y, z) $!!%&!#("#'. -$: &#',%& V !1&'! S !', u

)!%&!#:"%(, &!'"""%:

(a)
∫∫

S

∂u

∂n
dS = 0; (b)

∫∫∫

V

[(
∂u

∂x

)2

+
(
∂u

∂y

)2

+
(
∂u

∂z

)2
]

dxdy dz =
∫∫

S

u
∂u

∂n
dS,

%! n!'! S #+$#!. '"% (b) -$: %& V !#:"%($!#!' S $
#).)&,-.

4396. -$: &%( u = u(x, y, z) )!1&'! S !'##',%& V !#:
"%(, &

u(x, y, z) =
1
4π

∫∫

S

[
u

cos(r, n)
r2

+
1
r

∂u

∂n

]
dS,

%! r )'%& V #!( (x, y, z) #''! S $#( (ξ, η, ζ) #"#!,
r =

√
(ξ − x)2 + (η − y)2 + (ζ − z)2,

n !'! S #( (ξ, η, ζ) %#+$#!.
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4397. -$: & u = u(x, y, z) !)-"!#:"%(, !"#!"! R, "#(!
( (x0, y0, z0), &

u(x0, y0, z0) =
1

4πR2

∫∫

S

u(x, y, z)dS

(%$*&).
4398. -$: &#',%& V !#%&%( u = u(x, y, z) #!%&!/):"%

(, "$!()#(, &!%(#%&!#(()*)$()"$3) (""$"&).
4399. !## V %/#!,#! 1©, ('*+&-%-$: ,##4"!!##%

+)#,##(!, !!#)$%#$ (###+"&).
4400. ! St )$"! (ξ − x)2 + (η − y)2 + (ζ − z)2 = t2, "%( f(ξ, η, ζ) )%

&#, -$: %(

u(x, y, z, t) =
1
4π

∫∫

St

f(ξ, η, ζ)
t

dSt

')$$%#
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
=
∂2u

∂t2

".3*)
u
∣∣
t=0

= 0,
∂u

∂t

∣∣∣∣
t=0

= f(x, y, z).

"": '!(!#%04( ∂u

∂t
.

§17. "###

1. $%. & u = u(r) = u(x, y, z) (!! r = xi + yj + zk) )%&!$.!,, &$#!

grad u =
∂u
∂x

i +
∂u
∂y

j +
∂u
∂z

k

!!#%,, -1! grad u = ∇u, !! ∇ = i
∂
∂x

+ j
∂
∂y

+ k
∂
∂z

. , u #$/( (x, y, z) #-

%#!#"#!(#-$! u(x, y, z) = C #$!!#)1 2©. "!,#')(, !#!#"%(
u -%-$(#!#"(3,

| grad u| =

s„
∂u
∂x

«2

+

„
∂u
∂y

«2

+

„
∂u
∂z

«2

.

, u #!# l{cosα, cos β, cos γ} $#4($!"!%,-:

∂u
∂l

= grad u · l =
∂u
∂x

cosα+
∂u
∂y

cosβ +
∂u
∂z

cos γ.

2. "!$%$&%. &

a = a(r) = ax(x, y, z)i + ay(x, y, z)j + az(x, y, z)k

1©2!,#59. ("
2©"$0# u +,#!#. ("
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)%&!$#!,, &$.!

div a = ∇ · a =
∂ax

∂x
+
∂ay

∂y
+
∂az

∂z

!"-,#!,.

#!

rot a = ∇× a =

˛̨
˛̨
˛̨
˛̨
˛

i j k

∂
∂x

∂
∂y

∂
∂z

ax ay az

˛̨
˛̨
˛̨
˛̨
˛

$!,##,.

3. #!%%!!!%!. & a #"%& Ω !##!,, S )!%&!#'!, n{cosα,

cosβ, cos γ} )'! S ##($#!, &$!#
ZZ

S

an dS =

ZZ

S

(ax cosα+ ay cos β + az cos γ) dS

(%! an = a · n !#!#$##!) !#! a ##($#! n %0!#$&$!%#! S "
&#. !#!!%%:#""$##'##!$!

⊂⊃
ZZ

S

an dS =

ZZZ

V

div a dxdydz,

%!'! S !%& V #!', n !'! S ##(+$#!.

4. #!!$!. ( Z

C

a · dr =

Z

C

ax dx + ay dy + az dz (1)

$!#! a ."'! C ##"!! (,#( 1©).

& C )','!, &$$:'!!#!#! a .'! C #$#. 2©

!#!!%%:#"#!"!$!
I

C

a · dr =

ZZ

S

(rot a)n dS,

%!','! C !'! S #!', "$'! S ##($#! n +!#%,"+&),,6+'
!'! S $#6/3'$!%0!#&%,'! C #)0!#)'*6# ("!*4#.&).

5. %!". &#!, a )".! u #-%:

grad u = a,

& a $!#!$, ".! u $!,#!.

&1 u !#)%(, & Z

AB

a · dr = u(B) − u(A).

%1&, "*#! a .','!#)!!!0.

1©(/'!, "#-*#("()-)#)--*$#(. !8(,,, (/)%$!# (1) !#! a .
'! C #)!, !,2$=)5&+'!!# (. §11). ("

2©#))&!", "(.!'! C )',#. #"!#(/!$6'"4+*# “)!” /$. ("
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##%"%&!#-#, a !#1,#'#3.*))

rot a = 0,

+"+#,%,)*0,.

4401.1. !, u = x2 + 2y2 + 3z2 + xy + 3x− 2y − 6z #""+(#-%#(3"
!#: (a) O(0, 0, 0); (b) A(1, 1, 1); (c) B(2, 1, 1). #,!*+#(, -%!!0?

4401.2. ! u = xy − z2, ! gradu #( M(−9, 12, 10) #(3"!#. .#.!

xOy #!#!!##4(
∂u

∂l
!!;)?

4402. #"$ Oxyz #,4(, , u = x3 + y3 + z3 − 3xyz #-% (a) )%! Oz

"; (b) #'! Oz "; (c) !!0?

4403. #-.!, u = ln
1
r
, !! r =

√
(x − a)2 + (y − b)2 + (z − c)2. #"$

Oxyz #,4(!'!% | gradu| = 1?
4404. ,.!, u =

√
x2 + y2 + (z + 8)2 +

√
x2 + y2 + (z − 8)2 #!)!. !"

#( M(9, 12, 28) #!)!. #%& x2 + y2 + z2 " 36 ! max u !!;)?
4405. !, u =

x

x2 + y2 + z2
#( A(1, 2, 2) & B(−3, 1, 0) #-%+$#'! ϕ.

4406. !$/.!, u =
z√

x2 + y2 + z2
, ,",#!)!"-%#!-!. !%

& 1 < z < 2 !# inf u, sup u, inf | gradu|, sup | gradu|.
4407. >,)!4*(3!, !#( M0(x0, y0, z0) %#*-*'9/#!)!

u(x, y, z) = c & u(x, y, z) = c + ∆c

+$#&$, !! u(x0, y0, z0) = c (gradu(x0, y0, z0) &= 0).
4408. -$"%:

(a) grad(u + c) = gradu (c !#(); (b) grad cu = c gradu (c !#();
(c) grad(u + v) = gradu + grad v; (d) grad(uv) = u grad v + v gradu;
(e) grad(u2) = 2u gradu; (f) grad f(u) = f ′(u) gradu.

4409. ##: (a) grad r; (b) grad r2; (c) grad
1
r
, !! r =

√
x2 + y2 + z2.

4410. ! gradf(r), !! r =
√

x2 + y2 + z2.
4411. ! grad(c · r), !! c !##!, r !#-#.((#"#!.
4412. ! grad{|c × r|2} (c !##!).
4413. -$"%:

grad f(u, v) =
∂f

∂u
gradu +

∂f

∂v
grad v.

4414.1. -$"%:
∇2(uv) = u∇2v + v∇2u + 2∇u ·∇v,

!!
∇ = i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z
, ∇2 = ∇ ·∇ =

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
.
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4414.2. -$: &%( u = u(x, y, z) #+%& Ω !!$, $ | gradu| " M, !!
M !#(, &"! Ω !(-*( A, B #:

|u(A) − u(B)| " Mρ(A, B),

%! ρ(A, B) ! A " B *(+$#&$.
4415. "!%( u = u(x, y, z), 5" gradu #""#.&!#%*%: (a) !&#

.&; (b) "#.&.

4416. !, u =
x2

a2
+

y2

b2
+

z2

c2
#$/( M(x, y, z) %.!(#"#! r +!##

4(. #*+#&$", !4(!!-%#(3?

4417. !, u =
1
r

(!! r =
√

x2 + y2 + z2) #!# l{cosα, cosβ, cos γ} $#4

(. #*+#&$", !4(!!0?
4418. !, u = u(x, y, z) #, v = v(x, y, z) #-%!##4(. #*+#&$",

!4(!!0?
4419. !

u = arctan
z√

x2 + y2
, c = i + j + k,

5"#!,
a = c × gradu

"##(#! i, j, k #%*%.

4420. ,-#!,
a = xi + yj + 2zk

##!!.
4421. '%9###!$-$: #! a #+%"%!#.&#),*'.
4422. -$:

div a(M) = lim
d(S)→0

1
V

∫∫

S

an dS,

!! S %0$'( M #','!, V ),'!%'%&##!, n !'! S #+$#
!, d(S) !'! S #%".

4423.1. !, a =
−ix + jy + kz√

x2 + y2
#( M(3, 4, 5) #+%. #! a "#*(3"

! (x − 3)2 + (y − 4)2 + (z − 5)2 = ε2 #"! Π /&&!!;)?
4423.2. !

div

∣∣∣∣∣∣∣∣∣

i j k

∂

∂x

∂

∂y

∂

∂z
ωx ωy ωz

∣∣∣∣∣∣∣∣∣

.
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4424. -$:
(a) div(a + b) = div a + div b;
(b) div(uc) = c gradu (c !##!, u !.!);
(c) div(ua) = u div a + a · gradu.

4425. ! div(gradu).
4426. ! div[grad f(r)], !! r =

√
x2 + y2 + z2. #;)&$"div[gradf(r)] = 0?

4427. ##: (a) div r; (b) div
r

r
.

4428. ##: div[f(r)c], %! c !##!.
4429. ! div[f(r)r]. #;)&!",+%!!0?
4430. !: (a) div(u gradu); (b) div(u grad v).
4431.!,#''"$"!--!)% ω .'*6!#0 Oz "0!, !)%#!

v ",)%#! w ##-**#"$( M(x, y, z) %#+%.
4432. !$.*-#"!###'&.%-8##",++%.
4433. !$(#. r " ϕ %0##!#! a = a(r,ϕ) ++%#%*%.
4434. ! u, v, w !#6'!#., $

x = f(u, v, w), y = g(u, v, w), z = h(u, v, w),
'#. u, v, w %0 div a(x, y, z). ,!%.&!, ! div a #!&#.""#."#%
*%.

"": *.#! a "#!'! u = #(, v = #(, w = #(!'#*(3#'$
!#%!#"!.

4435. -$:
(a) rot(a + b) = rota + rotb; (b) rot(ua) = u rota + gradu × a.

4436.1. !: (a) rotr; (b) rot[f(r)r].
4436.2. !

a =
y

z
i +

z

x
j +

x

y
k,

! rota #( M(1, 2,−2) #(3"!#.
4437. !: (a) rot[cf(r)]; (b) rot[c × f(r)r] (c !##!).
4438. -$: div(a × b) = b · rota − a · rot b.
4439. !: (a) rot(gradu); (b) div(rota).
4440. !,#''"$"!--!)% ω 0" l{cosα, cosβ, cos γ} 0!. !)%

#! v ##-**#"$( M(x, y, z) %#0%.
4441.1. !$(#. r " ϕ %0##!#! a = a(r,ϕ) #0%#%*%.
4441.2. 5" rota(x, y, z) #""#.&!#%*%: (a) !&#.&; (b) "#

.&.
4442.1. !"#! r #"!: (a) "#!%# x2 + y2 " z2 (0 " z " h) ##!;
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(b) "#!!%##'!.
4442.2. !#! a = iyz + jxz + kxy #"!: (a) "#!&# x2 + y2 " a2 (0 "

z " h) ##!; (b) "#!!&#%%!.
4443. !"#! r "#'! z = 1 −

√
x2 + y2 (0 " z " 1) #"!.

4444. !#! a = x2i + y2j + z2k "##'#+)"! x2 + y2 + z2 = 1, x ! 0,
y ! 0, z ! 0 #"!.

4445.1. !#! a = yi + zj + xk "#!#! x = 0, y = 0, z = 0, x + y + z = a

(a > 0) !'#!%#%%!#"!. ('&+%/30,+"%0-:4.
4445.2. !#! a = x3i + y3j + z3k "#"! x2 + y2 + z2 = x #"!.
4446. -$: #! a "#$!+ r = r(u, v) ((u, v) ∈ Ω) #"#'! S #"!!

! 1© ∫∫

S

an dS =
∫∫

Ω

(
a
∂r

∂u

∂r

∂v

)
dudv,

%! an = a · n, n !'! S ##($#!.

4447. !#! a = m
r

r3
(m !#() "#$'#.((#','! S #"!.

4448. $/#!

a(r) =
n∑

i=1

grad
(
− ei

4πri

)
,

!! ei !#(, ri !( Mi (%$) &$( M(r) #&$. !!#!"#$'( Mi (i =
1, 2, · · · , n) #','! S #"!.

4449. -$: ∫∫

S

∂u

∂n
dS =

∫∫∫

V

∇2udxdy dz,

!!'! S )%& V #!'.
4450. #0%, u !, ##(*$!"#!$2 dS #3!!!

dQ = −kn · gradudS,

!! k !34-, n!'! S ##($#!, !##(*$!## V %)&#3!. *
.0%$<#)%, '"/"##0%%')#!+ ("$.%#).

4451. %!%$(0#,#''%& V . %-#%& V !&#1"*, =/"(
$%%#

∂ρ

∂t
+ div(ρv) = 0,

%! ρ = ρ(x, y, z, t) !,#"%, v!)%#!, t!*$.
"": *.,#"# V !(-%& ω #,!.
4452.1. !#! a = r .)6(0! r = ia cos t + ja sin t + kbt (0 " t " 2π) #

)!.
1©"#"!-#! a, b, c #,7!1! (abc) #!%. ("



· 334 · "!! #!!!!!!!!

4452.2. !, a =
1
y
i +

1
z
j +

1
x

k .( M(1, 1, 1) " N(2, 4, 8) +$#!6#)!.

4452.3. !, a = iey−z + jez−x + kex−y .( O(0, 0, 0) " M(1, 3, 5) +$#!
6#)!.

4453.1. !, a = (y + z)i + (z + x)j + (x + y)k ."! x2 + y2 + z2 = 25 $%9
M(3, 4, 0) " N(0, 0, 5) "*(#$<#)6(!!'#)!.

4453.2. !#! a = f(r)r (!! f !%&%() .' AB #)!.
4454.1. !#! a = −yi+xj+ck (c!#() #)!: (a) .!5 x2+y2 = 1, z = 0;

(b) .!5 (x − 2)2 + y2 = 1, z = 0.
4454.2. !""&$"#! a = grad

(
arctan

y

x

)
.'! C #)! Γ:

(a) C ('0 Oz "; (b) C '0 Oz ".
4455. $/#!,

a =
y√
x

i − x√
z
j +

√
xyzk.

## rot a #( M(1, 1, 1) #%*%, )-/&&!",#!,.*(3!5
{

(x − 1)2 + (y − 1)2 + (z − 1)2 = ε2,

(x − 1) cosα+ (y − 1) cosβ + (z − 1) cosγ = 0

(!! cos2 α+ cos2 β + cos2 γ = 1) #)! Γ.
4456. #!-#,$)%#!

w = u(x, y)i + v(x, y)j
%:, =,-: (1) "#%& S #',!' C ,"#,##$! Q (,!); (2) )%#
!.'! C #)! Γ. &,#)(!$*#$,,*0 1©, &%( u " v ')*+#
)4!+?

4457.1. -$: ,
a = yz(2x + y + z)i + xz(x + 2y + z)j + xy(x + y + 2z)k

)#1,, "!"-,#1.
4457.2. ,2,

a =
2

(y + z) 1
2
i − x

(y + z) 3
2
j − x

(y + z) 3
2
k

)#1,, "!,,.#'#+)"!$%9( M(1, 1, 3)" N(2, 4, 5)#&"#)!.

4458. !$(!#.((#$! m %-8##", a = −m

r3
r #1.

4459. !$!! mi #$((!( Mi (i = 1, 2, · · · , n), !!$(&%-8##"
,#1.

4460. -$: , a = f(r)r (!! f(r) )#)%&%() )#1,. !"-,#1.

1©.%%!,,!&#1"*. ("
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4461. -$"%:

gradP






∫∫∫

V

ρ(Q)
dV

r




 = −
∫∫

S

ρ(Q)n
dS

r
+
∫∫∫

V

gradQ ρ(Q)
dV

r
,

!! S !%& V #!', n !'! S #+$#!, r !( P (x, y, z) "( Q(ξ, η, ζ) +
$#&$.

4462. -$: & a = gradu, !!

u(x, y, z) = − 1
4π

+∞∫∫∫

−∞

ρ(ξ, η, ζ)
r

dξ dη dζ, r =
√

(ξ − x)2 + (η − y)2 + (ζ − z)2,

&
div a = ρ(x, y, z)

(%!)%!##-*).



! !

!!!

16. 0; 1. 17. −
√

2;
√

2. 22. −1.01 < x < −0.99. 23. x ! −8; x " 12. 24. x < − 1
2 .

25. 0 < x < 2
3 . 26. |x| ! 6. 27. x > − 1

2 . 28. − 1
2 < x < 1

2 . 29. 5−
√

30
10 < x < 5−

√
20

10 ;
5+

√
20

10 < x < 5+
√

30
10 . 31. !!!. 32. !!. 33. !!! 0.41%. 34. 9.910 2 cm2 !

S ! 10.090 2 cm2; ∆ ! 0.090 2 cm2; δ ! 0.91%. 35. 3.93 g/cm3 ± 0.27 g/cm3; δ ! 7.3%.

36. δ ! 3.05%. 37. 172.480 m3 ! V ! 213.642 m3; V = 192.660 m3 ± 20.982 m3; δ ≈ 12%.

38. ∆ ! 0.17 mm. 39. ∆ < 0.000 5m. 42. (a) N " 1
ε ; (b) N "

q
2
ε ; (c) N " 1 +

lg 1
ε

lg 2 ;

(d) N " lg ε
lg 0.999 ≈ 2 330 lg 1

ε . 43. (a) N " E; (b) N "
“

lg E
lg 2

”2
; (c) N " 1010. 46. 0.

47. 0. 48. 0. 49. 1
3 . 50. 1−b

1−a . 51. 1
2 . 52. 1

2 . 53. 1
3 . 54. 4

3 . 55. 3. 56. 1.

57. 2. 67. (a) !!!; (b) !!!; (c) !!!. 72. e = 2.718 28 · · · . 92. ! a $= 0, "
! 1; ! a = 0, !! [−1, 1] !!!!. 96. x3 = 1 1

8 . 97. x100 = 1
20 . 98. x1000 = 10001000

1000! ≈
2.49 · 10452. 99. x4 = x5 = −120. 100. x10 = 20. 101. (a) 0; 1; 1; 1; (b) −3 1

2 ; 5; −2; 2.

102. −1; 1 1
2 ; 0; 1. 103. 0; 2; 0; 2. 104. −4; 6; −4; 6. 105. − 1

2 ; 1; − 1
2 ; 1. 106. −∞;

+∞; −∞; +∞. 107. −∞; −1; −∞; −∞. 108. 0; +∞; 0; +∞. 109. −∞; +∞; −∞;

+∞. 110. −5; 1.25; 0; 0. 111. − 1
2 ; 1. 112. −

“
e + 1√

2

”
; e + 1. 113. 0; 1. 114. 1; 2.

115. 0; 1. 116. 0; 1. 117. 1; 1
2 ; 1

3 ; · · · ; 0. 118. !! [0, 1] "#!""#. 119. 1; 5.

120. a; b. 127. (a) "#; (b) !!$", "!!"#. 128. (a) !!; (b) !!. 129. !!.

130. !!. 144. (a) 0; (b) 0. 147. ln 2. 148. 1
3 (a + 2b). 151. −∞ < x < +∞, x $= −1.

152. −∞ < x ! −
√

3 " 0 ! x !
√

3. 153. −1 ! x < 1. 154. (a) |x| > 2; (b) x > 2.

155. 4k2π2 ! x ! (2k + 1)2π2 (k = 0, 1, 2, · · · ). 156. |x| !
p
π
2 "

p
π
2 (4k − 1) ! |x| !

p
π
2 (4k + 1) (k = 1, 2, · · · ). 157. 1

2k+1 < x < 1
2k " − 1

2k+1 < x < − 1
2k+2 (k = 0, 1, 2, · · · ).

158. x > 0, x $= n (n = 1, 2, · · · ). 159. − 1
3 ! x ! 1. 160. |x−kπ| ! π

6 (k = 0,±1,±2, · · · ).
161. 10(2k− 1

2 )π < x < 10(2k+ 1
2 )π (k = 0,±1,±2, · · · ). 162. x = −1,−2,−3, · · · " x " 0.

163. x < 0, x $= −n (n = 1, 2, · · · ). 164. 1 < x ! 2. 165. (a) x = 0, 1
2 , 1, 3

2 , 2, · · · ;

(b) x > 4; (c) kπ + π
4 ! x < kπ + π

2 (k = 0,±1,±2, · · · ); (d) 0 ! x ! π
3 " 4π

3 ! x ! 3π
2 .
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166. −1 ! x ! 2; 0 ! y ! 1 1
2 . 167. 2kπ + π

3 < x < 2kπ + 5π
3 (k = 0,±1,±2, · · · ); −∞ <

y ! lg 3. 168. −∞ < x < +∞; 0 ! y ! π. 169. 1 ! x ! 100; − π2 ! y ! π
2 . 170. x =

p
2q+1 , !" p " q"##; y = ±1. 171. P = 2b+2

`
1 − b

h

´
x (0 < x < h); S = bx

`
1 − x

h

´
(0 <

x < h). 172. a =
√

100 − 96 cos x (0 < x < π); S = 24 sin x (0 < x < π). 173. !
0 ! x ! a−b

2 , S = h
a−bx2; ! a−b

2 < x < a+b
2 , S = h

`
x − a−b

4

´
; ! a+b

2 ! x ! a,

S = h
h

a+b
2 − (a−x)2

a−b

i
. 174. ! −∞ < x ! 0, m(x) = 0; ! 0 < x ! 1, m(x) = 2x; !

1 < x ! 2, m (x) = 2; ! 2 < x ! 3, m (x) = 3; ! 3 < x < +∞, m (x) = 4. 178. Ey = {0 !
y ! 4}. 179. Ey = {1 < y < 3}. 180. Ey = {0 < y < 1}. 181. Ey = {1 ! |y| < +∞}.
182. Ey = {1 ! y ! 2}. 183. $ a < b % a < y < b, $ a > b % b < y < a. 184. 1 < y <

+∞. 185. −∞ < y < 0 " 1 < y < +∞. 186. 0 < y ! 1
2 . 187. −∞ < y < +∞.

188. 0 < y < 1
2 " 3

2 ! y < 2. 189. 0; 0; 0; 0; 24. 190. 0; −6; 4. 191. 1; 1; 1; 2.

192. −1; 0; 1; 2; 4. 193. 1, 1+x
1−x , −x

2+x , 2
1+x , x−1

x+1 , 1+x
1−x . 194. (a) ! x = −1, x = 0 " x = 1,

f(x) = 0; ! −∞ < x < −1 " 0 < x < 1, f(x) > 0; ! −1 < x < 0 " 1 < x < +∞,

f(x) < 0; (b) ! x = ± 1
k (k = 1, 2, · · · ), f(x) = 0; ! 1

2k+1 < x < 1
2k " − 1

2k+1 < x <

− 1
2k+2 (k = 0, 1, 2, · · · ), f(x) > 0; ! 1

2k+2 < x < 1
2k+1 " − 1

2k < x < − 1
2k+1 (k = 0, 1, 2, · · · ),

f(x) < 0; (c) ! x ! 0 " x = 1, f(x) = 0; ! 0 < x < 1, f(x) > 0; ! 1 < x < +∞,

f(x) < 0. 195. (a) a; (b) 2x + h; (c) ax · ah−1
h . 197. f(x) = 7

3x− 2; f(1) = 1
3 ; f(2) = 2 2

3 .

198. f(x) = 7
6x2 + 17

6 x + 1; f(−1) = − 2
3 ; f(0.5) = 2 17

24 . 199. f(x) = 10
3 x3 − 7

2x2 − 29
6 x + 2.

200. f(x) = 10 + 5 · 2x. 203. (a) 2kπ < x < π + 2kπ # x $= 4k+1
2 π (k = 0,±1,±2, · · · );

(b) 1 < x < e; (c) x > 1 # x $= k (k = 2, 3, 4, · · · ). 205. (a) z = x + y; (b) z = xy
x+y ;

(c) z = x+y
1−xy ; (d) z = x+y

1+xy . 206. ϕ(ϕ(x)) = x4; ψ(ψ(x)) = 22x; ϕ(ψ(x)) = 22x; ψ(ϕ(x)) =

2x2
. 207. ϕ(ϕ(x)) = sgn x; ψ(ψ(x)) = x (x $= 0);ϕ(ψ(x)) = ψ(ϕ(x)) = sgn x (x $= 0).

208. ϕ(ϕ(x)) = ϕ(x); ψ(ϕ(x)) = ψ(x); ψ(ψ(x)) = ϕ(ψ(x)) = 0. 209. − 1−x
x ; x (x $= 0,

x $= 1). 210. fn(x) = x√
1+nx2

. 211. x2−5x+6. 212. x2−2
`
|x| " 2 1

2

´
. 213.1.

1+
√

1+x2

x .

213.2. f(x) =
“

x
1−x

”2
. 221. (a) $ a > 0 %%", $ a < 0 %%"; (b) $ a > 0 %!!!

`
−∞,− b

2a

´
"%", !!!

`
− b

2a , +∞
´

"%"; (c) %"; (d) $ ad−bc > 0%!!!
`
−∞,− d

c

´

"!!
`
− d

c , +∞
´

"%"; (e) $ a > 1 %%", $ 0 < a < 1 %%". 222. !&#$'"!
1, #!. 224. y−3

2 (−∞ < y < +∞). 225. (a) −√
y (0 ! y < +∞); (b)

√
y (0 ! y + ∞).

226. 1−y
1+y (y $= −1). 227. (a) −

p
1 − y2 (0 ! y ! 1); (b) −

p
1 − y2 (0 ! y ! 1).

228. arcsinh y = ln(y+
p

1 + y2) (−∞ < y < +∞). 229. arctanh y = 1
2 ln 1+y

1−y (−1 < y < 1).

230. ! −∞ < y < 1, x = y; ! 1 ! y ! 16, x =
√

y; ! 16 < y < +∞, x = log2 y.

231. (a) "##; (b) ###; (c) ###; (d) "##; (e) "##. 233. (a) %###, T = 2π
λ ;

(b) %###, T = 2π; (c) %###, T = 6π; (d) %###, T = π; (e) #%###;

(f) %###, T = π; (g) #%###; (h) #%###. 241. t = 1 2
3 s, x = −3 1

3 m.

243. x0 = − b
2a , y0 = 4ac−b2

4a . 244. y = x − x2

36 000 ; 9 km; 36 km. 251. x0 = − d
c ; y0 = a

c .

252. p = 12
V (V > 0). 263. k = a

a1
, m = a1b−ab1

a2
1

; n = c
a1

− b1
a3
1

(a1b − ab1), x0 = − b1
a1

.

264. F = 10
x2 . 287. A =

√
a2 + b2; sin x0 = − a

A , cos x0 = b
A . 356. ! |x − πk| ! π

6 ,

y = 2 sin x; ! π
6 < |x − πk| < 5π

6 , y = (−1)k (k = 0,±1,±2, · · · ). 357. (a) y = 1
2 (x + |x|);

(b) " (c) ! x " 0, y = x2; ! x < 0, y = 0; (d) ! x < 0, y = x; ! x " 0, y = x4.
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358. (a) y = 1; (b) ! 1 ! |x| !
√

3, y = 1; ! |x| < 1 ! |x| >
√

3, y = 0; (c) ! |x| ! 1,

y = 1; ! |x| > 1, y = 2; (d) ! |x| > 2, y = −2; ! |x| ! 2, y = 2− (2−x2)2. 359. $ x < 0

%": (a) (1) f(x) = 1 + x, (2) f(x) = −(1 + x); (b) (1) f(x) = −2x− x2, (2) f(x) = 2x + x2;

(c) (1) f(x) =
√
−x, (2) f(x) = −

√
−x; (d) (1) f(x) = − sin x, (2) f(x) = sin x; (e) (1) f(x) =

e−x, (2) f(x) = −e−x; (f) (1) f(x) = ln(−x), (2) f(x) = − ln(−x). 360. (a) x = − b
2a ;

(b) x = 1
2 ; (c) x = b−a

2 ; (d) x = kπ (k = 0,±1,±2, · · · ). 361. (a) (x0, ax0 + b), !" x0

"$##; (b)
`
− d

c , a
c

´
; (c) (x0, y0), !" x0 = − b

3a , y0 = ax3
0 + bx2

0 + cx0 + d; (d) (2, 0);

(e) (2, 1). 372. ": −1.88; 0.35; 1.53. 373. 2.11; −0.25; −1.86. 374. 0.25; 1.49. 375. 0.64.

376. 1.37; 10. 377. −0.54. 378. 0; 4.49. 379. x1 = −0.57, y1 = −1.26; x2 = −0.42, y2 =

1.19; x3 = 0.45, y3 = 0.74; x4 = 0.54, y4 = −0.68. 380. x1 = −1.30, y1 = 9.92; x2 = 2.30,

y2 = 9.73; x3 = −0.62, y3 = −9.98; x4 = 1.62, y4 = −9.87. 382. (a) !!(!, !&;

(b) &. 385. "$"!, !$#!. 387. f(a); f(b). 388. 0; 25. 389. 0; 1. 390. 0;1.

391. 2;+∞. 392. −1; 1. 393. −
√

2;
√

2. 394. 1
2 ; 4. 395. (a) 0.1; (b) 0.2. 396. 0; 1.

397. (a) 8; (b) 0.8; (c) 0.08; (d) 0.008. 398. (a) π; (b) π; (c) π; (d) π. 411. (a) 1;

(b) 2
3 ; (c) 1

2 . 412. 6. 413. 10. 414. 1
2nm(n−m). 415. 5−5. 416.

`
3
2

´30
. 417. n− n(n+1)

2 .

418. − 1
2 . 419. 1

2 . 420. 1. 421. 1
4 . 422. 1

3 . 423.
`

3
2

´10
. 424. (a) n(n+1)

2 ; (b) 2 1
24 .

425. m
n . 426. n(n−1)

2 an−2. 427. n(n+1)
2 . 428. m−n

2 . 429. x + a
2 . 430. x2 + ax + a2

3 .

431. 1. 432. 1
2 . 433. 3. 434. ab

3 . 435. 1. 436. 1√
2
. 437. 4

3 . 438. −2. 439. 1√
2a

.

440. − 1
16 . 441. 1

144 . 442. 1
4 . 443. 12

5 . 444. 1
n . 445. −2. 446. 1

4 . 447. 2
27 . 448. 3

2 .

449. 4 4
27 . 450. 7

36 . 451. − 1
2 . 452. α

m − β
n . 453. α

m + β
n . 455.1. n

m . 455.2. 1
2 .

456. 1
n! . 457. 1

2 (a + b). 458. 1
2 . 459. − 1

4 . 460. 1. 461. 2
3 . 462. 2. 463. 4

3 .

464. − 1
4 . 465. 1

n (a1+a2+· · ·+an). 466. 2n. 467. 2n. 468. lim
a→0

x1 = ∞, lim
a→0

x2 = − c
b
.

469. a = 1, b = −1. 470. ai = ±1; bi = ∓ 1
2 (i = 1, 2). 471. 5. 472. 0. 473. (−1)m−n m

n .

474. (a) 1
2 ; (b) 1; (c) 1

3 . 475. 1
2 . 476. 2. 477. 4. 478. 1

p . 479. 1
2 . 480. 2

π
. 482. cos a.

483. − sin a. 484. sec2 a (a $= (2k + 1) π2 , k = 0,±1, · · · ). 485. − 1
sin2 a

(a $= kπ, !" k

&##). 486. sin a
cos2 a

(a $= (2k + 1) π2 , !" k &##). 487. − cos a
sin2 a

(a $= kπ, !" k &#
#). 488. − sin a. 489. − cos a. 490. 2 sin a

cos3 a
(a $= (2k + 1) π2 , !" k &##). 491. 2 cos a

sin3 a

(a $= kπ, !" k &##). 492. 3
2 sin 2a. 493. −3. 494. 14. 495. 1√

3
. 496. −24.

497. − cos 2a
cos4 a

(a $= (2k + 1) π2 , !" k &##). 498. 3
4 . 499. 1

4 . 500. 4
3 . 501. − 1

12 .

502.
√

2. 503. 0. 504. 3. 505. 0. 506. (a) 1
2 ; (b)

q
2
3 ; (c) 1. 507. 0. 508. 0. 509. 0.

510. 0. 511. 1. 512. e2. 513. 1. 514. e−2. 515. e2a. 516. ! a1 < a2, 0; ! a1 > a2,

+∞; ! a1 = a2, e
b1−b2

a1 . 517. e. 518. e−1. 519. (a) 1; (b)
√

e. 520. ecot a (a $= kπ, !
" k "##). 521. e

3
2 . 522. e−1. 523. 1. 524. e−2. 525. e. 526. 1√

e
. 527. ex+1.

528. e−
x2
2 . 529. 1. 530. 1. 531. 1

a . 532. 0. 533. 1
5 . 534. −2. 535. 3

2 . 536. 3
2 .

537. − lg e
x2 . 538. 2a

b . 539.
`

a
b

´2
. 540. (a) 0; (b) n. 541. ln a. 542. aa ln a

e .

543. aa ln ea. 544. e2. 545. (a) 2
3 ; (b) e

β2−α2
2 ; (c) α

β ; (d) −2. 546. e2. 547. 1.

548. αβ aα−β. 549. ab ln a. 550. ax ln2 a. 551. e−(a+b). 552. ln x. 553. ln x. 554. a
√

b.

555.
√

ab. 556. 3
√

abc. 557. (aabbcc)
1

a+b+c . 558. 1√
ab

. 559.
`
ln a

b

´−1
. 560. aaa

ln a.

561. (a) 0; (b) ln 3
ln 2 . 562. ln 8. 563. − ln 2. 566. (a) 1

2 ; (b) 1
2 . 567. 1. 568. 0.
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569. ln a2. 570. 1
8 . 571. 1

2 . 572. −2. 573. e2. 574. e
2
π . 575. α+β√

αβ
. 576. (a) 1; (b) 1

2 ;

(c) 1. 577. (a) 2
9 ; (b) 2 sinh 1

2 . 578. (a) cosh a; (b) sinh a; (c) −1. 579. (a) ln 2; (b) 1.

580. eπ
2
. 581. − π2 . 582. π

3 . 583. − π2 . 584. 3π
4 . 585. 1

1+x2 . 586. 2. 587. ex

x2+1
.

588. 1
2 . 589. 1. 590. e

2
π . 591. (a) 0; (b) 0. 592. (a) +∞; (b) 1

2 . 593. (a) −1; (b) 1.

594. ln b2

a2 . 595. (a) π2 ; (b) − π2 . 596. (a) 1; (b) 0. 597. (a) 0; (b) 1. 600. 2; 1; 2. 601. 0;

(−1)n−1; (−1)n. 602. 0. 603. 1. 604. 0. 605. 1. 606. 0. 613. (b) ! |x| < 1, y = 1;

! |x| = 1, y = 0. 614. (b) ! 0 ! x < 1, y = 0; ! x = 1, y = 1
2 ; ! 1 < x < +∞, y = 1.

615. ! 0 < |x| < 1, y = −1; ! |x| = 1, y = 0; ! |x| > 1, y = 1. 616. y = |x|. 617. !
0 ! x ! 1, y = 1; ! x > 1, y = x. 618. ! 0 ! x ! 1, y = 1; ! 1 < x < 2, y = x; !
x " 2, y = x2

2 . 619. ! 0 ! x < 2, y = 0; ! x = 2, y = 2
√

2; ! x > 2, y = x2. 620. (b) !
x $= (2k + 1) π2 , y = 0; ! x = (2k + 1) π2 , y = 1 (k = 0,±1,±2, · · · ). 621. ! 0 ! x ! 2,

y = ln 2; ! x > 2, y = ln x. 622. ! −1 < x ! 1, y = 0; ! x > 1, y = π
2 (x − 1). 623. !

x ! −1, y = 1; ! x > −1, y = ex+1. 624. (a) ! x < 0, y = x; ! x = 0, y = 1
2 ; ! x > 0,

y = 1; (b) 1
x . 625. (a) ! 0 ! x < 1 " 4k − 1 < x < 4k + 1, y =

√
x; ! 4k − 3 < x < 4k − 2

" 4k − 2 < x < 4k − 1, y = x; ! x = 2k − 1, y = 1
2 (
√

x + x) (k = 1, 2, 3, · · · ); (b) ! x &"
##, y = 0; ! x &###, y = x; (c) &$!#"$" max{|x|, |y|} = 1. 627. (a) x = 1,

x = −2, y = x − 1; (b) ! x → ∞, y = x + 1
2 , ! x → −∞, y = −x − 1

2 ; (c) y = 1
3 − x;

(d) ! x → +∞, y = x, ! x → −∞, y = 0; (e) ! x → −∞, y = 0, ! x → +∞,

y = x; (f) y = x + π
2 . 628. 0. 629. 1

1−x . 630. sin x
x . 632. 1

6 . 633. a
2 . 634. 1

2 ln a.

635.
√

e. 636. e−
a2
6 . 637.1. 1

2 (1 +
√

1 + 4a). 637.2. 2
3 . 637.3. b

1−α . 637.4.
√

5−1
2 .

638. (a)
√

1 + x−1; (b) 1−
√

1 − x. 641. (a) 2; (b) +∞; (c) 0; (d) 1; (e) 2; (f) 1; (g) 2 sinh 1.

643. (a) l = −1, L = 2; (b) l = −2, L = 2; (c) l = 2, L = e. 644. (a) l = −1, L = 1;

(b) l = 0, L = +∞; (c) l = 1
2 , L = 2; (d) l = 0, L = +∞. 645. (a) !"; (b) !"; (c) !";

(d) %"; (e) %"; (f) %". 653. (a) 2x; (b) x; (c) x2

2 ; (d) x3

2 . 655. (a) 3(x−1)2; (b) (1−x)
1
3

3√2
;

(c) x − 1; (d) e(x − 1); (e) x − 1. 656. (a) x2; (b) 2x2; (c) x
2
3 ; (d) x

1
8 . 657. (a)

`
1
x

´3
;

(b) 1
2

`
1
x

´ 1
2 ; (c) − 1

4

`
1
x

´ 3
2 ; (d)

`
1
x

´2
. 658. (a) 1

2

“
1

x−1

”
; (b)

√
2

“
1

1−x

” 1
2
; (c) 1

3√3

“
1

1−x

” 1
3
;

(d) 1
π
· 1

1−x ; (e) 1
x−1 . 663. (a) 9.95 < x < 10.05; (b) 9.995 < x < 10.005; (c) 9.999 5 < x <

10.000 5; (d)
√

100 − ε < x <
√

100 + ε. 664. ∆ < ε
27 ; (a) ∆ < 3.7 mm; (b) ∆ < 0.37 mm;

(c) ∆ < 0.037 mm. 665. 100[1 − 10−(n+1)]2 < x < 100[1 + 10−(n+1)]2; (a) 81 < x < 121;

(b) 98.01 < x < 102.01; (c) 99.800 1 < x < 100.200 1; (d) 99.980 001 < x < 100.020 001.

666. δ = min
`
ε
11 , 1

´
. 667. δ =

εx2
0

1+εx0
≈ 0.001 x2

0; (a) δ ≈ 10−5; (b) δ ≈ 10−7; (c) δ ≈ 10−9.

!!. 669. (a) !!; (b) !$. 671. !!; !) x0 "!. 672. !!. !## f(x) *%!
"#!! (a, b), #$"!"'!&"$; ! a, b "'("!!" ∞, # lim

x→∞
|f(x)| = +∞.

673. !!. %####(#"%$#. 675. %$. 676. ! A = 4, %$, ! A $= 4, $ x = 2

%!%$. 677. $ x = −1 %!%$. 678. (a) %$; (b) $ x = 0 %!%$. 679. $ x = 0

%!%$. 680. %$. 681. %$. 682. $ x = 1 %!%$. 683. $ a = 0 %%$, $
a $= 0 %!%$. 684. $ x = 0 %!%$. 685. $ x = k (k "##) %!%$. 686. $
x = k2 (k = 1, 2, · · · ) %!%$. 687. x = −1 &#%%!+). 688. x = −1 &!&!+).

689. x = −2 " x = 1 &#%%!+). 690. x = 0 " x = 1 &!&!+); x = −1 &#%
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%!+). 691. x = 0 &!&!+); x = kπ (k = ±1,±2, · · · ) &#%%!+). 692. x =

±2 &!&!+). 693. x = 0 &!!&!+). 694. x = 1
k (k = ±1,±2, · · · ) &!!

&!+); x = 0 &!!&!+). 695. x = 0 " x = 2
2k+1 (k = 0,±1, · · · ) &!&!+

). 696. x = 0 &!!&!+). 697. x = 0 &!&!+). 698. x = 0 &!!&!+).

699. x = 0&!&!+); x = 1&#%%!+). 700. x = 0&#%%!+). x = 1&!!&
!+). 701. x = kπ (k = 0,±1,±2, · · · ) &!!&!+). 702. x = k (k = 0,±1,±2, · · · )
&!!&!+). 703. x = k (k = ±1,±2, · · · ) &!!&!+). 704. ##%$. 705. x =

±
√

n (n = 1, 2, · · · )&!!&!+). 706. x = 1
k (k = ±1,±2, · · · )&!!&!+); x = 0&

#%%!+). 707. x = 1
k (k = ±1,±2, · · · )&!!&!+); x = 0&!&!+). 708. x =

2
(2k+1)π (k = 0,±1,±2, · · · ) &!!&!+); x = 0 &!!&!+). 709. x = ± 1

k " x =

± 1√
k

(k = 1, 2, · · · ) &!!&!+); x = 0 &!!&!+). 710. x = 1
k (k = ±1,±2, · · · )

&#%%!+); x = 0 &!!&!+). 711. x = 2
(2k+1)π (k = 0,±1,±2, · · · ) &#%%!

+); x = 0 &!!&!+). 712. x = ±
√

n (n = 1, 2, · · · ) &!!&!+). 713. x =

0, x = 1 " x = 2 &!!&!+). 714. x = kπ (k = 0,±1,±2, · · · ) &#%%!+).

715. x = ±
√

kπ (k = 0, 1, 2, · · · ) &#%%!+). 716. x = −1 " x = 3 &#%%!+
). 717. x = 0 &!!&!+). 718. x = 0 !&!+). 719. x = ±1 &!!&!+).

720. ! 0 ! x < 1, y = 1; ! x = 1, y = 1
2 ; ! x > 1, y = 0; x = 1 &!!&!+).

721. y = sgn x; x = 0 &!!&!+). 722. ! |x| ! 1, y = 1; ! |x| > 1, y = x2. #
#%$. 723. ! x $= kπ, y = 0; ! x = kπ, y = 1 (k = 0,±1,±2, · · · ); x = kπ &!!
&!+). 724. !|x − kπ| < π

6 , y = x; ! x = kπ ± π
6 , y = x

2 ; ! π
6 < |x − kπ| < 5π

6 ,

y = 0 (k = 0,±1,±2, · · · ); x = kπ ± π
6 &!!&!+). 725. ! kπ < x < kπ + π

2 , y = π
2x;

! kπ + π
2 < x < kπ + π, y = − π2x; ! x = kπ + π

2 , y = 0 (k = 0,±1, · · · ); x = kπ
2 &!

!&!+). 726. $ x ! 0 % y = x; $ x > 0 % y = x2. ##%$. 727. $ x ! 0 %
y = 0; $ x > 0 % y = x. ##%$. 728. $ x < 0 % y = −(1 + x); $ x = 0 % y = 0;

$ x > 0 % y = 1 + x; x = 0 &!!&!+). 729. !%$. 730. a = 1. 731. (a) ##%
$; (b) x = −1 &!!&!+); (c) x = −1 &!!&!+); (d) x = k (k = 0,±1,±2, · · · )
&#%%!+); (e) x $= k (k = 0,±1,±2, · · · ) &!!&!+). 732. $ −∞ < x < 0 %
d = −x; $ 0 ! x ! 1 % d = 0; $ 1 < x ! 3

2 % d = x − 1; $ 3
2 < x < 2 % d = 2 − x;

$ 2 ! x ! 3 % d = 0; $ 3 < x < +∞ % d = x − 3. ##%$. 733. $ 0 ! y ! 1 %
S = 3y − y2

2 ; $ 1 < y ! 2 % S = 1
2 + 2y; $ 2 < y ! 3 % S = 5

2 + y; $ 3 < y < ∞
% S = 11

2 ; ##%$; $ 0 ! y ! 1 % b = 3 − y; $ 1 < y ! 2 % b = 2; $ 2 < y ! 3

% b = 1; $ 3 < y < +∞ % b = 0; x = 2 " x = 3 &!!&!+). 735. $ x $= 0 %
!%$; $ x = 0 %%$. 737. &!"#'#!"#("&"#(!%$. 738. f(0) = 0.5.

740. (a) 1.5; (b) 2; (c) 0; (d) e; (e) 0; (f) 1; (g) 0. 741. (a) &; (b) !&. 742. (a) !&;

(b) !&. 743. !!. (: ! x ""##, f(x) = 1; !"###, f(x) = −1. 744. (a) $
x = 0 %, f(g(x)) %$, g(f(x)) !%$; (b) $ x = −1, x = 0 " x = 1 %, f(g(x)) !
%$, g(f(x)) %$; (c) f(g(x)) " g(f(x)) #%$. 745. f(ϕ(x)) ≡ x. 759. x = −dy+b

cy−a ;

a + d = 0, # b = c = 0 # a = d $= 0. 760. ! 2k ! y < 2k + 1 (k = 0,±1,±2, · · · ),
x = y − k. 764. f(f(x)) ≡ x. 767. x = −√

y (0 ! y < +∞); x =
√

y (0 ! y < +∞).
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768. x = 1 −
√

1 − y (−∞ < y ! 1); x = 1 +
√

1 − y (−∞ < y ! 1). 769. x =
1−

√
1−y2

y

(−1 ! y ! 1), x =
1+

√
1−y2

y (0 < |y| ! 1). 770. x = (−1)k arcsin y + kπ (k = 0,±1,±2, · · · )
(−1 ! y ! 1). 771. x = 2kπ ± arccos y (k = 0,±1,±2, · · · ) (−1 ! y ! 1). 772. x =

arctan y + kπ (k = 0,±1,±2, · · · ) (−∞ < y < +∞). 776. ! xy < 1, ε = 0; ! xy > 1,

ε = sgn x. 779. (a) ! −1 ! x ! 0, y = − π2 , ! 0 ! x ! 1, y = 2 arcsin x− π
2 ; (b) ! −1 ! x !

− 1√
2
, y = −(π + 4arcsin x); ! − 1√

2
< x < 1√

2
, y = 0; ! 1√

2
! x ! 1, y = π − 4 arcsin x.

780. y = π
2 − x

`
− π2 < x < π

2

´
. 781. y =

√
x2 − 1 (1 ! x < +∞); y =

√
x2 − 1 (1 ! x <

+∞). 782. &!) ϕ(t) = x #!" t, !" x "## ϕ(t) #$!(, ## ψ(t) #"!!!(.

783. ! α < τ < β, χ(τ ) #($#"!! (a, b). 784. &!) ϕ(x) = u #!"( x, !" u"
!! (A,B) "#$!#, ## ψ(x) #"!!!(. 785. |δ| ! ε

20 cm. (a) 0.5 mm; (b) 0.005 mm;

(c) 0.000 05mm. 786. (a) δ < 1
4 ; (b) δ < 2.5 · 10−4; (c) δ < 5

2 · 10−7; (d) δ < ε3

4 (ε ! 1).

793. (a)&; (b) !&. 794. !)%$. 795. #!)%$. 796. !)%$. 797. #!)%$.

798. !)%$. 799. !)%$. 800. #!)%$. 802. (a) δ = ε
5 ; (b) δ = ε

8 ; (c) δ = 0.01ε;

(d) δ = ε2 (ε ! 1); (e) δ = ε
3 ; (f) δ = min

“
ε
3 , ε2

3+ε

”
. 803. n " 1 800 000. 808. (a) ωf (δ) !

3δ; (b) ωf (δ) !
√
δ (0 ! x ! a); ωf (δ) ! δ√

2a
(a < c < +∞); (c) ωf (δ) ! δ

√
δ. 818. f(x) =

cos ax ! f(x) = cosh ax. 819. f(x) = cos ax; g(x) = sin ax (a = const).

!!!

821. ∆x = 999; ∆y = 3. 822. ∆x = −0.009; ∆y = 990 000. 823. (a) ∆y = a∆x; (b) ∆y =

(2ax + b)∆x + a(∆x)2; (c) ∆y = ax(a∆x − 1). 825. (a) 5; (b) 4.1; (c) 4.01; (d) 4 + ∆x; 4.

826. 3 + 3h + h2; (a) 3.31;
√

3; (b) 3.030 1; (c) 3.003 001; 3. 827. (a) 215 m/s; (b) 210.5 m/s;

(c) 210.05 m/s; 210 m/s. 828. (a) 2x; (b) 3x2; (c) − 1
x2 (x $= 0); (d) 1

2
√

x
(x > 0); (e) 1

3
3√

x2

(x $= 0); (f) 1
cos2 x

(x $= (2k − 1) π2 , k = 0,±1, · · · ); (g) − 1
sin2 x

(x $= kπ, k = 0,±1, · · · );
(h) 1√

1−x2
(|x| < 1); (i) − 1√

1−x2
(|x| < 1); (j) 1

1+x2 . 829. −8; 0; 0. 830. 4.

831. 1 + π
4 . 832. f ′(a). 834. y′ = 1 − 2x; 1, 0, −1, 21. 835. y′ = x2 + x − 2; (a) −2; 1;

(b) −1; 0; (c) −4; 3. 836. 10a3x − 5x4. 837. a
a+b . 838. 2x − (a + b). 839. 2(x +

2)(x+3)2(3x2 +11x+9). 840. x sin 2a+cos 2a. 841. mn[xm−1 +xn−1 +(m+n)xm+n−1].

842. (a) −(1−x)2(1−x2)(1−x3)2(1+6x+15x2 +14x3); (b) −20(17+12x)(5+2x)9(3−4x)19.

843. −
`

1
x2 + 4

x3 + 9
x4

´
(x $= 0). 845. 2(1+x2)

(1−x2)2
(|x| $= 1). 846. 2(1−2x)

(1−x+x2)2
. 847. 1−x+4x2

(1−x)3(1+x)4

(|x| $= 1). 848. 12−6x−6x2+2x3+5x4−3x5

(1−x)3
(x $= 1). 849. − (1−x)p−1[(p+q)+(p−q)x]

(1+x)q+1 (x $= −1).

850. xp−1(1−x)q−1

(1+x)2
[p − (q + 1)x − (p + q − 1)x2] (x $= −1). 851. 1 + 1

2
√

x
+ 1

3
3√

x2
(x > 0).

852. − 1
x2 − 1

2x
√

x
− 1

3x 3√x
(x > 0). 853. 2

3 3√x
+ 1

x
√

x
(x > 0). 854. 1+2x2√

1+x2
.

855. 6+3x+8x2+4x3+2x4+3x5√
2+x2 3

√
(3+x3)2

(x $= 3
√
−3). 856. (n−m)−(n+m)x

(n+m)n+m
√

(1−x)n(1+x)m
. 857. a2

(a2−x2)
3
2

(|x| < |a|). 858. 2x2

1−x6

3q
1+x3

1−x3 (|x| $= 1). 859. − 1

(1+x2)
3
2

. 860.
1+2

√
x+4

√
x
√

x+
√

x

8
√

x
√

x+
√

x
q

x+
√

x+
√

x

(x > 0). 861. 1

27 3
√

x2(1+ 3√x)2
· 1

3
q

(1+ 3
√

1+ 3√x)2
(x $= 0, x $= −1, x $= −8). 862. −2 cos x(1 +

2 sin x). 863. x2 sin x. 864. − sin 2x ·cos cos 2x. 865. n sinn−1 x ·cos(n+1)x. 866. cos x ·



· 342 · ! !

cos sin x · cos sin sin x. 867. 2 sin x(cos x sin x2−x sin x cos x2)
sin2 x2 (x2 $= kπ; k = 1, 2, · · · ).

868. − 1+cos2 x
2 sin3 x

(x $= kπ, k = 0,±1,±2, · · · ). 869. n sin x
cosn+1 x

“
x $= 2k−1

2 π, k "##
”
.

870. x2

(cos x+x sin x)2
. 871. 2

sin2 x
(x $= kπ; k = 0,±1,±2, · · · ). 872. 1 + tan6 x (x $= (2k +

1) π2 ; k = 0,±1,±2, · · · ). 873. −8
3 sin4 x 3√cot x

(x $= kπ, k "##). 874.
−16 cos 2x

a

a sin3 2x
a

“
x $= kπa

2 ,

k "##
”
. 875. −3 tan2 x · sec2 x · sin(2 tan3 x) · cos[cos2(tan3 x)]

`
x $= π

3 + kπ, k "##
´
.

876. −2xe−x2
. 877. − 1

x2 ·2tan 1
x sec2 1

x ·ln 2. 878. x2ex. 879. x2e−x sin x. 880. ex(sin x−cos x)
2 sin2 x

2

(x $= 2kπ, k "##). 881. − 1+ln2 3
3x sin x. 882.

√
a2 + b2 eax sin bx. 883. ex[1 + eex

(1 +

eee
x

)]. 884. y
“

ln a
b − a−b

x

”
(x > 0). 885. aaxaa−1 + axa−1axa

ln a + axaax
ln2 a.

886. 6
x lg e · lg2 x2 (x $= 0). 887. 1

x ln x ln lnx (x > e). 888. 6
x ln x ln(ln3 x)

(x > e).

889. 1
(1+x)2(1+x2)

(x > −1). 890. x
x4−1

(|x| > 1). 891. 1
x(1+x4)2

(x $= 0). 892. 1
3x2−2

“
|x|

>
q

2
3

”
. 893. 2

(1−x2)(1−kx2)
(|x| < 1). 894. 1

2(1+
√

x+1)
(x > −1). 895. 1√

x2+1
.

896. ln(x +
√

x2 + 1). 897. ln2(x +
√

x2 + 1). 898.
√

x2 + a2. 899. 1
a−bx2

`
|x| <

p
a
b

´
.

900. − 8

x5
√

1−x2
(0 < x < 1). 901. 1

sin x (0 < x − 2kπ < π, k "##). 902. 1
cos x

“
|x −

2kπ| < π
2 , k "##

”
. 903. − cot3 x (0 < x − 2kπ < π, k "##). 904. − 1

cos x

“
x $=

2k−1
2 π, k "##

”
. 905. cos2 x

sin3 x
(0 < x − 2kπ < π, k "##). 906.

√
b2−a2

a+b cos x . 907. − ln3 x
x2

(x>0). 908. 1
x5 lnx (x>0). 909. 2x

1+ 3
√

1+x2
. 910. − 1+x+ 1

x +ln 1
x

(1+x ln 1
x )[1+x ln( 1

x +ln 1
x )]

. 911. 2 sin ln x

(x > 0). 912. sin x · ln tan x (0 < x − 2kπ < π
2 , k "##). 913. 1√

4−x2
(|x| < 2).

914. 1√
1+2x−x2

(|x−1| <
√

2). 915. 2ax
x4+a2 (a $= 0). 916. 1

x2+2
(x $= 0). 917.

√
x

2(1+x) (x "

0). 918. − x√
1−x2

arccos x (|x| < 1). 919. arcsin
q

x
1+x (x " 0). 920. 1

|x|
√

x2−1
(|x| >

1). 921. sgn cos x
`
x $= 2k−1

2 π, k "##
´
. 922. 2 sgn(sin x)·cos x√

1+cos2 x
(x $= 2kπ, k "##).

923. sin x+cos x√
sin 2x

“
0 < x − kπ < π

2 , k "##
”
. 924. sgn x√

1−x2
(0 < |x| < 1). 925. 1

1+x2

(x $= 1). 926. 1
`
x $= π

4 + kπ, k "##
´
. 927. 1

a+b cos x . 928. − 2 sgn x
1+x2 (x $= 0).

929. 4x√
1−x4 arccos3(x2)

(|x|<1). 930. 1+x4

1+x6 . 931. −2 cos x·arctan sin x. 932. 1
2x

√
x−1 arccos 1√

x

(x > 1). 933. a2+b2

(x+a)(x2+b2)
(x > −a). 934.

√
a2 − x2. 935. 1

x3+1
(x $= −1). 936. 1

x4+1

(|x| $= −1). 937. (arcsin x)2 (|x| < 1). 938. − arccos x
x2 (0 < |x| < 1). 939. x ln x

(x2−1)
3
2

(x > 1).

940. x arccos x

(1−x2)
3
2

(|x| < 1). 941. x3

x6+1

“
|x| $= 1√

2

”
. 942. 12x5

(1+x12)2
. 943. − 1

(1−x) 3√x
(x < 1).

944. 1

2
√

1−x2
(|x| < 1). 945. 1√

ax−x2
(0 < x < a). 946. x2√

1−2x−x2
(|x + 1| <

√
2).

947. 1
4
√

1+x4
. 948. sin 2x

sin4 x+cos4 x
(x $= 2k−1

2 π, k "##). 949.
√

1−x2

x − x√
1−x2

ln
q

1−x
1+x

(|x| < 1). 950. x2

1+x2 arctan x. 951. ex√
1+e2x

. 952. 1
2(1+x2)

. 953. sin a sgn(cos x−cos a)
1−cos a cos x

(cos x $= cos a). 954. 1

(x4−1)
√

x2+2
(0 < |x|< 1). 955.

√
1+x4

1−x4 (|x| $= 1). 956. 4

(1+x2)2
√

1−x2

(|x| < 1). 957. 2x(cos x2+sin x2)√
sin(2x2)

„
0 < |x| <

q`
k + 1

2

´
π, k = 0, 1, 2, · · ·

«
. 958. 2x[sgn(cos x2)

+ sgn(sin x2)]
`
|x| $= kπ

2 , k = 0, 1, 2, · · ·
´
. 959. 2m√

1−x2
· em arcsin x cos(m arcsin x) (|x| < 1).
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960. (a) ex−1
e2x+1

; (b) x3

6

r

1+
3
q

1+ 4
√

1+x4·
3q

(1+ 4
√

1+x4)2· 4
√

(1+x4)3

; (c) 1

x3 cos 1
x2

“
sin 1

x2 +cos 1
x2

”q
cot 1

x2
;

(d) 21+ 3√x ln 2·sin(2
3√x)·ln(sec 2

3√x)

3
3√

x2·cos 2
3√x

. 961. 1 + xx(1 + ln x) + xxxxx `
1
x + ln x + ln2 x

´
(x > 0).

962. xa−1xxa
(1+a ln x)+axxax

“
1
x +ln a ln x

”
+xxaxx

ln a(1+lnx) (x > 0). 963. x
1
x −2(1−

lnx) (x > 0). 964. (sin x)1+cos x(cot2 x − ln sin x) − (cos x)1+sin x(tan2 x − ln cos x) (0 <

x − 2kπ < π
2 , k "##). 965.1. (ln x)x−1

xln x+1 (x − 2 ln2 x + x ln x ln ln x) (x > 1). 965.2. y′ =

2y


arctan x
1+x2 ln arcsin(sin2 x)

arccos(cos2 x)
+arctan2 x·

»
sin x·sgn cos x

arcsin(sin2 x)
√

1+sin2 x
− cos x·sgn sin x

arccos(cos2 x)
√

1+cos2 x

–ff
(x $= kπ

2 ,

k = 0,±1, · · · ). 966. − 1
x (logx e)2 (x > 0, x $= 1). 967. tanh3 x. 968. − 2

sinh3 x
(x > 0).

969. 1
cosh 2x . 970. sgn sinh x

cosh x (x $= 0). 971. a+b cosh x
b+a cosh x . 972. − sin 2x√

1+cos4 x
. 973. − 2√

1−x2

arccos x · ln2 arccos x (|x| < 1). 974. − x−1

4
√

(1+x4)3
. 975. − 2πe−x2

arcsin(e−x2
)

(1−e−2x2 )
3
2

(x $= 0).

976. 4a2x ln a
(1+a2x)2

arccot a−x (a>0). 977. (a) sgn x (x $=0); (b) 2|x|; (c) 1
x (x $= 0). 978. (a) (x−

1)(x + 1)2(5x − 1)sgn(x + 1); (b) 3
2 sin 2x · | sin x|; (c) 1

x
√

x2−1
(|x| > 1); (d) π[x] sin 2πx.

979. $ −∞ < x < 1 % y′ = −1; $ 1 ! x ! 2 % y′ = 2x − 3; $ 2 < x < +∞ % y′ = 1.

980. $ x ∈ [a, b] % y′ = 2(x − a) · (x − b)(2x − a − b); $ x $∈ [a, b] % y′ = 0. 981. $
x < 0 % y′ = 1; $ 0 ! x < +∞ % y′ = 1

1+x . 982. $ −1 < x ! 1 % y′ = 1
1+x2 ; $

|x| > 1 % y′ = 1
2 . 983. $ |x| ! 1 % y′ = 2xe−x2

(1 − x2); $ |x| > 1 % y′ = 0.

984. (a) 1−x−x2

x(1−x2)
; (b) 54−36x+4x2+2x3

3x(1−x)(9−x2)
(x $= 0, x $= 1, x $= ±3); (c)

nP
i=1

αi
x−ai

; (d) n√
1+x2

.

985. (a) ϕ(x)ϕ′(x)+ψ(x)ψ′(x)√
ϕ2(x)+ψ2(x)

`
ϕ2(x) + ψ2(x) $= 0

´
; (b) ϕ′(x)ψ(x)−ϕ(x)ψ′(x)

ϕ2(x)+ψ2(x)
(ϕ2(x) + ψ2(x) $= 0);

(c) ϕ(x)
p
ψ(x)

n
1

ϕ(x)
ψ′(x)
ψ(x) −

ϕ′(x)
ϕ2(x)

lnψ(x)
o
; (d) ψ

′(x)
ψ(x)

1
lnϕ(x)−

ϕ′(x)
ϕ(x)

lnψ(x)
ln2 ϕ(x)

. 986.1. (a) 2xf ′(x2);

(b) sin 2x·[f ′(sin2x)−f ′(cos2 x)]; (c) ef(x)[exf ′(ex)+f ′(x)f(ex)]; (d) f ′(x)f ′(f(x))f ′(f(f(x))).

986.2. 1000!. 988. 3x2+15. 989. 6x2. 992. (a) n > 0; (b) n > 1; (c) n > 2. 993. (a) n "
m + 1; (b) 1 < n < m + 1. 994. ϕ(a). 995. f ′

−(a) = −ϕ(a), f ′
+(a) = ϕ(a). 999. (a) $

x = 1 %!!$; (b) $ x = 2k−1
2 π (k "##) %!!$; (c) $$!$; (d) $ x = kπ

(k "##) %!!$; (e) $ x = −1 %!!$. 1000. $ x $= 0 % f ′
− = f ′

+ = sgn x;

f ′
−(0) = −1, f ′

+(0) = 1. 1001. $ x $= ##% f ′
−(x) = f ′

+(x) = π[x] cos πx; $ x = k

(k "##) % f ′
−(k) = π(k − 1)(−1)k, f ′

+(k) = πk(−1)k. 1002. $ x $= 2
2k+1 (k "##)

% f ′
−(x) = f ′

+(x) =
`
cos πx + π

x sin πx
´
sgn cos πx ; f ′

−

“
2

2k+1

”
= −(2k + 1) π2 , f ′

+

“
2

2k+1

”
=

(2k + 1) π2 . 1003. $
√

2kπ < |x| <
p

(2k + 1)π (k = 0, 1, 2, · · · ) % f ′
−(x) = f ′

+(x) =
x cos x2
√

sin x2 ; f ′
−(0) = −1, f ′

+(0) = 1; f ′
∓(

p
(2k + 1)π ) = ∓∞, f ′

±(
√

2kπ) = ±∞ (k = 1, 2, · · · ).

1004. $ x $= 0 % f ′
−(x) = f ′

+(x) =
1+(1+ 1

x )e
1
x

„
1+e

1
x

«2 ; f ′
−(0) = 1, f ′

+(0) = 0. 1005. $ x $= 0 %

f ′
−(x) = f ′

+(x) = xe−x2
√

1−e−x2
; f ′

−(0) = −1; f ′
+(0) = 1. 1006. f ′

−(x) = f ′
+(x) = ε

x , !", $

0 < |x| < 1 % ε = −1, $ 1 < |x| < +∞ % ε = 1; f ′
−(∓1) = −1, f ′

+(∓1) = 1. 1007. $
x $= ∓1 % f ′

−(x) = f ′
+(x) = 2sgn(1−x2)

1+x2 ; f ′
−(∓1) = ∓1, f ′

+(∓1) = ±1. 1008. $ x $= 2 %
f ′
−(x) = f ′

+(x) = arctan 1
x−2 − x−2

(x−2)2+1
; f ′

∓(2) = ∓ π2 . 1009.2. (a) f ′
−(0) = − 1

2 , f ′
+(0) = 1

2 ;

(b) f ′
−(1) = f ′

+(1) = 1
2 ; (c) f ′

−(0) = f ′
+(0) = 0. 1010. a = 2x0; b = −x2

0. 1011. a =

f ′
−(x0); b = f(x0) − x0f

′
−(x0). 1012. A = k1+k2

(b−a)2
, c = ak2+bk1

k1+k2
. 1013. a = − 3m2

2c , b =
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−m2

2c3
. 1014. (a) !; (b) !!. 1015. (a) !!; (b) !!. 1016. (a), (b), (c) ## F (x) !

!",# F ′(x), "!!!". 1017. x = kπ (k = 0,±1,±2, · · · ). 1018. (a) !!; (b) !.

1019. (a) !!*; (b) !*. 1020. (a) !!*. 1021. !!. 1022. !!. 1023. !!
&&, !!. 1024. (a) Pn = 1−(n+1)xn+nxn+1

(1−x)2
; Qn = 1+x−(n+1)2xn+(2n2+2n−1)xn+1−n2xn+2

(1−x)3
;

(b) Sn =
sin nx

2 sin n+1
2 x

sin x
2

; Tn =
n sin x

2 sin 2n+1
2 x−sin2 nx

2
2 sin2 x

2
. 1025. Sn =

n sinh nx
2 sinh(n+ 1

2 )x−sinh2 nx
2

2 sinh2 x
2

.

1026. Sn = 1
2n cot x

2n −cot x. 1029. 40π cm2/s. 1030. 25 m2/s; 0.4 m/s. 1031. 50 km/h.

1032. $ 0 ! x ! 2 % S(x) = x2

2 ; $ x > 2 % S(x) = x2 − 2x + 2; $ 0 ! x ! 2 %
S′(x) = x; $ x > 2 % S′(x) = 2x − 2. 1033. S(x) = |x|

2

√
a2 − x2 + a2

2 arcsin |x|
2 ; S′(x) =

√
a2 − x2 sgn x (0 < |x| ! a). 1034. y′

x = 1
3(y2+1)

. 1035. y′
x = 1

1−ε cos y . 1036. (a) −∞ <

y < +∞; x′
y = x

x+1 ; (b) −∞ < y < +∞; x′
y = 1

1−x+y ; (c) −∞ < y < +∞; x′
y = 1√

1+y2
;

(d) −1 < y < 1; x′
y = 1

1−y2 . 1037. (a) x1 = −
p

1 +
√

1 − y (−∞ < y ! 1); x2 =

−
p

1 −
√

1 − y (0 ! y ! 1); x3 =
p

1 −
√

1 − y (0 ! y ! 1); x4 =
p

1 +
√

1 − y (−∞ <

y ! 1); x′
i = 1

4x(1−x2)
(i = 1, 2, 3, 4); (b) x1 = −

q
y

1−y (0 ! y < 1); x2 =
q

y
1−y (0 ! y <

1); x′
i = x3

2y2 (i = 1, 2); (c) x1 = − ln(1 +
√

1 − y) (−∞ < y ! 1); x2 = ln 1+
√

1−y
y (0 <

y ! 1); x′
i = − 1

2(e−x−e−2x)
(i = 1, 2). 1038. y′

x = − 3
2 (1 + t); −3; − 3

2 " − 9
2 ; (−4, 4).

1039.
6r

(1−
√

t)4

t(1− 3√t)3
(t > 0, t $= 1). 1040. y′

x = −1 (0 < x < 1). 1041. y′
x = − b

a cot t (0 <

|t| < π). 1042. y′
x = b

a coth t (|t| > 0). 1043. y′
x = − tan t (t $= 2k+1

2 π, k "##).

1044. y′
x =cot t

2 (t $= 2kπ, k"##). 1045. y′
x =tan t·tan

`
t + π

4

´ `
t $= π

4 + kπ, t $= π
2 + kπ

´
.

1046. y′
x = sgn t (0 < |t| < +∞). 1048. y′ = 1−x−y

x−y ; 5
2 ; − 1

2 . 1049. p
y . 1050. − b2x

a2y
.

1051. −
p

y
x . 1052. −

3p y
x . 1053. x+y

x−y . 1054. (a) tan(ϕ+arctanϕ); (b) − cot 3ϕ
2

“
ϕ $= 0,

ϕ $= ± 2π
3

”
; (c) tan

`
ϕ+ arctan 1

m

´
. 1055. (a) y = 3

√
4(x + 1); y = −

3√2
2 (x + 1);

(b) y = 3, x = 2; (c) x = 3, y = 0. 1056. (a)
`

1
2 , 2 1

4

´
; (b) (0, 2). 1058. |x| < π

3 "
2π
3 < |x| ! π. 1059. max |y′

1 − y′| = 10π ≈ 31.4. 1060. π
4 . 1064. (a) 2 arctan 1

|a| ;

(b) π2 . 1066.
˛̨

x
n

˛̨
. 1069.

y2
0

|a| . 1071. b2 − 4ac = 0. 1072.
`

p
3

´3
+

`
q
2

´2
= 0. 1073. a =

1
2e . 1077. (a) 3x− 2y = 0, 2x + 3y = 0; (b) 3x− y − 1 = 0, x + 3y − 7 = 0. 1078. (a) y =

x, y = −x; (b) 3x−y−4 = 0, x+3y−3 = 0; (c) y = −x, y = x. 1079. y−2a = (x−at0) cot t0
2 .

""#""%*!%$")%$-#%#$&)""#".. 1081. 3x+5y−50 = 0, 5x−3y−
10.8 = 0. 1082. x+2y−3 = 0, 2x−y−1 = 0. 1083. ∆f(1) = ∆x+3(∆x)2+(∆x)3; df(1) =

∆x. (a) 5, 1; (b) 0.131, 0.1; (c) 0.010 301, 0.01. 1084. ∆x = 20∆t + 5(∆t)2, dx = 20∆t;

(a) 25m, 20m; (b) 2.05 m, 2m; (c) 0.020 005 m, 0.02 m. 1085. − dx
x2 (x $= 0). 1086. dx

a2+x2 .

1087. dx
x2−a2 (|x| $= |a|). 1088. dx√

x2+a
. 1089. sgn a√

a2−x2
dx (|x| < |a|). 1090. (a) (1 + x)

ex dx; (b) x sin xdx; (c) − 3 dx
x4 (x $= 0); (d) 2−ln x

2x
√

x
dx (x > 0); (e) x dx√

a2+x2
; (f) dx

(1−x2)
3
2

(|x| < 1);

(g) − 2x dx
1−x2 (|x| < 1); (h) dx

x
√

x2−1
(|x| > 1); (i) dx

cos3 x

`
x $= π

2 + kπ, k "##
´
.

1091. vw du + uw dv + uv dw. 1092. v du−2u dv
v3 (v $= 0). 1093. − u du+v dv

(u2+v2)
3
2

(u2 + v2 > 0).

1094. v du−u dv
u2+v2 (u2 + v2 > 0). 1095. u du+v dv

u2+v2 (u2 + v2 > 0). 1096. (a) 1 − 4x3 − 3x6;

(b) 1
2x2

`
cos x − sin x

x

´
; (c) − cot x (x $= kπ, k "##); (d) − tan2 x (x $= π

2 + kπ, k "##);

(e) −1 (|x| < 1). 1097. (a) %'&: "$ 105.2 cm2; '#&: "$ 104.7 cm2; (b) "(
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43.6 cm2. 1098. "$ 0.022 3 m. 1099. 1.007 (#$: 1.006 6). 1100. 0.484 9 (#$: 0.484 8).

1101. −0.874 7 (#$: −0.874 6). 1102. 0.810 4 = arc 46◦26′ (#$: arc 46◦24′).

1103. 1.043 (#$: 1.041). 1104.1. (a) 2.25 (#$: 2.24); (b) 5.833 (#$: 5.831); (c) 10.954 6

(#$: 10.954 5). 1105. (a) 2.083 (#$: 2.080); (b) 2.990 7 (#$: 2.990 7); (c) 1.938 (#
$: 1.931); (d) 1.995 4 (#$: 1.995 3). 1106. 0.24 m2; 4.2%. 1107. δR ! 0.33%.

1108. (a) δg = δl; (b) δg = 2δT . 1109. 0.43δ. 1111. x(3+2x2)

(1+x2)
3
2

. 1112. 3x

(1−x2)
5
2

(|x| < 1).

1113. 2e−x2
(2x2 − 1). 1114. 2 sin x

cos3 x

`
x $= 2k+1

2 π, k = 0,±1, · · ·
´
. 1115. 2x

1+x2 + 2 arctan x.

1116. 3x
(1−x2)2

+(1+2x2) arcsin x

(1−x2)
5
2

(|x|<1). 1117. 1
x (x > 0). 1118. f(x)f ′′(x)−f ′2(x)

f2(x)
(f(x) > 0).

1119. − 2
x sin ln x (x > 0). 1120. y(0) = 1, y′(0) = 1, y′′(0) = 0. 1121. 2(uu′′ + u′2).

1122. uu′′−u′2

u2 − vv′′−v′2

v2 (uv > 0). 1123. (u2+v2)(uu′′+vv′′)+(u′v−uv′)2

(u2+v2)
3
2

(u2 + v2 > 0).

1124. y′′ = uv

»“
v u′

u + v′ ln u
”2

+ v uu′′−u′2

u2 + 2u′v′

u + v′′ ln u

–
. 1125. y′′ = 4x2f ′′(x2) +

2f ′(x2); y′′′ = 8x3f ′′′(x2)+12xf ′′(x2). 1126. y′′= 1
x4 f ′′ `

1
x

´
+ 2

x3 f ′ `
1
x

´
; y′′′ = − 1

x6 f ′′′ `
1
x

´
−

6
x5 f ′′ `

1
x

´
− 6

x4 f ′ `
1
x

´
. 1127. y′′ = e2xf ′′(ex) + exf ′(ex); y′′′ = e3xf ′′′(ex) + 3e2xf ′′(ex) +

exf ′(ex). 1128. y′′ = 1
x2 [f ′′(ln x) − f ′(ln x)]; y′′′ = 1

x3 [f ′′′(lnx) − 3f ′′(ln x) + 2f ′(ln x)].

1129. y′′ = ϕ′2(x)f ′′(ϕ(x)) + ϕ′′(x)f ′(ϕ(x)); y′′′ = ϕ′3(x)f ′′′(ϕ(x)) + 3ϕ′(x)ϕ′′(x)f ′′

(ϕ(x)) + ϕ′′′(x)f ′(ϕ(x)). 1130. (a) ex dx2; (b) ex( dx2 + d2x). 1131. dx2

(1+x2)3/2 .

1132. 2 ln x−3
x3 dx2(x > 0). 1133. xx

ˆ
(1 + ln x)2 + 1

x

˜
dx2. 1134. ud2v + 2dudv + v d2u.

1135. v(v d2u−u d2v)−2 dv(v du−u dv)
v3 (v $= 0). 1136. um−2vn−2{[m(m − 1)v2 du2 + 2mnvudu

dv + n(n− 1)u2 dv2] + uv(mv d2u + nud2v)}. 1137. au ln a( du2 ln a + d2u). 1138. [(v2 −
u2) du2 − 4uv dudv + (u2 − v2) dv2 + (u2 + v2)(ud2u + v d2v)](u2 + v2)−2 (u2 + v2 > 0).

1139. [−2uv du2+2(u2−v2) dudv+2uv dv2+(u2+v2)(v d2u−ud2v)](u2+v2)−2 (u2+v2 > 0).

1140. y′′ = 3
4(1−t) ; y′′′ = 3

8(1−t)3
(t $= 1). 1141. y′′ = − 1

a sin3 t
; y′′′ = − 3 cos t

a2 sin5 t

(t $= kπ, k "##). 1142. y′′ = − 1
4a sin4 t

2
; y′′′ =

cos t
2

4a2 sin7 t
2

(t $= 2kπ, k "##).

1143. y′′= e−t
√

2 cos3(t+ π
4 )

; y′′′ = e−2t(2 sin t+cos t)√
2 cos5(t+ π

4 )

`
t $= π

4 + kπ, k = 0,±1,±2, · · ·
´
. 1144. y′′ =

1
f ′′(t) ; y′′′ = − f ′′′(t)

f ′′3(t)
(f ′′(t) $= 0). 1145. x′ = 1

y′ ; x′′ = − y′′

y′3 ; x′′′ = − y′y′′′−3y′′2

y′5 ; x(4) =

− y′2y(4)−10y′y′′y′′′+15y′′3

y′7 (y′ $= 0). 1146. −x
y ,− 25

y3 ,− 75x
y5 ,− 3

4 ,− 25
64 ,− 225

1 024 . 1147. p
y ,− p2

y3 ,
3p3

y5 . 1148. y′ = 2x−y
x−2y , y′′ = 6

(x−2y)3
, y′′′ = 54x

(x−2y)5
. 1149. y′ = 2x3y

1+y2 ; y′′ = 2x2y
(1+y2)3

·

[3(1 + y2)2 + 2x4(1 − y2)]. 1150. y′ = x+y
x−y ; y′′ = 2(x2+y2)

(x−y)3
. 1151. a = 1

2f ′′(x0); b =

f ′(x0); c = f(x0). 1152. 20−10t,−10; 0,−10. 1153. v = − 2πa
T sin 2π

T t, w = − 4π2a
T2 cos 2π

T t.

1154. x = v0t cosα, y = v0t sinα− gt2

2 ; v =
p

v2
0 − 2v0gt sinα+ g2t2; w = g; y = x tanα−

gx2

2v2
0 cos2 α

;
v2
0 sin2 α

2g ;
v2
0
g sin 2α. 1155. x2 + y2 = 25; 5|ω|, 5ω2. 1156. y(6) = 4 · 6!; y(7) = 0.

1157. y′′′ = − am(m+1)(m+2)
xm+3 (x $= 0). 1158. y(10) = − 17!!

210x9√x
(x > 0), !" n!! $*!!!

n #("% n $!"###&###$", % 17!! = 1 ·3 ·5 · · · 17. 1159. y(8) = 8!
(1−x)9

(x $= 1).

1160. y(100) = 197!(399−x)
2100(1−x)100

√
1−x

(x < 1). 1161. y(20) = 220e2x(x2 +20x+95). 1162. y(10) =

ex
10P

i=0
(−1)i Ai

10
xi+1 , !" Ai

10 = 10 · 9 · · · (11 − i), & A0
10 = 1. 1163. y(5) = − 6

x4 (x > 0).

1164. y(5) = 274
x6 − 120

x6 lnx (x > 0). 1165. y(50) = 250
“
−x2 sin 2x+50x cos 2x+ 1 225

2 sin 2x
”
.
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1166. y′′′ = 27(1−3x)2−36

(1−3x)
7
3

sin 3x − 27(1−3x)2−28

(1−3x)
10
3

cos 3x
`
x $= 1

3

´
. 1167. y(10) = −28 sin 2x −

218 sin 4x + 28 · 310 sin 6x. 1168. y(100) = x sinh x + 100 cosh x. 1169. y(4) = −4ex cos x.

1170. y(6) = − 60
x6 +

`
144
x5 − 160

x3 + 96
x

´
sin 2x+

„
60
x6 − 180

x4 + 120
x2 +32 ln x

«
cos 2x. 1171. 120dx5.

1172. − 15
8x3√x

dx3 (x > 0). 1173. −1 024(x cos 2x + 5 sin 2x) dx10. 1174. ex
`
lnx + 4

x −
6

x2 + 8
x3 − 6

x4

´
dx4. 1175. 8 sin x sinh xdx6. 1176. 2ud10u + 20dud9u + 90d2ud8u +

240d3ud7u + 420d4ud6u + 252( d5u)2. 1177. eu( du4 + 6du2 d2u + 4dud3u + 3d2u2 +

d4u). 1178. 2 du2

u3 − 3 du d2u
u2 + d3u

u . 1179. d2y = y′′ dx2 + y′ d2x; d3y = y′′′ dx3 +

3y′′ dxd2x + y′ d3x; d4y = y(4) dx4 + 6y′′′ dx2 d2x + 4y′′ dxd3x + 3y′′ d2x2 + y′ d4x.

1180. y′′ =

˛̨
˛̨
˛

dx dy

d2x d2y

˛̨
˛̨
˛

dx3
; y′′′ =

dx

˛̨
˛̨
˛

dx dy

d3x d3y

˛̨
˛̨
˛ − 3d2x

˛̨
˛̨
˛

dx dy

d2x d2y

˛̨
˛̨
˛

dx5
. 1187. P (n)(x) = a0n!.

1188. (−1)n−1n!cn−1(ad−bc)
(cx+d)n+1 . 1189. n!

h
(−1)n

xn+1 + 1
(1−x)n+1

i
. 1190. (−1)nn!

h
1

(x−2)n+1 −
1

(x−1)n+1

i
. 1191. 1·3···(2n−1)

(1−2x)
n+ 1

2

`
x < 1

2

´
. 1192. (−1)n+1·1·4···(3n−5)(3n+2x)

3n(1+x)
n+1

3
(n " 2; x $= −1).

1193. −2n−1 cos
`
2x + nπ

2

´
. 1194. 2n−1 cos

`
2x + nπ

2

´
. 1195. 3

4 sin
`
x + nπ

2

´
− 3n

4 sin
“
3x+

nπ
2

”
. 1196. 3

4 cos
“
x + nπ

2

”
+ 3n

4 cos
`
3x+ nπ

2

´
. 1197. (a−b)n

2 cos
ˆ
(a − b)x + nπ

2

˜
− (a+b)n

2 ·

cos
ˆ
(a+b)x+ nπ

2

˜
. 1198. (a−b)n

2 cos
ˆ
(a − b)x+ nπ

2

˜
+(a+b)n

2 cos
ˆ
(a + b)x+ nπ

2

˜
. 1199. (a−b)n

2 ·
sin

h
(a− b)x+ nπ

2

i
+ (a+b)n

2 sin
ˆ
(a + b)x + nπ

2

˜
. 1200. bn

2 cos
`
bx + np

2

´
− (2a−b)n

4 cos
h
(2a−

b)x+nπ
2

i
− (2a+b)n

4 cos
h
(2a+b)x+nπ

2

i
. 1201. 4n−1 cos

`
4x + nπ

2

´
. 1202. anx cos

“
ax+nπ

2

”
+

nan−1 sin
`
ax + nπ

2

´
. 1203. an

h
x2 − n(n−1)

a2

i
sin

`
ax + nπ

2

´
− 2nan−1x cos

`
ax + nπ

2

´
.

1204. (−1)ne−x[x2 − 2(n− 1)x + (n− 1)(n− 2)]. 1205. ex

»
1
x +

nP
k=1

(−1)k n(n−1)···(n−k+1)
xk+1

–
.

1206. ex ·2n
2 cos

`
x + nπ

4

´
. 1207. ex ·2n

2 sin
`
x + nπ

4

´
. 1208. (n−1)!bn

(a2−b2x2)n [(a+bx)n+(−1)n−1

(a − bx)n]
`
|x| <

˛̨
a
b

˛̨´
. 1209. eax[anP (x) + C1

nan−1P ′(x) + · · · + P (n)(x)]. 1210. 1
2{[(x +

n)− (−1)n(x−n)] cosh x+ [(x+n)+ (−1)n(x−n)] sinh x}. 1211. dny = ex

»
xn +n2xn−1 +

n2(n−1)2

2! xn−2 + · · · + n!

–
dxn. 1212. (−1)nn!

xn+1


ln x −

nP
i=1

1
i

ff
dxn (x > 0). 1214. (a) (a2 +

b2)
n
2

»
cos

`
nϕ− nπ

2

´
cosh ax cos

`
bx + nπ

2

´
− sin

`
nϕ− nπ

2

´
sinh ax sin

`
bx + nπ

2

´ –
; (b) (a2 +

b2)
n
2

h
cos

`
nϕ− nπ

2

´
cosh ax sin

`
bx + nπ

2

´
+sin

`
nϕ− nπ

2

´
sinh ax cos

`
bx + nπ

2

´ i
, !" cosϕ =

a√
a2+b2

, sinϕ = b√
a2+b2

. 1215. f (n)(x) =
p−1P
k=0

(−1)p+k2n−2p+1(p−k)nCk
2p cos

h
(2p−2k)x+

nπ
2

i
. 1216. (a)

pP
k=0

(−1)p+k (2p−2k+1)n

22p Ck
2p+1 sin

ˆ
(2p − 2k + 1)x + nπ

2

˜
; (b)

p−1P
k=0

2n−2p+1 ·

(p − k)nCk
2p cos

ˆ
(2p − 2k)x + nπ

2

˜
; (c)

pP
k=0

˘ (2p−2k+1)n

22p Ck
2p+1 cos

ˆ
(2p − 2k + 1)x + nπ

2

˜ ¯
.

1218. (−1)n−1(n−1)!

(1+x2)
n
2

sin(n arccot x) (x $= 0). 1219. (a) n!
3 [2n+1+(−1)n]; (b) n(2n−3)!!

2n−1 (n > 1).

1220. (a) n(n − 1)an−2; (b) f (2k)(0) = 0, f (2k+1)(0) = (−1)k(2k)! (k = 0, 1, 2, · · · );
(c) f (2k)(0) = 0, f (2k+1)(0) = [1 · 3 · · · (2k − 1)]2 (k = 0, 1, 2, · · · ). 1221. (a) f (2k)(0) =

(−1)km2(m2−22) · · · [m2−(2k−2)2], f (2k−1)(0) = 0; (b) f (2k)(0) = 0, f ′(0) = m, f (2k+1)(0) =
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(−1)km(m2 − 12) · · · [m2 − (2k − 1)2] (k = 1, 2, · · · ). 1222. (a) f (2k)(0) = (−1)k−12(2k −
1)!

“
1 + 1

3 + · · · + 1
2k−1

”
, f (2k−1)(0) = 0 (k = 1, 2, · · · ); (b) f (2k)(0) = 22k−1[(k − 1)!]2, f (2k−1)

(0) = 0 (k = 1, 2, · · · ). 1223. n!ϕ(a). 1225. f (n)(0) = 0 (n = 1, 2, · · · ). 1228. Lm(x) =

(−1)m
h
xm −m2xm−1 + m2(m−1)2

1·2 xm−2 + · · ·+(−1)mm!
i
. 1231. Hm(x) = (2x)m − m(m−1)

1! ·

(2x)m−2 + m(m−1)(m−2)(m−3)
2! (2x)m−4 − · · · . 1236. $ x = 0 %, "#,# f ′(x) !!!.

1244. A(−1,−1), C(1, 1). 1245. !"$. 1246.1. (a) θ = 1
2 ; (b) θ =

√
x2+x∆x+ 1

3 (∆x)2−x

∆x

(x " 0, ∆x > 0); (c) θ = x
∆x

“q
1 + ∆x

x −1
”
(x(x+∆x) > 0); (d) θ = 1

∆x ln e∆x−1
∆x . 1248. c =

1
2 !

√
2. 1250. !!!), !!. 1261.1. f(x) = c0 + c1x + · · · + cn−1x

n−1, !" ci (i =

0, 1, · · · , n − 1) "%#. 1268. $ −∞ < x < 1
2 %##%", $ 1

2 < x < +∞ %%".

1269. $ −∞ < x < −1%##%"; $ −1 < x < 1%%"; $ 1 < x < +∞%%". 1270. $
−∞ < x < −1%##%"; $ −1 < x < 1%%"; $ 1 < x < +∞%%". 1271. $ 0 < x <

100 %##%"; $ 100 < x < +∞ %%". 1272. ##%". 1273. !!!
`

kπ
2 , kπ

2 + π
3

´
"

##%"; !!!
`

kπ
2 + π

3 , kπ
2 + π

2

´
"%" (k = 0,±1,±2, · · · ). 1274. !!!

“
1

2k+1 , 1
2k

”
"

“
− 1

2k+1 ,− 1
2k+2

”
"##%"; !!!

“
1

2k+2 , 1
2k+1

”
"

“
− 1

2k ,− 1
2k+1

”
"%" (k = 0, 1, 2, · · · ).

1275. $ −∞ < x < 0 %##%"; $ 0 < x < 2
ln 2 %%"; $ 2

ln 2 < x < +∞ %%".

1276. $ 0 < x < n %##%"; $ n < x < +∞ %%". 1277. $ −∞ < x < −1 "
0 < x < 1%%"; $ −1 < x < 0 " 1 < x < +∞%%". 1278. !!!

“
e−

7π
12+2kπ, e

13π
12 +2kπ

”

"##%"; !!!
“
e

13π
12 +2kπ, e

17π
12 +2kπ

”
"%" (k = 0,±1,±2, · · · ). 1283. !!*.

1298. $"!) A $", !) B $#, ) C &%). 1299. $ −∞ < x < 1 %#%";

$ 1 < x < +∞ %#%#; (1, 2) &%). 1300. $ |x| < a√
3
%#; $ |x| > a√

3
%

";
“
± a√

3
, 3

4a
”
&%). 1301. $ x < 0 %#; $ x > 0 %"; (0, 0) &%). 1302. ".

1303. $ 2kπ < x < (2k + 1)π %#; $ (2k + 1)π < x < (2k + 2)π %"; (kπ, kπ) &%
) (k = 0,±1,±2, · · · ). 1304. $ |x| <

q
1
2 %#; $ |x| >

q
1
2 %";

“
± 1√

2
, e−

1
2

”
&%).

1305. $ |x| < 1 %"; $ |x| > 1 %#; (±1, ln 2) &%). 1306. $ e2kπ− 3π
4 < x < e2kπ+ π

4 %
"; $ e2kπ+ π

4 < x < e2kπ+ 5π
4 %#;

“
ekπ+ π

4 , (−1)k
√

2
ekπ+ π

4

”
&%) (k = 0,±1,±2, · · · ).

1307. $ 0 < x < +∞ %". 1309. h = 1
σ
√

2
. 1310. # (a > 0). 1318. a

b .

1319. 1. 1320. 2. 1321. −2. 1322. 1
3 . 1323. − 1

3 . 1324. 1
3 . 1325. 1

6 . 1326. 1
2 .

1327. 1. 1328. a−b
3ab . 1329. 1

6 ln a. 1330. −2. 1331. 1. 1332.
`

a
b

´2
. 1333. 1

6 .

1334. 2
3 . 1335. 1. 1336. 0. 1337. 0. 1338. 0. 1339. 0. 1340. 0. 1341. 0.

1342. 1. 1343. 1. 1344. −1. 1345. ek. 1346. e−1. 1347. e
2
π . 1348. e−1. 1349. 1.

1350. 1. 1351. 1. 1352. e
2

sin 2a (a $= kπ
2 , k "##). 1353. e

1
2 (ln2 a−ln2 b). 1354. 1

2 .

1355. 1
2 . 1356. 0. 1357. − 1

2 . 1358. aa(ln a − 1). 1359. − e
2 . 1360. 1

a . 1361. e−
2
π .

1362. 1. 1363. (a) e
1
6 ; (b) e−

1
6 ; (c) e

1
3 ; (d) e−

1
3 ; (e) e−

1
6 . 1364. e−

1
2 . 1365. e−

2
π .

1366. e−1. 1367. mn
n−m . 1368. (a)

√
e; (b) 0. 1369. − 1

6 . 1370. a. 1371. tanα.

1373.2. f ′(0) = − 1
12 . 1373.3. y = 1

e

`
x + 1

2

´
. 1374. (a) !%''#!+&, &#" 0;

(b) !%''#!+&, &#" 1; (c) !!'"$&!%''#$&(%)& 0, &#!!!;

(d) !!#&!%''#, (#/0(%)& 0, &#!!!. 1375. 4
3 . 1376. 5−13(x+1)+

11(x+1)2−2(x+1)3. 1377. 1+2x+2x2−2x4+o(x4);−48. 1378. 1+60x+1950x2 +o(x2).
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1379. a + x
mam−1 − (m−1)x2

2m2a2m−1 + o(x2). 1380. 1
6x2 + x3 + o(x3). 1381. 1 + 2x + x2 −

2
3x3 − 5

6x4 − 1
15x5 + o(x5). 1382. 1− x

2 + x2

12 − x4

720 + o(x4). 1383. x− x7

18 − x13

3 240 + o(x13).

1384. −x2

2 − x4

12 − x6

45 + o(x6). 1385. x − x3

3 + o(x3). 1386. x + x3

3 + 2x5

15 + o(x5).

1387. −x2

6 − x4

180 − x6

2835 + o(x6). 1388. 1 + 1
2 (x − 1) − 1

8 (x − 1)2 + o((x − 1)2).

1389. (x − 1) + (x − 1)2 + 1
2 (x − 1)3 + o((x − 1)3). 1390. y = a + x2

2a + o(x2).

1391. 1
2x − 1

8x3 + o
`

1
x3

´
. 1392. lnx + h

x − h2

2x2 + · · ·+ (−1)n−1 hn

nxn + o(hn). 1394. (a) '
! 3

(n+1)! ; (b) !!! 1
3 840 ; (c) '! 2 · 10−6; (d) '! 1

16 . 1395.1. |x| < 0.222 = arc 12◦30′.

1396. (a) 3.107 2; (b) 3.017 1; (c) 1.996 1; (d) 1.648 72; (e) 0.309 017; (f) 0.182 321;

(g) 0.674 74=arc 38◦39′35′′; (h) 0.466 76=arc 26◦44′37′′; (i) 1.121 17. 1397. (a) 2.718 281 828;

(b) 0.017 452 41; (c) 0.987 69; (d) 2.236 1; (e) 1.041 39. 1398. − 1
12 . 1399. 1

3 . 1400. − 1
4 .

1401. 1
3 . 1402. 1

6 . 1403. ln2 a. 1404. 1
2 . 1405. 0. 1406. (a) 1

3 ; (b) 19
90 ; (c) 1

2 ; (d) 1
3 .

1407. x7

30 . 1408. x2. 1409. x
2 . 1410.1. a = 4

3 ; b = − 1
3 . 1410.2. A = − 2

5 ; B = − 1
15 .

1410.3. A = 1
2 , B = 1

12 , C = − 1
2 , D = 1

12 . 1411. (a) 2x
R3 ; (b) 4

3x; (c) An
100 ; (d) 70

x .

1412. α = 2
3 ; β = 1

3 . 1413. α4

180 , !" α "#"&%(*#!$. 1414. $ x = 1
2 %"

&"( y = 2 1
4 . 1415. !"&(. 1416. $ x = 1 %"&'( y = 0. 1417. ! x = 0

$, $ m "##%"&'( y = 0, $ m ""#%!)$!"&(; ! x = m
m+n $"&"(

y = mmnn

(m+n)m+n ; ! x = 1 $, $ n "##%"&'( y = 0, $ n ""#%!)$!"&(.

1418. ! x = 0 $"&'( y = 2. 1419. ! x = −1 $"&'( y = 0; ! x = 9 $"&"
( y = 1010e−9 ≈ 1 234 000. 1420. $ n ""#%, ! x = 0 $"&"( y = 1; $ n "##
%, ! x = 0 $!"&(. 1421. ! x = 0 $"&'( y = 0. 1422. ! x = 1

3 $"&"(
y = 1

3
3
√

4 ≈ 0.529; ! x = 1 $"&'( y = 0; ! x = 0 $!"&(. 1423. $ ϕ(x0) > 0,

n "##%, "&'( f(x0) = 0; $ ϕ(x0) < 0, n "##%, "&"( f(x0) = 0; $ n ""#
%, f(x0) !&&(. 1425. !!. 1427. (a) &'( f(0) = 0; (b) &'( f(0) = 0.

1428. &'( f(0) = 0. 1429. ! x = 1 $"&"( y = 0; ! x = 3 $"&'( y = −4.

1430. ! x = 0 $"&'( y = 0; ! x = ±1 $"&"( y = 1. 1431. ! x = 5−
√

13
6 ≈ 0.23

$"&'( y ≈ −0.76; ! x = 1 $"&"( y = 0; ! x = 5+
√

13
6 ≈ 1.43 $"&'( y ≈ −0.05;

! x = 2 $!"&(. 1432. ! x = −1 $"&"( y = −2; ! x = 1 $"&'( y = 2.

1433. ! x = −1 $"&'( y = −1; ! x = 1 $"&"( y = 1. 1434. ! x = 7
5 $"&'

( y = − 1
24 . 1435. ! x = 0 " x = 2 $"&!&'( y = 0; ! x = 1 $"&"( y = 1.

1436. ! x = 3
4 $"&'( y = − 3

8
3
√

2 ≈ −0.46; ! x = 1 $!"&(. 1437. ! x = 1 $"
&"( y = e−1 ≈ 0.368. 1438. ! x = +0 $"&!&"( y = 0; ! x = e−2 ≈ 0.135 $
"&'( y = − 2

e ≈ −0.736. 1439. ! x = 1 $"&'( y = 0; ! x = e2 ≈ 7.389 $"&
"( y = 4

e2
≈ 0.541. 1440. ! x = kπ (k = 0,±1,±2, · · · ) $"&"( y = (−1)k + 1

2 ; !
x = ± 2π

3 +2kπ (k = 0,±1,±2, · · · ) $"&'( y = − 3
4 . 1441. ! x = kπ (k = 0,±1,±2, · · · )

$"&"( y = 10; ! x = π
`
k + 1

2

´
(k = 0,±1,±2, · · · ) $"&'( y = 5. 1442. ! x = 1

$"&"( y = π
4 − 1

2 ln 2 ≈ 0.439. 1443. ! x = − π4 + 2πk (k = 0,±1,±2, · · · ) $"&'(
y = −

√
2

2 e−
π
4+2kπ; ! x = 3π

4 + 2kπ (k = 0,±1,±2, · · · ) $"&"( y =
√

2
2 e

3π
4 +2kπ.

1444. ! x = −1 $"&"( y = e−2 ≈ 0.135; ! x = 0 $"&'( y = 0 (*)); ! x = 1 $
"&"( y = 1. 1445. 1

2 ; 32. 1446. 2; 66. 1447. 0; 132. 1448. 2; 100.01. 1449. 1; 3.
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1450. 0; 100
e ≈ 36.8. 1451. 0; 1. 1452. 0; 1

2 (1 +
√

2) ≈ 1.2. 1453. −
√

2
2 e−

3π
4 ≈ −0.067;

1. 1454.1. ! −∞ < x ! −3, m(x) = − 1
6 ; ! −3 < x ! −1, m(x) = 1+x

3+x2 ; !
−1 < x < +∞, m(x) = 0; ! −∞ < x ! 1, M(x) = 1

2 ; ! 1 < x < +∞, M(x) = 1+x
3+x2 .

1455. (a) 1410

214 ≈ 1.77 · 107; (b) 1
200 ; (c) 3

√
3 ≈ 1.44. 1457. 9+6

√
3

4 ≈ 4.85. 1458. q = − 1
2 .

1459. 4
27 . 1460. g(x) = (x1 + x2)x − 1

8 (x2
1 + x2

2 + 6x1x2); ∆ = 1
8 (x1 − x2)

2. 1461. 2
3 .

1462. !!"": (3, +∞). 1463. $ h > 27 %"!!"": −∞ < x1 < −1; $ h = 27 %"
!!"": −∞ < x1 < −1, x2 = 3; $ −5 < h < 27 %"%!"": −∞ < x1 < −1, −1 <

x2 < 3, 3 < x3 < +∞; $ h = −5 %"!!"": x1 = −1, 3 < x2 < +∞; $ h < −5 %"
!!"": 3 < x3 < +∞. 1464. !!"": −∞ < x1 < −1 " −1 < x2 < +∞. 1465. $
−∞ < a < −4%"!!"": −∞ < x1 < −1; $ a = −4%"!!"": −∞ < x1 < −1, x2 =

1; $ −4 < a < 4 %"%!"": −∞ < x1 < −1, −1 < x2 < 1, 1 < x3 < +∞; $ a = 4

%"!!"": x1 = −1, 1 < x2 < +∞; $ 4 < a < +∞ %"!!"": 1 < x1 < +∞.

1466. $ −∞ < k ! 0 %"!!"": 0 < x1 < 1; $ 0 < k < 1
e %"!!""; 0 < x1 < 1

k

" 1
k < x2 < +∞; $ k = 1

e %"!!"", x1 = e; $ k > 1
e %!""". 1467. $ a < 0

%!"""; $ 0 < a < e2

4 %"!!"": −∞ < x1 < 0; $ e2

4 < a < +∞ %"%!"":

−∞ < x1 < 0, 0 < x2 < 2 " 2 < x3 < +∞. 1468. $ |a| > 3
√

3
16 %!"""; $ |a| = 3

√
3

16 %
"!!"": x1 = π

3 ; $ 0 < a < 3
√

3
16 %"!!"": 0 < x1 < π

3 , π
3 < x2 < π

2 ; $ a = 0 %"%
!"": x1 = 0, x2 = π

2 , x3 = π; $ − 3
√

3
16 < a < 0 %"!!"": π2 < x1 < 2π

3 , 2π
3 < x2 < π;

$ a = − 3
√

3
16 %"!!"": x1 = 2π

3 . 1469. $ |k| > sinh ξ ≈ 1.50%"!!"": 0 < |x1| < ξ

" ξ < |x2| < +∞, !" ξ ≈ 1.2 &$' cothx = x #&"; $ |k| = sinh ξ %"!!"":

|x1| = ξ; $ |k| < sinh ξ %!""". 1470. (a) p3

27 + q2

4 > 0 ! p = q = 0; (b) p3

27 +
q2

4 < 0. 1471. 1© '!#'&)&(. ###"): x = 0 " x = ±
√

3 ≈ ±1.73. ! x = −1 $
"&'( y = −2; ! x = 1 $"&"( y = 2. %): x = 0, y = 0. 1472. '! Oy +&(. "
) x = ±

p
1 +

√
3 ≈ ±1.65. ! x = 0 $"&'( y = 1; ! x = ±1 $"&"( y = 1 1

2 . %):

x = ± 1√
3
≈ ±0.58, y = 1 5

18 . 1473. '!) A(1, 2) &(. "): x = −1 " x = 2. ! x = 2

$"&'( y = 0; ! x = 0 $"&"( y = 4. %): x = 1, y = 2. 1474. '! Oy +&(.

###"): x = ±
√

2 ≈ ±1.41. ! x = 0 $"&"( y = 2; ! x = ±
p

2 +
√

5 ≈ ±2.06 $"
&'( y = 1 −

√
5

2 ≈ −0.12. %): x1,2 = ±0.77, y1,2 = 1.04; x3,4 ≈ ±2.67, y3,4 ≈ −0.010.

''" y = 0. 1475. !+): x = 2 " x = 3. "): x = ±1. ! x = 7−
√

24
5 ≈ 0.42 $"&'

( y = −(10 −
√

96) ≈ −0.20; ! x = 7+
√

24
5 ≈ 2.38 $"&"( y = −(10 +

√
96) ≈ −19.80.

%): x ≈ −0.58, y ≈ −0.07. ''": x = 2, x = 3 " y = 1. 1476. !+): x1 = −1 "
x2 = 1. ###") x = 0. !"&(). %): x ≈ −0.22, y ≈ −0.19. ''": x = −1, x = 1

" y = 0. 1477. ###") x = 0. !+) x = −1. ! x = 0 $"&'( y = 0; ! x = −4

$"&"( y = −9 13
27 . !"%). ''": x = −1 " y = x − 3. 1478. ! x = −1 $"&'

( y = 0; %) x = −4, y = 81
625 . ''": x = 1 " y = 1. 1479. ! x = − 3+

√
17

2 ≈ −3.56 $
"&"( y = − 34

√
17+142
32 ≈ −8.82; ! x = 0 $"&"( y = 0; ! x =

√
17−3
2 ≈ 0.56 $"&

'( y = 34
√

17−142
32 ≈ −0.06. %) x = 1

5 , y = − 1
45 . ''": x = −1 " y = x − 3.

1480. '!#'&)&(. !"&(); %) x = 0, y = 0. ''" x = −1, x = 1 " y = 0.

1©&!$##%$, (#1$&&#*%.
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1481. ! x = 5 $"&'( y = 13 1
2 ; %): x = −1, y = 0. ''": x = 1 " y = x + 5.

1482. ! x = 2 $"&'( y = 2 2
3 ; ! x ≈ −2.4 $"&"( y ≈ −3.2; %) x = 0, y = 8. '

'": x = −1 " y = x. 1483. '! Oy +&(. ###"): x = ±
√

10
4 ≈ ±0.79. !"&().

%): x = ±
q

1
2 ≈ ±0.71, y = −2 2

3 . ''": x = −1, x = 0, x = 1 " y = 0. 1484. *%$:

0 ! x < +∞. "): x = 0 " x = 3. ! x = 1 $"&'( y = −2; ! x = 0 $"&!&"(
y = 0. ". 1485. (a) *%$: |x| ! 2

√
2 ≈ 2.83. '!#'&)"#'+&(. "): x = 0 "

x = ±2
√

2. ! x = ±2 $"&"( |y| = 4; ! x = 0 $"&'( |y| = 0; ! x = ±2
√

2 $"&
!&'( |y| = 0. !"%). (b) ##") x = 2. ! x = −0.5 $"&'( y = −

√
5 ≈ −2.24.

%) x1 = − 3+
√

41
8 ≈ −1.18, y1 ≈ −2.06 " x2 =

√
41−3
8 ≈ 0.42, y2 ≈ −1.46. ''": !

x → −∞ % y = −1, ! x → +∞ % y = 1. 1486. *%$: 1 ! x ! 2 " 3 ! x < +∞.

"): x = 1, x = 2 " x = 3. ! x = 6−
√

3
3 ≈ 1.42 $"&"( y = 1

3
4
√

12 ≈ 0.62; !
x = 1, 2, 3 $"&!&'( |y| = 0. 1487. ! x = 1 $"&'( y = 0; ! x = − 1

3 $"&"(
y = 2

3
3
√

4 ≈ 1.06; %) x = −1, y = 0. ''" y = x − 1
3 . 1488. '! Oy +&(. ! x = 0

$"&'( y = −1. #. ''" y = 0. 1489. '!#'&)&(. ###"): x = 0. !
x = −2 $"&'( y = − 3

√
16 ≈ −2.52; ! x = 2 $"&"( y = 3

√
16. %): x = 0, y = 0.

''" y = 0. 1490. '! Oy +&(. ! x = ±1 $"&'( y = 3
√

4 ≈ 1.59; ! x = 0 $
"&"( y = 2. #. 1491. '!#'&)&(. !+) x = ±1. ##") x = 0. ! x =

√
3

$"&'( y =
√

3
3√2

≈ 1.38; ! x = −
√

3 $"&"( y = −
√

3
3√2

. %) x1 = 0, y1 = 0 "
x2,3 = ±3, y2,3 = ±1 1

2 . 1492. ##*%$: |x| " 1. '! Oy +&(. ! x = ±1 $"&!
&'( y = 0. #. ''": $ x → +∞ % y = x

2 , $ x → −∞ % y = −x
2 . 1493. ###*

%$: x > 0. ! x = 1
2 $"&'( y = 3

2

√
3 ≈ 2.60. ". ''" y = x + 3

2 " x = 0.

1494. *%$: x " 0 " x < −3. ###") x = 5+
√

13
2 ≈ 4.30. ! x = −4 $"&'(

y = 13; ! x = 0 $"&!&"( y = 1. ". ''": ! x → −∞ % y = 5
2 − 2x; ! x → +∞

% y = − 1
2 ; ! x → −3 − 0 % x = −3. 1495. ! x = 0 $"&'( y = 0; ! x = −2 $

"&"( y = − 3
√

4 ≈ −1.59. %): x1 = −(2 −
√

3) ≈ −0.27, y1 =
3q√

27−5
2 ≈ 0.46; x2 =

−(2 +
√

3) ≈ −3.73, y2 = −
3q

5+
√

27
2 ≈ −1.72. ''" x = −1. 1496. '! Oy +&(.

##("&. ! x = 0 $"&"( y =
√

3 ≈ 1.73; ! x = ±1 $"&'( y =
√

2 ≈ 1.41.

%): x1,2 ≈ ±0.47, y1,2 ≈ 1.58 " x3,4 ≈ ±4.58, y3,4 ≈ 4.55. ''" y = ±x. 1497. #
##%#: T = 2π; $)!$ 0 ! x ! 2π. ###"): x1 = π + arcsin

√
5−1
2 ≈ 1.21π "

x2 = 2π − arcsin
√

5−1
2 ≈ 1.79π. ! x = π

2 $"&'( y = 1; ! x = 3π
2 $"&'( y = −1;

! x = π
6 " x = 5π

6 $"&"( y = 1 1
4 . %): x1 = arcsin 1+

√
33

8 ≈ 0.32π, y1 = 19+3
√

33
32 ≈

1.13; x2 = π − arcsin 1+
√

33
8 ≈ 0.68π, y2 = 19+3

√
33

32 ; x3 = π + arcsin
√

33−1
8 ≈ 1.20π, y3 =

19−3
√

33
32 ≈ 0.055; x4 = 2π−arcsin

√
33−1
8 ≈ 1.80π, y4 = 19−3

√
33

32 . 1498. ###%#: 2π; $)
!$ −π ! x ! π. '!#'&)&(. "): x1 = 0 " x2,3 = ±π. ! x = − arccos 1

4 ≈ −0.42π

$"&'( y = − 15
8

√
15 ≈ −7.3; ! x = arccos 1

4 ≈ 0.42π $"&"( y = 15
8

√
15 ≈ 7.3.

%): x1 = 0, y1 = 0; x2,3 = ± arccos
`
− 7

8

´
≈ ±0.84π, y2,3 = ± 21

32

√
15 ≈ ±2.54; x4,5 =

±π, y4,5 = 0. 1499. ###%#: T = 2π; $)!$: −π ! x ! π. '!#'&)&(. "):

x1 = 0 " x2,3 = ±π. ! x = − 3π
4 " x = − π4 $"&'( y = − 2

3

√
2 ≈ −0.94; ! x = π

2 $
"&'( y = 2

3 ; ! x = − π2 $"&"( y = − 2
3 ; ! x = π

4 " x = 3π
4 $"&"( y = 2

3

√
2.
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%): x1 = 0, y1 = 0; x2,3 = ± arcsin
q

5
6 ≈ ±0.37π, y2,3 = ± 4

27

√
30 ≈ ±0.81; x4,5 =

±
“
π− arcsin

q
5
6

”
≈ ±0.63π, y4,5 = ± 4

27

√
30; x6,7 = ±π, y6,7 = 0. 1500. ###%#:

T = 2π; $)!$ [−π,π]. '! Oy +&(. ###"): x1,2 = ± arccos 1−
√

3
2 ≈ ±0.62π. !

x = 0 $"&'( y = 1
2 ; ! x = ±π$"&'( y = −1 1

2 ; ! x = ± π3 $"&"( y = 3
4 . %):

x1,2 = ± arccos 1+
√

33
8 ≈ ±0.18π, y1,2 ≈ 0.63; x3,4 = ± arccos 1−

√
33

8 ≈ ±0.70π, y3,4 ≈ −0.44.

1501. ###%#: T = π
2 ; $)!$

ˆ
− π4 , π4

˜
. '! Oy +&(. ##("&. ! x = 0 $"&"

( y = 1; ! x = ± π4 $"&'( y = 1
2 . %): x1,2 = ± π8 , y1,2 = 3

4 . 1502. ###%#: T = π;

$)!$
ˆ
− π2 , π2

˜
. '! Oy +&(. ###"): x1 = 0 " x2,3 = ± π3 . ! x = 0 $"&'(

y = 0; ! x = ± π2 $"&'( y = −1; ! x = ± arccos 1
4 ≈ ±0.21π $"&"( y = 9

16 . %):

x1,2 = ± 1
2 arccos 1+

√
129

16 ≈ ±0.11π, y1,2 ≈ 0.29; x3,4 = ± 1
2 arccos 1−

√
129

16 ≈ ±0.36π, y3,4 ≈
−0.24. 1503. ###%#: T = π; $)!$ 0 ! x ! π. !+): x = 3π

4 . "): x1 = 0, x2 = π.

!"&(). ##%". %): x = π
4 , y =

√
2

2 . ''" x = 3π
4 . 1504. (a) ###%#: T = 2π;

$)!$ [−π,π]. '! Oy +&(. ###"): x1,2 = ± π2 . ! x = 0 $"&'( y = 1; !
x = ±π $"&"( y = −1. %): x1,2 = ± π2 ; y1,2 = 0. ''": x = ± π4 " x = ± 3π

4 ; (b) ##
#%#: T = 2π, $)!$: −π ! x ! π. "##. ! x = − 2π

3 $"&'( y = −
√

3
3 ≈ −0.58;

! x = 2π
3 $"&"( y =

√
3

3 ≈ 0.58. %): x1 = 0, y1 = 0; x2,3 = ∓π, y2,3 = 0.

1505. &("( (kπ, 2kπ). ###"): x1 = 0 " x2,3 ≈ ±0.37π, · · · . ! x = π
4 + kπ $"&"

( y = π
2−1+2kπ; ! x = −

`
π
4 + kπ

´
$"&'( y = −

`
π
2 − 1 + 2kπ

´
. %): x = kπ, y = 2kπ.

''": x = 2k+1
2 π (k "##). 1506. '!*" x = 1 &(. ##("&. ! x = 1 $"&

"( y = e. %); x1,2 = 1 ±
√

2
2 , y1,2 =

√
e ≈ 1.65. ''" y = 0. 1507. '! Oy +&(.

##("&. ! x = 0 $"&"( y = 1. %): x1,2 = ±
q

3
2 ≈ ±1.22, y1,2 = 5

2 e−
3
2 ≈ 0.56.

''" y = 0. 1508. ##("&. ! x = 0 $"&'( y = 1. ". ''": ! x → +∞ %
y = x. 1509. (a) ##(##; ") x = 0. ! x = 0 $"&'( y = 0; ! x = 2

3 $"&"(

y =
3q

4
9e−

2
3 ≈ 0.39. %): x1 = 2−

√
6

3 ≈ −0.15, y1 ≈ 0.34 " x2 = 2+
√

6
3 ≈ 1.48, y2 ≈ 0.30.

''": $ x → +∞ % y = 0. (b) ##(##. ! x = kπ (k = 0,±1,±2, · · · ) $"&'(
y = 0; ! x = π

4 + kπ $"&"( y = 1
2e−(2k+ 1

2 )π. %): xk = kπ+ π
12 , yk = 2−

√
3

4 e−2kπ− π
6 #

xk = kπ+ 5π
12 , yk = 2−

√
3

4 e−2kπ− 5π
6 . 1510. ##! x > −1 %&&#, ! x < −1 %&##. !

x = 0 $"&'( y = 1. $ x > −1 %", $ x < −1 %#. 1511. '! Oy +&(. ##(#
#; ") x = 0. ! x = 0 $"&'( y = 0 (*)). #. 1512. ###*%$: x > 0. ###"
) x = 1. ! x = e2 ≈ 7.39 $"&"( y = 2

e ≈ 0.74. %): x = e
8
3 ≈ 14.33, y = 8

3e−
4
3 ≈ 0.70.

''": $ x → +0 % x = 0, $ x → +∞ % y = 0. 1513. '!#'&)&(. ") x = 0.

!"&(); ##%". %): x = 0, y = 0. 1514. '!#'&)&(. ###") x = 0. #
#%". ! x > 0 %", ! x < 0 %#; O(0, 0) &%). 1515. ###*%$: |x| < 1. '!#
'&)&(. ###2%". ! x > 0 %", ! x < 0 %#; %): x = 0, y = 0. ''": x = ±1.

1516. '!#'&)&(. ###"): x = 0. !"&(); ##%". %): x = 0, y = 0. ''
": ! x → −∞ % y = x − π

2 , ! x → +∞ % y = x + π
2 . 1517. ###") x ≈ −5.95. !

x = 1 $"&'( y = 1
2 + π

4 ≈ 1.285; ! x = −1 $"&"( y = − 1
2 + 3π

4 ≈ 1.856. ! x > 0

%", ! x < 0 %#; %): x = 0, y = π
2 . ''": ! x → −∞ % y = x

2 + π, ! x → +∞ %
y = x

2 . 1518. '! Oy +&(. ##(##; ") x = 0. ! x = 0 $"&'( y = 0. ". '
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'": $ x → −∞ % y = − π2x − 1, $ x → +∞ % y = π
2x − 1. 1519. '!#'&)&(.

###") x = 0. ! x = −1 $"&'( y = − π2 (*)); ! x = 1 $"&"( y = π
2 (*

)). %): x = 0, y = 0. ''" y = 0. 1520. '! Oy +&(. ##(##; ") x = 0. !
x = 0 $"&'( y = 0 (*)). #. ''" y = π. 1521. ###!+) x = 0. ###")
x = −2. ! x = 2 $"&'( y = 4

√
e ≈ 6.59; ! x = −1 $"&"( y = 1

e ≈ 0.37. %):

x = − 2
5 , y = 8

5e−
5
2 ≈ 0.13. ''": x = 0 " y = x + 3. 1522. ###*%$ |x| " 1. '!

Oy +&(. ! x = ±1 $"&!&"( y = 2
√

2 ≈ 2.67. ". ''" y = 1. 1523. ###*
%$ x < 1 " x > 2. %#'+#+)" (0, ln 2) "

`
1
3 , 0

´
. ! x = 1−

√
10

3 ≈ −0.72 $"&"
( y ≈ 1.12. ''" x = 1, x = 2 " y = 0. 1524. ###*%$ |x| ! a. %#'+#+):

(0,−a) " (0.67a, 0) ('#(!). ###2%". ! x = −a $"&!&'( y = − π2a, ! x = a

$"&!&"( y = π
2a. ". 1525. ###*%$: x ! 0 " x " 2

3 . ! x = 0 $"&!&'(
y = 0; ! x = 2

3 $"&!&"( y = π. ! x ! 0 %#, ! x " 2
3 %". ''" y = π

3 .

1526. *%$: x > 0. ##("&. ! x = 1
e ≈ 0.368 $"&'( y =

`
1
e

´ 1
e ≈ 0.692; ! x = +0

$"&!&"( y = 1. ". 1527. ###*%$: x > 0. ! x = +0 $"&!&'( y = 0; !
x = e $"&"( y = e

1
e ≈ 1.44. ''" y = 1. 1528. *%$: x > −1, x $= 0. ##("&.

!&!+): x = 0. !"&(); ##%". ". ''": x = −1 " y = 1. 1529. ##! x > 0

%#2. ! x = +0 $"&!&'( y = 0. ''" y = e
`
x − 1

2

´
. 1530. ##("&. '! Oy

+&(. !+): x = ±1. ! x = 0 $"&'( y = e; ! x = ±
√

3 $"&"( y = 1
4
√

e
≈ 0.15.

" 4 !%). ''": ! x → −1 + 0 % x = −1, ! x → 1 − 0 % x = 1, $ x → ∞ % y = 0.

1531. ## x " y 1&###; ! t = −1 % xmin = 0; ! t = 1 % ymin = 0. ! t > −1 %
", ! t < −1 %#. 1532. %#'+#+): (0, 0), &# t = 0; (±2

√
3− 3, 0), &# t = ±

√
3;

(0,−2), &# t = 2. ! t = 1 % xmax = 1, ymax = 2 (()); ! t = −1 % ymin = −2. $
t < 1 %", $ t > 1 %#. 1533. %#'+#+): (0, 0) &# t = 0. ! t = 0 % xmax = 0, !
t = 2 % xmin = 4. y $ t "$&"'. ! t ≈ −0.32 %"%) (−0.08, 0.3) ('#(). ''":

y = 0, x = − 1
2 " y = x

2 − 3
4 . 1534. % Oy +#+): (0,1), &# t = 0. % Ox +#+):

(−1, 0), &# t → ∞. &!&(: ! t = 0 % xmin = 0 " ymax = 1; ! t → ∞ % xmax = −1 "
ymin = 0. !"%). ''" y = 1

2 . ! |t| > 1 %", ! |t| < 1 %#. 1535. ## x " y 1&
&#; ! t = 0 % xmin = 1 " ymin = 1 (()). ! t < 0 %"; ! t > 0 %#. ''": y = 2x,

&# t → +∞. 1536. $)!$: [0, π]. %#'+#+):
`

a
2 , 0

´
, &# t = π

6 ;
“
0,− a√

2

”
, &

# t = π
4 ; (−a, 0), &# t = π

2 ;
“
0, a√

2

”
, &# t = 3π

4 ;
`

a
2 , 0

´
, &# t = 5π

6 . &(: ! t = 0 %
xmax = a " ymax = a; ! t = π

3 % ymin = −a; ! t = π
2 % xmin = −a; ! t = 2π

3 % ymax = a;

! t = π % xmax = a " ymin = −a. ! 0 < t < π
2 %"; ! π

2 < t < π %#. 1537. ## x

" y &###, (#&%##; $)!$ 0 ! t ! π
2 . &(: $ t = π

2 %" xmin = 0, ymax = 1;

$ t = 0 %" xmax = 1, ymin = 0. ". 1538. *%$: t > 0. '!*" x + y = 0 &(. &
(: $ t = 1

e %" xmin = − 1
e ≈ −0.37, y = −e ≈ −2.72; $ t = e %" ymax = 1

e , x = e. %
): $ t = e−

√
2 ≈ 0.24 %, x1 = −

√
2e−

√
2 ≈ 0.34, y1 = −

√
2e

√
2 ≈ 5.82; $ t = e

√
2 ≈ 4.10

% x2 =
√

2e
√

2, y2 =
√

2e−
√

2. $ t = 1
e %#"#%#. ''": x = 0 " y = 0. 1539. ##

x " y &%#" T = 2π #%###; $)!$: −π ! t ! π. $"'!!#'+&(. $""!
,. &(: $ t = 0 %" xmin = a, y = 0; $ t = ±π %" xmax = −a, y = 0. $ −π < t < − π2
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" 0 < t < π
2 %"; $ − π2 < t < 0 " π

2 < t < π %#. 1540. '! Oy +&(; $ t = 0 %"
ymin = 0, x = 0. #. 1541. *#$': x = 3at

1+t3
, y = 3at2

1+t3
(−∞ < t < +∞). '!*" y = x

&(. %#'+#+)& O(0, 0) (!-)). ! y = a 3
√

2 ≈ 1.2a $" xmax = 3
√

4 ≈ 1.59a; !
x = a 3

√
2 $" ymax = a 3

√
4. ''" x+y +a = 0. 1542. '!#'&)!!#'+"#'#*

$)"&(; O(0, 0) &($). %#'+#+): (±1, 0) " (0,±1). ! y = 0 $" |x|min = 1;

! |y| =
q

1
2 ≈ 0.71 $" |x|max =

√
1+

√
2

2 ≈ 1.10; ! x = 0 $" |y|min = 1; ! |x| =
q

1
2

$" |y|max =
√

1+
√

2
2 . 1543. *#$': x = 1−t3

t2
, y = 1−t3

t , !" t = y
x (−∞ < t < +∞).

$""!,. '!*" x + y = 0 &(. &(: $ t = − 3√2 ≈ −1.26 %" xmin = 3
2

3√2 ≈

1.89, y = − 3
2

3
√

4 ≈ −2.38; $ t = −
3q

1
2 ≈ −0.79 %" ymax = − 3

2
3
√

2, x = 3
2

3
√

4. %): $

t = −
3q

1
2 (7 + 3

√
5) ≈ −1.90 % x1 ≈ 2.18, y1 ≈ −4.14; $ t = −

3q
1
2 (7 − 3

√
5) ≈ −0.53 %

x2 ≈ 4.14, y2 ≈ −2.18; $ t = − 3√2 %#"#%#. 1544. $"'*" y = x "%$"#
!, x = (1 + t)

1
t , y = (1 + t)1+

1
t (−1 < t < +∞) %". (e, e) &!-). $ x $= y %".

''": x = 1 " y = 1. 1545. *%$: |x| " ln(1 +
√

2) ≈ 0.88. '!!#'+&(. !
x = ± ln(1 +

√
2) $"&!&'( |y| = 0. $ y > 0 %#, $ y < 0 %". ''": y = x "

y = −x. 1546. ###*%$: r " 0, |ϕ| ! α, !" α = arccos
`
− a

b

´
. $"&*"#. '!

&+&(. ! ϕ = 0 $"&"( r = a + b; ! ϕ = ±α $"&!&'( r = 0. 1547. *%
$: 0 ! ϕ ! π

3 ; 2π
3 ! ϕ ! π; 4π

3 ! ϕ ! 5π
3 . ## r &%#" 2π

3 #%###. $"&*"#, #
"$!#%&. &(+: ϕ = π

6 , ϕ = 5π
6 " ϕ = 3π

2 . #'&) O(0, 0) "%-). $ 0 ! ϕ ! π
3

%, ! ϕ = π
6 $"&"( r = a, ! ϕ = 0 " ϕ = π

3 %"&'( r = 0. 1548. ###*%
$: |ϕ| < π

6 " π
2 < |ϕ| < 5

6π; %#" 2π
3 . ! ϕ = 0 " ϕ = ± 2π

3 $"&'( r = a. ''":

ϕ = ± π6 , ϕ = ± π2 " ϕ = ± 5π
6 . 1549. $#'&)"'')##"; r $ ϕ #%"&#2%".

''" y = x tan 1 + tanh 1
cos 1 . 1550. *%$ r "

√
5−1
2 ≈ 0.62. $ r =

√
5−1
2 %"&!&"(

ϕ = π; $ r = 2 %"&'( ϕ = arccos 1
4 ≈ arc 75◦30′. ''": $ r → +∞ % r cosϕ = 1.

1551. $ (1, a−1) (&'()"3)#%'"&. %#'+#+): (0, a) " (1∓
√

1 − a, 0) (a ! 1).

". 1552. $ a $= 0 %"%$"&; $ a = 0 %"*" y = x. ! x = |a| $"&'( y = 2|a|;
! x = −|a| (a $= 0) $"&"( y = −2|a|. ''" y = x " x = 0. 1553. $ 0 < a < +∞"
&%&; $ −∞ < a < 0"%$"&; $ a = 0%"*" y = x. &"""$"1,!) (−1,−1)

" (1, 1). $ y " x %": (1) $ a > 0 %, ! x = 1√
1+a

$"&"( y =
√

1 + a; $ −1 < a < 0

%, ! x = − 1√
1+a

$"&"( y = −
√

1 + a; ! x = ∓1 $"&!&'( y = ∓1 (a $= 0).

(2) #. ! y ! x%": (1) $ a > 0%, ! x = − 1√
1+a

$"&'( y = −
√

1 + a; $ −1 < a < 0

%, ! x = 1√
1+a

$"&'( y =
√

1 + a; ! x = ∓1 $"&!&"( y = ∓1; (2) ". '
'": y = (1 +

√
−a)x " y = (1 −

√
−a)x (a < 0). 1554. $ a $= 0 %".#$"&; $

a = 0 %"*" y = 1 + x
2 . $"&#&)) (0, 1). $ a > 0 %, ! x = 1

a ln 2a $"&'(
y = 1

2a (1 + ln 2a); $ a ! 0 %, y #2%". ''" y = x
2 . 1555. $"&!) (0, 0), #!

')"&)"" y = x. $ a > 0 %, ! x = a $"&"( y = ae−1 ≈ 0.37a; $ a < 0 %,

! x = a $"&'( y = ae−1. %) x = 2a, y = 2ae−2 ≈ 0.27a. ''" y = 0.

1558. am+nmmnn

(m+n)m+n . 1559. (m + n)
“

amn

mmnn

” 1
m+n

. 1560. &#$'!#!! e
1
e ≈ 1.445.

1561. &"
√

S #&$!. 1562. %*!#(*" 30◦ " 60◦. 1563. ( H =
3q

V
2π "!'
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#*-; $"" P = 3√54πV 2. 1564. cosϕ =
cosα+

√
cos2 α+8
4 , !" 2α")!##4, 2ϕ".

!#!&"&####4. 1565. .!#&)" a
√

2 " b
√

2. 1566. ! h > b, #'" x ("
y #"$.!#%) P ! y = h %"&!'"(; ! h < b, # P ! y = 0 %"&!''(; !
h = b, #%) P "%#. 1567. b = d√

3
, h = d

q
2
3 . 1568. )$'#)!"!(" 2R√

3
, 2R√

3
"

R√
3
. 1569. 4π

3
√

3
R3. 1570. πR2(1+

√
5) ≈ &#$""# 81%. 1571. %(''""&'"#

2 +. 1572. 2π
9
√

3
l3. 1573. ! tanα < 1

2 , #%/'$""#&"(! r = R
2(1−tanα) %'0,

!" r"%/'#'$-. ! tanα " 1
2 , #$ r = R%"&!&"(. 1574. p( 3√2−1)

q
2+ 3√2

2 .

1575. 1; 3. 1576. ! b ! a√
2
, #$ x = ± a2

c2

√
a2 − 2b2, y = b3

c2
%&) MB '0&"( a2

c ,

!" c2 =
√

a2 − b2, #) M ##'" x " y; ! b > a√
2
, #$ x = 0, y = b %&) MB '

0&!&"( 2b. 1577. x = a√
2
, y = b√

2
; ab. 1578. $ r = h =

3q
3V
5π %$""'0&"

(, !" r "%/'#'$-, h"&#(. 1579. ! S " h2
√

3
, # ϕ = 60◦, (# ϕ = arccot S

h2 .

1580. ("!%#(!. & AB = CD = a sec2 α
2 . 1581. α = 2π

q
2
3 ≈ arc 294◦, !" α "

,(,)#"(*. 1582. $ arccos q
p " arctan a

b % ϕ = arccos q
p ; $ arccos q

p < arctan a
b

% ϕ = arctan a
b . 1583. |av∓bu| sin θ√

u2+v2−2uv cos θ
. 1584. AM = a

„
1 +

3q
S2
S1

«−1

. 1585. $ a "

r+R
q

R
r %, "*)0"&&(#/* x = a

1+( r
R )

3
2

; $ r+R < a < r+R
q

R
r %, x = a−r, !

" a "!&&($!#/*. 1586. a√
2
. 1587.

“
a

2
3 + b

2
3

” 3
2
. 1588. v =

3p
a
2k , !" k

"-('#. 1589. arctan k. 1590. $ l ! 4a %, *#'*'&' cosα =
l+
√

l2+128a2

16a

'*; $ l > 4a %!"$+!0. 1591. k = −3; b = 3; y = 3(1 − x). 1592. a =
1
2ex0 ; b = ex0(1 − x0); c = ex0

“
1 − x0 +

x2
0
2

”
. 1593. (a) !"; (b) !"; (c) !".

1595. (a)
√

2, (2, 2); (b) 500 000, (150, 500 000) ('#(!). 1596. p
“
1 + 2x

p

” 3
2
.

1597. (a2−ε2x2)
3
2

ab , !" ε =
√

a2−b2

a &&%#*($. 1598. (ε2x2−a2)
3
2

ab , !" ε =
√

a2+b2

a

&%$"#*($. 1599. 3|axy| 13 . 1600. a2

b (1 − ε2 cos2 t)
3
2 , !" ε "&%#*($.

1601. 2
√

2ay. 1602. at. 1604. (r2+r′2)
3
2

|r2+2r′2−rr′′| . 1605. (a2+r2)
3
2

2a2+r2 . 1606. r
√

1 + m2.

1607. 2
3

√
2ar. 1608. a2

3r . 1609.
“

1√
2
,− ln 2

2

”
. 1610. x0 ≈ 680. 1611. $$$%'

" 27pη2 = 8(ξ − p)3. 1612. )!" (aξ)
2
3 + (bη)

2
3 = c

4
3 , !" c2 = a2 − b2. 1613. )

!" (ξ + η)
2
3 + (ξ − η)

2
3 = 2a

2
3 . 1614. *+" η = a cosh ξ

a . 1615. &##" ρ =

maem(ψ− π
2 ). 1616. ξ = πa + a(τ − sin τ ); η = −2a + a(1 − cos τ ), !" τ = t − π.

1617. x1 = −2.602; x2 = 0.340; x3 = 2.262. 1618. x1 = −0.724; x2 = 1.221.

1619. x = 2.087 = arc 119◦35′. 1620. ±0.824. 1621. x1 = 0.472; x2 = 9.999. 1622. x1 =

2.506 2. 1623. x1 = 4.730; x2 = 7.853. 1624. x = −0.567 15. 1625. x = ±1.199 678.

1626. x1 = 4.493; x2 = 7.725; x3 = 10.904. 1627. x1 = 2.081; x2 = 5.940.
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!!!

")0&*, )'*%"'$"#$#%# C .-%&.

1628. 27x − 9x3 + 9
5x5 − 1

7x7. 1629. 625
3 x3 − 125x4 + 30x5 − 10

3 x6 + 1
7x7. 1630. x −

3x2 + 11
3 x3 − 3

2x4. 1631. x− 1
x − 2 ln |x|. 1632. a ln |x|− a2

x − a3

2x2 . 1633. 2
3x

√
x + 2

√
x.

1634. 4
5x 4

√
x − 24

17x 12
√

x5 + 4
3

4
√

x3. 1635. − 3
3√x

`
1 + 3

2x − 3
5x2 + 1

8x3
´
. 1636. 4(x2+7)

7 4√x
.

1637. 2x − 12
5

6√72x5 + 3
2

3√9x2. 1638. ln |x| − 1
4x4 . 1639. x − arctan x. 1640. −x +

1
2 ln

˛̨
˛ 1+x
1−x

˛̨
˛. 1641. x + 2 ln

˛̨
˛ x−1

x+1

˛̨
˛. 1642. arcsin x + ln(x +

√
1 + x2). 1643. ln

˛̨
˛̨ x+

√
x2−1

x+
√

x2+1

˛̨
˛̨.

1644. 4x

ln 4 + 2 · 6x

ln 6 + 9x

ln 9 . 1645. − 2
ln 5

`
1
5

´x
+ 1

5 ln 2

`
1
2

´x
. 1646. 1

2 e2x − ex + x.

1647. x − cos x + sin x. 1648. (cos x + sin x)sgn(cosx − sin x). 1649. −x − cot x.

1650. −x + tan x. 1651. a cosh x + b sinh x. 1652. x − tanh x. 1653. x − coth x.

1655. ln |x + a|. 1656. 1
22 (2x − 3)11. 1657. − 1

4 (1 − 3x)
4
3 . 1658. − 2

5

√
2 − 5x.

1659. − 2

15(5x−2)
3
2

. 1660. − 5
2

5
p

(1 − x)2. 1661. 1√
6

arctan
“
x

q
3
2

”
. 1662. 2

2
√

6
ln

˛̨
˛
√

2+x
√

3√
2−x

√
3

˛̨
˛.

1663. 1√
3

arcsin
“
x

q
3
2

”
. 1664. 1√

3
ln

˛̨
x
√

3 +
√

3x2 − 2
˛̨
. 1665. −

`
e−x + 1

2 e−2x
´
.

1666. −x sin 5α − 1
5 cos 5x. 1667. − 1

2 cot
`
2x + π

4

´
. 1668. tan x

2 . 1669. − cot x
2 .

1670. tan
`
π
4 − x

2

´
. 1671. 1

2 [cosh(2x+1)+sinh(2x−1)]. 1672. 2 tanh x
2 . 1673. −2 coth x

2 .

1674. −
√

1 − x2. 1675. 1
4 (1 + x3)

4
3 . 1676. − 1

4 ln |3 − 2x2|. 1677. − 1
2(1+x2)

.

1678. 1
4 arctan x2

2 . 1679. 1
8
√

2
ln

˛̨
˛ x4−

√
2

x4+
√

2

˛̨
˛. 1680. 2 arctan

√
x. 1681. cos 1

x .

1682. − ln

˛̨
˛̨ 1+

√
x2+1
x

˛̨
˛̨. 1683. − arcsin 1

|x| . 1684. x√
x2+1

. 1685. − 1√
x2−1

.

1686. 1
8

3
√

8x3 + 27. 1687. 2 sgn x ln(
p

|x| +
p

|x + 1|) (x(1 + x) > 0). 1688. 2 arcsin
√

x.

1689. − 1
2e−x2

. 1690. ln(2 + ex). 1691. arctan ex. 1692. − ln(e−x +
√

1 + e−2x).

1693. 1
3 ln3 x. 1694. ln | ln ln x|. 1695. 1

6 sin6 x. 1696. 2√
cos x

. 1697. − ln | cos x|.

1698. ln | sin x|. 1699. 3
2

3
√

1 − sin 2x. 1700. (a)
√

a2 sin2 x+b2 cos2 x

a2−b2
(a2 $= b2); (b) − 1√

2
ln

|
√

2 cos x +
√

cos 2x|; (c) 1√
2

arcsin(
√

2 sin x); (d) 1√
2

ln(
√

2 cosh x +
√

cosh 2x).

1701. − 4
3

4√
cot3 x. 1702. 1√

2
arctan

“
tan x√

2

”
. 1703. ln

˛̨
tan x

2

˛̨
. 1704. ln

˛̨
tan

`
x
2 + π

4

´˛̨
.

1705. ln
˛̨
tanh x

2

˛̨
. 1706. 2 arctan ex. 1707. 1

2
√

2
ln

“
cosh 2x√

2
+

p
sinh4 x + cosh4 x

”
.

1708. 3 3
√

tanh x. 1709. 1
2 (arctan x)2. 1710. − 1

arcsin x . 1711. 2
3 ln

2
3

`
x +

√
1 + x2

´
.

1712. 1√
2

arctan x2−1
x
√

2
. 1713. 1

2
√

2
ln x2−x

√
2+1

x2+x
√

2+1
. 1714. − 1

15(x5+1)3
. 1715. $ n $= −2 %

" 2
n+2 ln(x

n+2
2 +

√
1 + xn+2); $ n = −2 %" 1√

2
ln |x|. 1716. 1

4 ln2 1+x
1−x . 1717. 1√

2
arcsin

“q
2
3 sin x

”
. 1718. 1

2 arctan(tan2 x). 1719. 1
2(ln 3−ln 2) ln

˛̨
˛ 3x−2x

3x+2x

˛̨
˛. 1720. 2

p
1 +

√
1 + x2.

1721. (a) 4
3x3− 12

5 x5+ 9
7x7; (b) − (1−x)11

11 + (1−x)12

12 . 1722. −x−2 ln |1−x|. 1723. 1
2 (1−x)2+

ln |1+x|. 1724. 9x− 3
2x2 + 1

3x3−27 ln |3+x|. 1725. x+ln(1+x2). 1726. 3√
2

ln
˛̨
˛
√

2+x√
2−x

˛̨
˛+

2 ln |2− x2|− x. 1727. 1
99(1−x)99

− 1
49(1−x)98

+ 1
97(1−x)97

. 1728. x5

5 − x4

4 + x3

3 − x2

2 + x−

ln |x+1|. 1729. 1
3

h
(x + 1)

3
2 − (x − 1)

3
2

i
. 1730. − 8+30x

375 (2−5x)
3
2 1731. − 1+2x

10 (1−3x)
3
2 .

1732. 3
14 (1 + x2)

7
3 − 3

8 (1 + x2)
4
3 . 1733. 1

4 ln
˛̨
˛ x−1

x+3

˛̨
˛. 1734. 1

3 ln
˛̨
˛ x−1

x+2

˛̨
˛. 1735. arctan x −

1√
2

arctan x√
2
. 1736. 1

10
√

2
ln

˛̨
˛ x−

√
2

x+
√

2

˛̨
˛ − 1

5
√

3
arctan x√

3
1737. ln |x+3|3

(x+2)2
. 1738. 1

2 ln x2+1
x2+2

.
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1739. − 2x+a+b
(a−b)2(x+a)(x+b)

+ 2
(a−b)3

ln
˛̨
˛ x+a

x+b

˛̨
˛. 1740. 1

a2−b2

`
1
b arctan x

b − 1
a arctan x

a

´
(|a| $=

|b|). 1741. x
2−

1
4 sin 2x. 1742. x

2 + 1
4 sin 2x. 1743. x

2 cosα− 1
4 sin(2x+α). 1744. 1

4 sin 2x−
1
16 sin 8x. 1745. 3 sin x

6 + 3
5 sin 5x

6 . 1746. − 1
10 cos

`
5x + π

12

´
+ 1

12 cos
`
x + 5π

12

´
.

1747. − cos x + 1
3 cos3 x. 1748. sin x − 1

3 sin3 x. 1749. 3
8x − 1

4 sin 2x + 1
32 sin 4x.

1750. 3
8x + 1

4 sin 2x + 1
32 sin 4x. 1751. −x − cot x. 1752. 1

2 tan2 x + ln | cos x|.
1753. − 3

16 cos 2x − 3
64 cos 4x + 1

48 cos 6x + 3
128 cos 8x − 1

192 cos 12x. 1754. tan x − cot x.

1755. − 1
sin x + ln

˛̨
tan

`
x
2 + π

4

´˛̨
. 1756. 1

2 cos2 x
+ ln | tanx|. 1757. ln | sin x|− 1

2 sin2 x.

1758. tan x+ 1
3 tan3 x. 1759. x− ln(1+ex). 1760. x+2arctan ex. 1761. −x

2 + 1
4 sinh 2x.

1762. x
2 + 1

4 sinh 2x. 1763. 2
3 sinh3 x. 1764. 1

4 sinh 2x+ 1
8 sinh 4x. 1765. −(tanhx+cothx).

1766. − 3
140 (9 + 12x + 14x2)(1 − x)

4
3 . 1767. − 1+55x2

6 600 (1 − 5x2)11. 1768. − 2
15 (32 + 8x +

3x2)
√

2 − x. 1769. − 1
15 (8 + 4x2 + 3x4)

√
1 − x2. 1770. − 6+25x3

1000 (2 − 5x3)
5
3 .

1771.
`

2
3 − 4

7 sin2 x + 2
11 sin4 x

´√
sin3 x. 1772. − 1

2 cos2 x+ 1
2 ln(1+cos2 x). 1773. 1

3 tan3 x+
1
5 tan5 x. 1774. 2

3 (−2+ln x)
√

1 + ln x. 1775. −x−2e−
x
2 +2 ln(1+e

x
2 ). 1776. x−2 ln(1+

√
1 + ex). 1777. (arctan

√
x)2. 1778. x√

1−x2
. 1779. x

2

√
x2 − 2 + ln |x +

√
x2 − 2|.

1780. x
2

√
1 − x2 + 1

2 arcsin x. 1781. x

a2
√

a2+x2
. 1782. −

√
a2 − x2 + a arcsin x

a .

1783. − 3a+x
2

p
x(2a − x) + 3a2 arcsin

p
x
2a . 1784. 2 arcsin

q
x−a
b−a . 1785. 2x−(a+b)

4
p

(x − a)(b − x) + (b−a)2

4 arcsin
q

x−a
b−a . 1786. x

2

√
a2 + x2 + a2

2 ln(x +
√

a2 + x2).

1787. x
2

√
a2 + x2 − a2

2 ln(x +
√

a2 + x2). 1788. $ x > a %"
√

x2 − a2 − 2a ln(
√

x − a +
√

x + a); $ x < −a %" −
√

x2 − a2 − 2a ln(
√
−x + a +

√
−x − a). 1789. $ x + a > 0

" x + b > 0 %" 2 ln(
√

x + a +
√

x + b); $ x + a < 0 " x + b < 0 %" −2 ln(
√
−x − a +

√
−x − b). 1790. $ x+a > 0 " x+b > 0%" 2x+a+b

4

p
(x + a)(x + b)− (b−a)2

4 ln(
√

x + a+
√

x + b). 1791. x(lnx−1). 1792. xn+1

n+1

“
ln x − 1

n+1

”
(n $= −1). 1793. − 1

x (ln2 x+2 lnx+

2). 1794. 2
3x

3
2

`
ln2 x − 4

3 ln x + 8
9

´
. 1795. −(x + 1)e−x. 1796. − e−2x

2

`
x2 + x + 1

2

´
.

1797. −x2+1
2 e−x2

. 1798. x sin x+cosx. 1799. − 2x2−1
4 cos 2x+ x

2 sin 2x. 1800. x cosh x−
sinhx. 1801.

“
x3

3 + 2x
9

”
sinh 3x −

“
x2

3 + 2
27

”
cosh 3x. 1802. x arctan x − 1

2 ln(1 + x2).

1803. x arcsin x+
√

1 − x2. 1804. −x
2 + 1+x2

2 arctan x. 1805. − 2+x2

9

√
1 − x2 + x3

3 arccos x.

1806. − arcsin x
x − ln

˛̨
˛̨ 1+

√
1−x2

x

˛̨
˛̨. 1807. x ln(x+

√
1 + x2)−

√
1 + x2. 1808. x− 1−x2

2 ln 1+x
1−x .

1809. −
√

x + (1 + x) arctan
√

x. 1810. ln
˛̨
tan x

2

˛̨
− cos x · ln tan x. 1811. 1

3 (x3 − 1)ex3
.

1812. x(arcsin x)2 + 2
√

1 − x2 arcsin x − 2x. 1813. 1+x2

2 (arctan x)2 − x arctan x + 1
2 ln(1 +

x2). 1814. − 1
3x2 − 1

3 ln |1 − x2| + x3

3 ln
˛̨
˛ 1−x
1+x

˛̨
˛. 1815.

√
1 + x2 ln(x +

√
1 + x2) − x.

1816. − x
2(1+x2)

+ 1
2 arctan x. 1817. x

2a2(a2+x2)
+ 1

2a3 arctan x
a (a $= 0). 1818. x

2

√
a2 − x2 +

a2

2 arcsin x
|a| (a $= 0). 1819. x

2

√
x2 + a + a

2 ln
˛̨
x +

√
x2 + a

˛̨
. 1820. x(2x2+a2)

8

√
a2 + x2 −

a4

8 ln(x +
√

a2 + x2). 1821. x2

4 − x
4 sin 2x − cos 2x

8 . 1822. 2(
√

x − 1)e
√

x. 1823. 2(6 −
x)
√

x cos
√

x−6(2−x) sin
√

x. 1824. − (1−x)earctan x

2
√

1+x2
. 1825. (1+x)earctan x

2
√

1+x2
. 1826. x

2 [sin lnx−

cos ln x]. 1827. x
2 [sin lnx + cos ln x]. 1828. a cos bx+b sin bx

a2+b2
eax. 1829. a sin bx−b cos bx

a2+b2
eax.

1830. e2x

8 (2 − sin 2x − cos 2x). 1831. x
2 + 1

4 sin 2x − ex(cos x + sin x) + 1
2e2x. 1832. −x +

1
2 ln(1 + e2x) − e−x arccot ex. 1833. −[x + cot x + cot x ln sin x]. 1834. x tan x + ln | cos x|.
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1835. ex

x+1 . 1836. $ ab > 0%" sgn a√
ab

arctan

„
x

q
b
a

«
; $ ab < 0%" sgn a

2
√

−ab
ln

˛̨
˛̨
√

|a|+x
√

|b|√
|a|−x

√
|b|

˛̨
˛̨.

1837. 2√
7

arctan 2x−1√
7

. 1838. 1
4 ln

˛̨
˛ x−1
3x+1

˛̨
˛. 1839. 1

4
√

2
ln

˛̨
˛ x2−(

√
2+1)

x2+(
√

2−1)

˛̨
˛. 1840. 1

2 ln(x2 + x +

1) + 1√
3

arctan 2x+1√
3

. 1841. 1
2 ln(x2 − 2x cosα + 1) + cotα · arctan x−cosα

sinα (α $= kπ, k "
##). 1842. 1

4 ln(x4 − x2 + 2) + 1
2
√

7
arctan 2x2−1√

7
. 1843. 1

9 ln{|x3 + 1|(x3 − 2)2}.

1844. 1
2 ln

˛̨
˛ 3 sin x−5 cos x

sin x−cos x

˛̨
˛. 1845. arctan

tan x
2 +1

2 . 1846. $ b > 0%" 1√
b
ln

˛̨
˛x
√

b +
√

a + bx2
˛̨
˛;

$ a > 0 # b < 0 %" 1√
−b

arcsin

„
x

q
− b

a

«
. 1847. arcsin x+1√

2
. 1848. ln

˛̨
x + 1

2 +
√

x2 + x
˛̨
.

1849. 1√
2

ln

„
x − 1

4 +
q

x2 − 1
2x + 1

«
. 1851. −

√
5 + x − x2 + 1

2 arcsin 2x−1√
21

.

1852.
√

x2 + x + 1 + 1
2 ln

„
x + 1

2 +
√

x2 + x + 1

«
. 1853. (a) 1

2
√

2
arcsin 4x2+3√

17
;

(b) arcsin 2 sin x−1
3 . 1854. 1

2

√
x4 − 2x2 − 1 + 1

2 ln |x2 − 1 +
√

x4 − 2x2 − 1|.

1855. − 1
2

√
1 + x2 − x4 + 3

4 arcsin 2x2−1√
5

. 1856. − ln

˛̨
˛̨ x+2+2

√
x2+x+1

x

˛̨
˛̨. 1857.

√
x2+x−1

x +

1
2 arcsin x−2

|x|
√

5

“˛̨
x + 1

2

˛̨
>

√
5

2

”
. 1858. − 1√

2
ln

˛̨
˛̨ 1−x+

√
2(1+x2)

1+x

˛̨
˛̨. 1859. arcsin x−2

|x−1|
√

2
(|x| >

√
2). 1860. 1

5

√
x2+2x−5

x+2 + 1
5
√

5
arcsin x+7

|x+2|
√

6
(|x + 1| >

√
6). 1861. 2x−1

4

√
2 + x − x2 +

9
8 arcsin 2x−1

3 . 1862. 2x+1
4

√
2 + x + x2 + 7

8 ln
`

1
2 + x +

√
2 + x + x2

´
.

1863. x2+1
4

√
x4+2x2−1−1

2 ln |x2+1+
√

x4 + 2x2 − 1|. 1864. −
√

1 + x − x2+ 1
2 arcsin 1−2x√

5
−

ln

˛̨
˛̨ 2+x+2

√
1+x−x2

x

˛̨
˛̨

„ ˛̨
x − 1

2

˛̨
<

√
5

2 # x $= 0

«
. 1865. ln

˛̨
˛̨ x2−1+

√
x4+1

x

˛̨
˛̨. 1866. ln |x − 2| +

ln |x+5|. 1867. 1
2 ln

˛̨
˛ (x+2)4

(x+1)(x+3)3

˛̨
˛. 1868. x9

9 − x8

8 + 3x7

7 − 5x6

6 + 11x5

5 − 21x4

4 + 43x3

3 − 85x2

2 +

171x+ 1
3 ln

˛̨
˛ x−1
(x+2)1024

˛̨
˛. 1869. x+ 1

6 ln |x|− 9
2 ln |x−2|+ 28

3 ln |x−3|. 1870. x+ 1
3 arctan x−

8
3 arctan x

2 . 1871. − 1
3(x−1) + 2

9 ln
˛̨
˛ x−1

x+2

˛̨
˛. 1872. 1

x+1 + 1
2 ln |x2 − 1|. 1873. − 5x−6

x2−3x+2
+

4 ln
˛̨
˛ x−1

x−2

˛̨
˛. 1874. 9x2+50x+68

4(x+2)(x+3)2
+ 1

8 ln
˛̨
˛ (x+1)(x+2)16

(x+3)17

˛̨
˛. 1875. − 3x2+3x−2

8(x−1)(x+1)2
+ 3

16 ln
˛̨
˛ x+1

x−1

˛̨
˛.

1876. arctan x + 5
6 ln x2+1

x2+4
. 1877. 1

2 arccot x + 1
4 ln (x+1)2

x2+1
. 1878. − 1

x−2 − arctan(x − 2).

1879. − 1
5(x−1) + 1

50 ln (x−1)2

x2+2x+2
− 7

25 arctan(x + 1). 1880. ln
˛̨
˛ x

x+1

˛̨
˛ − 2√

3
arctan 1+2x√

3
.

1881. 1
6 ln (x+1)2

x2−x+1
+ 1√

3
arctan 2x−1√

3
. 1882. 1

6 ln (x−1)2

x2+x+1
+ 1√

3
arctan 2x+1√

3
. 1883. 1

4 ln
˛̨
˛ x−1

x+1

˛̨
˛−

1
2 arctan x. 1884. 1

4
√

2
ln x2+x

√
2+1

x2−x
√

2+1
+ 1

2
√

2
arctan x

√
2

1−x2 . 1885. 1
4 ln x2+x+1

x2−x+1
+ 1

2
√

3
arctan x2−1

x
√

3
.

1886. 1
4
√

3
ln 1+x

√
3+x2

1−x
√

3+x2 + 1
2 arctan x+ 1

6 arctan x3. 1887. − 1
6(1+x) + 1

6 ln (1+x)2

1−x+x2 + 1
2 arctan x−

1
3
√

3
arctan 2x−1√

3
. 1888. 1

6 ln (x−1)2

x2+x+1
− 1√

3
arctan 2x−1√

3
. 1889. 2

5 ln x2+2x+2
x2+x+1

2
+ 8

5 arctan(x +

1) − 2
5 arctan(2x + 1). 1890. a + 2b + 3c = 0. 1891. − x2+x+2

8(x−1)(x+1)2
+ 1

16 ln
˛̨
˛ x+1

x−1

˛̨
˛.

1892. x
3(x3+1)

+ 1
9 ln (x+1)2

x2−x+1
+ 2

3
√

3
arctan 2x−1√

3
. 1893. x(3x2+5)

8(x2+1)2
+ 3

8 arctan x. 1894. 1
x2+2x+2

+

arctan(x + 1). 1895. x
4(x4+1)

+ 3
16

√
2

ln x2+x
√

2+1
x2−x

√
2+1

− 3
8
√

2
arctan x

√
2

x2−1
. 1896. 5x+2

3(x2+x+1)
+

1
9 ln (x−1)2

x2+x+1
+ 8

3
√

3
arctan 2x+1√

3
. 1897. 7x5−11x

32(x4−1)2
+ 21

128 ln
˛̨
˛ x−1

x+1

˛̨
˛− 21

64 arctan x. 1898. x3+2x
6(x4+x2+1)

.

1899. −486x5+357x4−810x3−315x2+312x−488
1922(x3+x+1)2

. 1900. − x
x5+x+1

(#!")!). 1901. 2x+1
3(x2+x+1)

+
4

3
√

3
arctan 2x+1√

3
. 1902. aγ + cα = 2bβ ! b2 − ac = 0. 1903. − 1

96(x−1)96
− 3

97(x−1)97
−

3
98(x−1)98

− 1
99(x−1)99

. 1904. 1
8 ln

˛̨
˛ x2−1

x2+1

˛̨
˛ − 1

4 arctan x2. 1905. 1
4
√

3
arctan x4

√
3
.
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1906. 1
12 ln (x2+1)2

x4−x2+1
+ 1

3 arctan x3 + 1
2
√

3
arctan 2x2−1√

3
. 1907. 5

8 ln x4

x4+2
− ln x4

x4+1
.

1908. − 1
100

“
x5

x10−10
+ 1

2
√

10
ln

˛̨
˛ x5−

√
10

x5+
√

10

˛̨
˛
”
. 1909. x4

4 + 1
4 ln x4+1

(x4+2)4
. 1910. − x5+2

10(x10+2x5+2)
−

1
10 arctan(x5+1). 1911. 1

n (xn−ln |xn+1|) (n $= 0). 1912. 1
2n

“
arctan xn − xn

x2n+1

”
(n $= 0).

1913. 1
20 ln x10

x10+2
. 1914. 1

10(x10+1)
+ 1

10 ln x10

x10+1
. 1915. 1

7 ln |x7|
(1+x7)2

. 1916. 1
5 ln

˛̨
˛ x(x4−5)

x5−5x+1

˛̨
˛.

1917. 1√
3

arctan x2−1
x
√

3
. 1918. 1√

5
ln 2x2+(1−

√
5)x+2

2x2+(1+
√

5)x+2
. 1919. 1

4
√

2
ln x4−x2√2+1

x4+x2
√

2+1
.

1920. arctan x + 1
3 arctan x3. 1921. In = 2ax+b

(n−1)∆(ax2+bx+c)n−1 + 2n−3
n−1 · 2a

∆ In−1, !" ∆ =

4ac − b2 $= 0; I3 = 2x+1
6(x2+x+1)2

+ 2x+1
3(x2+x+1)

+ 4
3
√

3
arctan 2x+1√

3
. $ ∆ = 0 %, In = 1

an(1−2n)`
x + b

2a

´1−2n
. 1922. I = 1

(b−a)m+n−1

R (1−t)m+n−2

tm dt; 1
625

“
− 1

t + 3t − t2

2 − 3 ln |t|
”

, !"

t = x−2
x+3 . 1923. −

n−1P
k=0

P
(k)
n (a)

k!(n−k)(x−a)n−k + P
(n)
n (a)

n! ln |x−a|. 1924. R(x) = P (x2)+
kP

i=1

niP
j=1»

Aij

(ai−x)j +
Aij

(ai+x)j

–
, !" P "5(', ±ai (i = 1, · · · , k) ")%#", Aij "%'#.

1925. − 1
2n

nP
k=1

cos π(2k−1)
2n ln

“
1−2x cos π(2k−1)

2n +x2
”

+ 1
n

nP
k=1


sin π(2k−1)

2n arctan
x−cos

π(2k−1)
2n

sin π(2k−1)
2n

ff
.

1926. 2
√

x − 2 ln(1 +
√

x). 1927. 3
4 ln x 3√x

(1+ 6√x)2(1− 6√x+2 3√x)3
− 3

2
√

7
arctan 4 6√x−1√

7
.

1928. 3
4 t4 − 3

2 t2 − 3
4 ln |t − 1| + 15

8 ln(t2 + t + 2) − 27
8
√

7
arctan 2t+1√

7
, t = 3

√
2 + x.

1929. 6t−3t2−2t3+ 3
2 t4+ 6

5 t5− 6
7 t7+3 ln(1+t2)−6 arctan t, !" t = 6

√
x + 1. 1930. 2

(1+ 4√x)2
−

4
1+ 4√x

. 1931. x2

2 − x
√

x2−1
2 + 1

2 ln
˛̨
x +

√
x2 − 1

˛̨
. 1932. − 3

2

3q
x+1
x−1 . 1933. − at3

1+t4
+ a

4
√

2
ln

1+t
√

2+t2

1−t
√

2+t2
+ a

2
√

2
arctan 1−t2

t
√

2
, !" t =

4q
a−x

x . 1934. − n
a−b

nq
x−b
x−a . 1935. x

2 +
√

x −

1
2

p
x(1 + x)− 1

2 ln(
√

x +
√

1 + x). 1937. − 3−2x
4

√
1 + x + x2 − 1

8 ln

„
1
2 + x +

√
1 + x + x2

«
.

1938. − ln

˛̨
˛̨ 1−x+2

√
x2+x+1

x+1

˛̨
˛̨. 1939. 2−x

3(1−x)2

√
1 − x2. 1940. R+ln(x+1+R)−

√
2 ln

˛̨
˛ x+2+

√
2R

x

˛̨
˛,

!" R =
√

x2 + 2x + 2. 1941. arcsin 1+2x√
5

+ln

˛̨
˛̨ 3+x+2

√
1−x−x2

1+x

˛̨
˛̨. 1942. 1−2x

4

√
1 + x − x2−

11
8 arcsin 1−2x√

5
. 1943. − 19+5x+2x2

6 ·
√

1 + 2x − x2 − 4 arcsin 1−x√
2

.

1944.
“

63
256 x − 21

128x3 + 21
160 x5 − 9

80x7 + x9

10

”√
1 + x2 − 63

256 ln
`
x +

√
1 + x2

´
.

1945.
“
− a4x

16 − a2x3

24 + x5

6

”√
a2 − x2+ a6

16 arcsin x
|a| . 1946.

“
x2

3 − 14x
3 + 37

”√
x2 + 4x + 3−

66 ln |x + 2 +
√

x2 + 4x + 3|. 1947. − 1
2x2

√
x2 + 1 + 1

2 ln
1+

√
x2+1

|x| . 1948. 2x2+1
3x3

√
x2 − 1.

1949. 3x−5
20(x−1)2

√
x2 + 3x + 1 − 11

40
√

5
ln

˛̨
˛̨ (x+1)

√
5+2

√
x2+3x+1

x−1

˛̨
˛̨. 1950. 3x2+6x+5

8(x+1)4

√
x2 + 2x −

3
8 arcsin 1

|x+1| , !" x < −2 ! x > 0. 1951. 4a(ca1 + bb1) = 8a2c1 + 3b2a1 (a $= 0).

1952.
√

1+2x−x2

2(1−x) − 1√
2

ln

˛̨
˛̨
√

2+
√

1+2x−x2

1−x

˛̨
˛̨. 1953. 1

2 arcsin x−3
|x−1|

√
5
− 1

2 ln

˛̨
˛̨ 3x+1−2

√
x2−x−1

x+1

˛̨
˛̨.

1954. −
√

x2+x+1
x+1 + ln

`
x + 1

2 +
√

x2 + x + 1
´

+ 1
2 ln

˛̨
˛̨ 1−x+2

√
x2+x+1

x+1

˛̨
˛̨.

1955. − 1+x
2

√
1 + 2x − x2−2 arcsin 1−x√

2
− 1√

2
arcsin x

√
2

|1+x| . 1956. −
√

x2−4x+3
x−1 −2 arcsin 1

|x−2|

(x < 1 ! x > 3). 1957. 1√
2

arctan x
√

2√
1−x2

. 1958. 1
2
√

2
ln

˛̨
˛̨ x

√
2+

√
x2−1

x
√

2−
√

x2−1

˛̨
˛̨. 1959. x

2
√

1+x2
+

1
4
√

2
ln

˛̨
˛̨
√

1+x2+x
√

2√
1+x2−x

√
2

˛̨
˛̨. 1960. ln(x +

√
x2 + 2) − arctan

√
x2+2
x .
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1961. 1√
6

ln

˛̨
˛̨ (2x+1)

√
2+

√
3(x2+x−1)

(2x+1)
√

2−
√

3(x2+x−1)

˛̨
˛̨. 1962. arcsin x−1√

3
−

√
2

3 arctan (x−1)
√

2√
2+2x−x2

−

1√
6

ln
√

6+
√

2+2x−x2
√

6−
√

2+2x−x2
. 1963. 2(x−1)

3
√

x2+x+1
. 1964. − 1√

2
arctan

√
x2+x+1

(x−1)
√

2
+

1√
6

ln

˛̨
˛̨ (x+1)

√
2−

√
3(x2+x+1)√

x2−x+1

˛̨
˛̨ (x + 1 > 0). 1965. 1

6
√

2
ln

√
2(2x2−2x+5)+(x−2)√
2(2x2−2x+5)−(x−2)

−

1
3 arctan

√
2x2−2x+5

x+1 . 1966. 3
2(2z+1) + 1

2 ln z4

|2z+1|3 , !" z=x+
√

x2 + x + 1. 1967. ln
˛̨

z−1
z

˛̨
−

2 arctan z, !" z =
1+

√
1−2x−x2

x . 1968. 1
8

˘
1
3 [(z − 1)3 + (z − 1)−3] + [(z − 1)2 − (z −

1)−2] + [(z − 1) + (z − 1)−1]
¯

+ 1
2 ln |z − 1|, !" z = x +

√
x2 − 2x + 2. 1969. − 5

18(z+1) −
1

6(z+1)2
+ 3

4 ln |z − 1| − 16
27 ln |z − 2|− 17

108 ln |z + 1|, !" z =
√

x2+3x+2
x+1 . 1970. 2(3−4z)

5(1−z−z2)
+

2
5
√

5
ln

˛̨
˛
√

5+1+2z√
5−1−2z

˛̨
˛, !" z = −x+

p
x(1 + x). 1971. x

4 (
√

x2 + 1+
√

x2 − 1)+ 1
4 ln

˛̨
˛̨ x+

√
x2+1

x+
√

x2−1

˛̨
˛̨.

1972. 1
3

√
z − 1

3 4√12

„
ln z

√
3+

4√
12z2+1

z
√

3− 4√
12z2+1

− 2 arctan
4√

12z2

z
√

3−1

«
, !" z = 1+x

1−x . 1973.
√

1 + x −
√

1 − x − 1√
2

arcsin x. 1974.
√

1 + x + x2 + 1
2 ln

1+2x+2
√

1+x+x2

(2+x+2
√

1+x+x2)2
. 1975. 2

3

ˆ
(x + 1)

3
2 +

x
3
2

˜
− 2

5

h
(x + 1)

5
2 − x

5
2

i
. 1976. − 1√

2
arcsin x

√
2

x2+1
. 1977. − 1√

2
ln

˛̨
˛̨ x

√
2+

√
x4+1

x2−1

˛̨
˛̨.

1978. 1
2 arcsin x2−1

x2
√

2
(|x| >

p√
2 − 1 ). 1979. 1

2 ln
x2(2x2+1+2

√
x4+x2+1)

x2+2+2
√

x4+x2+1
. 1981.

h
1
24 (8x2 +

2x−3)
√

x2 + x+ 1
16 ln

˛̨
˛ 1
2+x+

√
x2 + x

˛̨
˛
i
sgn x. 1982. 6

5x
5
6 −4x

1
2 +18x

1
6 + 3x

1
6

1+x
1
3
−21 arctan x

1
6 .

1983. 3
5z5 − 2z3 + 3z, z =

p
1 + 3

√
x2. 1984. −z + 2

3z3 − z5

5 , !" z =
√

1 − x2.

1985. 1
6 ln z2+z+1

(z−1)2
− 1√

3
arctan 2z+1√

3
, !" z =

3
√

1+x3

x . 1986. 1
4 ln

˛̨
˛ z+1

z−1

˛̨
˛ − 1

2 arctan z, !"

z =
4
√

1+x4

x . 1987. 1
6 ln z−1

z+1 + 1
12 ln z2−z+1

z2+z+1
+ 1

2
√

3
arctan z2−1

z
√

3
, !" z = 6

√
1 + x6.

1988. 5
4z4 − 5

9z9, !" z =
5q
1 + 1

x . 1989. 3z
2(z3+1)

− 1
4 ln (z+1)2

z2−z+1
−

√
3

2 arctan 2z−1√
3

, !"

z =
3
√

3x−x3

x . 1990. m = 2
k , !" k = ±1,±2, · · · . 1991. sin x − 2

3 sin3 x + 1
5 sin5 x.

1992. 5
16x − 1

4 sin 2x + 3
64 sin 4x + 1

48 sin3 2x. 1993. 5
16x + 1

4 sin 2x + 3
64 sin 4x − 1

48 sin3 2x.

1994. x
16 − sin 4x

64 + sin3 2x
48 . 1995. sin5 x

5 − 2 sin7 x
7 + sin9 x

9 . 1996. − cos 2x
64 + cos3 2x

96 − cos5 2x
320 .

1997. 1
3 cos3 x

− 1
cos x . 1998. − 3

2 cos x− cos3 x
2 sin2 x

− 3
2 ln

˛̨
tan x

2

˛̨
. 1999. − cos x

2 sin2 x
+ 1

2 ln
˛̨
tan x

2

˛̨
.

2000. sin x
2 cos2 x

+ 1
2 ln

˛̨
tan

`
x
2 + π

4

´˛̨
. 2001. −8 cot 2x − 8

3 cot3 2x. 2002. tan4 x
4 + 3 tan2 x

2 −
cot2 x

2 + 3 ln | tan x|. 2003. 1
cos x + 1

3 cos3 x
+ ln

˛̨
tan x

2

˛̨
. 2004. tan4 x

4 − tan2 x
2 − ln | cos x|.

2005. −x − cot5 x
5 + cot3 x

3 − cot x. 2006. tan5 x
5 . 2007. −2

√
cot x + 2

3

√
tan3 x.

2008. 1
4 ln

˛̨
˛ (1+t)3(1−t3)
(1−t)3(1+t3)

˛̨
˛ −

√
3

2 arctan 1−t2

t
√

3
, !" t = 3

√
sin x. 2009. 1

2
√

2
ln z2+z

√
2+1

z2−z
√

2+1
−

1√
2

arctan z
√

2
z2−1

, !" z =
√

tan x. 2010. 1
4 ln (z2+1)2

z4−z2+1
+

√
3

2 arctan 2z2−1√
3

, !" z = 3
√

tan x.

2011. In = − cos x sinn−1 x
n + n−1

n In−2; Kn = sin x cosn−1 x
n + n−1

n Kn−2; I6 = − 1
6 cos x sin5 x −

5
24 cos x sin3 x − 5

16 cos x sin x + 5
16x; K8 = 1

8 sin x cos7 x + 7
48 sin x cos5 x + 35

192 sin x cos3 x +
35
128 sin x cos x+ 35

128x. 2012. In = − cos x
(n−1) sinn−1 x

+ n−2
n−1 In−2; Kn = sin x

(n−1) cosn−1 x
+ n−2

n−1Kn−2;

I5 = − cos x
4 sin4 x

− 3 cos x
8 sin2 x

+ 3
8 ln

˛̨
tan x

2

˛̨
; K7 = sin x

6 cos6 x
+ 5 sin x

24 cos4 x
+ 5 sin x

16 cos2 x
+ 5

16 ln
˛̨
tan

`
x
2 + π

4

´˛̨
.

2013. − 1
8 cos 4x− 1

12 cos 6x. 2014. x
4 + sin 2x

8 + sin 4x
16 + sin 6x

24 . 2015. 3
2 cos x

6 − 3
10 cos 5x

6 −
3
14 cos 7x

6 + 3
22 cos 11x

6 . 2016. − 1
2 cos(a − b) cos x − 1

4 cos(x + a + b) + 1
12 cos(3x + a + b).
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2017. x
4 + sin 2ax

8a + sin 2bx
8b + sin 2(a−b)x

16(a−b) + sin 2(a+b)x
16(a+b) . 2018. − 3

16 cos 2x+ 3
64 cos 4x+ 1

48 cos 6x−
3

128 cos 8x + 1
192 cos 12x. 2019. 1

sin(a−b). ln
˛̨
˛ sin(x+b)
sin(x+a)

˛̨
˛ (sin(a − b) $= 0).

2020. 1
cos(a−b) ln

˛̨
˛ sin(x+a)
cos(x+b)

˛̨
˛ (cos(a − b) $= 0). 2021. 1

sin(a−b) ln
˛̨
˛ cos(x+b)
cos(x+a)

˛̨
˛ (sin(a − b) $= 0).

2022. 1
cos a ln

˛̨
˛̨ sin x−a

2
cos x+a

2

˛̨
˛̨ (cos a $= 0). 2023. 1

sin a ln

˛̨
˛̨ cos x−a

2
cos x+a

2

˛̨
˛̨ (sin a $= 0). 2024. −x + cot a ·

ln
˛̨
˛ cos x
cos(x+a)

˛̨
˛ (sin a $= 0). 2025. 1√

5
arctan

3 tan x
2 +1

√
5

. 2026. 1
6 ln (1−cos x)(2+cos x)2

(1+cos x)3
.

2027. − 1
5 (2 sin x+cos x)+ 4

5
√

5
ln

˛̨
tan

`
x
2 + arctan 2

2

´˛̨
. 2028. (a) 2√

1−ε2
arctan

“q
1−ε
1+ε tan x

2

”
;

(b) 1√
ε2−1

ln
ε+cos x+

√
ε2−1 sin x

1+ε cos x . 2029. x − 1√
2

arctan(
√

2 tan x). 2030. 1
ab arctan

`
a tan x

b

´
.

2031. (2b2)−1z
a2z2+b2

+ 1
2ab3

arctan az
b , !" z = tanx. 2032. 1

2 (sin x−cos x)− 1
2
√

2
ln

˛̨
tan

`
x
2 + π

8

´˛̨
.

2033. − cos x
a(a sin x+b cos x) . 2034. − 1

6 ln (sin x+cos x)2

1−sin x cos x − 1√
3

arctan
“

2 cos x−sin x√
3 sin x

”
.

2035. 1√
2

arctan
“

tan 2x√
2

”
. 2036. 1

4

“p
2 +

√
2 arctan u√

4+2
√

2
−

p
2 −

√
2 arctan u√

4−2
√

2

”
, !

" u = tan 2x. 2037. 1
2
√

2
ln

√
2−sin 2x√
2+sin 2x

. 2038. 1
2 arctan(sin2 x). 2039. arctan

`
1
2 tan 2x

´
.

2040. − z
4(z2+2)

+ 3
4
√

2
arctan z√

2
, !" z = tan x. 2041. 1√

a2+b2
ln

˛̨
tan

`
x
2 + ϕ

2

´˛̨
, $,

cosϕ = a√
a2+b2

, sinϕ = b√
a2+b2

. 2043. (a) −x
5−

3
5 ln | sin x+2 cos x|; (b) 0.1x+0.3 ln | sin x−

3 cos x|. 2044. 3x
34 + 5

34 ln |5 sin x + 3 cos x|. 2045. − ab1−a1b
a2+b2

· 1
a sin x+b cos x + aa1+bb1

(a2+b2)
3
2

ln
˛̨
tan

`
x
2 + ϕ

2

´˛̨
, $, cosϕ = a√

a2+b2
, sinϕ = b√

a2+b2
. 2047. − 3x

5 + 4
5 ln | sin x − 2 cos x +

3| − 6
5 arctan

5 tan x
2 +1

2 . 2048. x
2 − 1

2 tan
`

x
2 − π

8

´
− 1

2 ln
˛̨√

2 + sin x + cos x
˛̨
. 2049. 2

5x −
1
5 ln |3 sin x + 4 cos x − 2| + 4

5
√

21
ln

˛̨
˛̨
√

7+
√

3(2 tan x
2 −1)

√
7−

√
3(2 tan x

2 −1)

˛̨
˛̨. 2051. − sin x + 3 cos x + 2

√
2 ln

˛̨
tan

`
x
2 + π

8

´˛̨
. 2052. 1

5 (sin x+3cos x)+ 8
5
√

5
ln

˛̨
˛
√

5−1+2 tan x
2√

5+1−2 tan x
2

˛̨
˛. 2054. − 2√

3
arctan

“
cos x√

3

”
−

1
4 ln 2+sin x

2−sin x . 2055. 3
5 arctan(sin x − 2 cos x) + 1

10
√

6
ln

˛̨
˛
√

6+2 sin x+cos x√
6−2 sin x−cos x

˛̨
˛.

2056. 3
4
√

2
ln

˛̨
˛
√

2(sin x+cos x)+1√
2(sin x+cos x)−1

˛̨
˛ − 1

4
√

6
ln

˛̨
˛
√

3+
√

2(sin x−cos x)√
3−

√
2(sin x−cos x)

˛̨
˛. 2058. 2 sin x−cos x

10(sin x+2cos x)2
+ 1

10
√

5
ln

˛̨
tan

`
x
2 + arctan 2

2

´˛̨
. 2059. A = − b

(n−1)(a2−b2)
, B = (2n−3)a

(n−1)(a2−b2)
, C = − n−2

(n−1)(a2−b2)
.

2060. 1√
2

ln
√

2+
√

1+sin2 x
| cos x| . 2061. 2

√
tan x − 1

2
√

2
ln

˛̨
˛ tan x+

√
2 tan x+1

tan x−
√

2 tan x+1

˛̨
˛ + 1√

2
arctan

√
2 tan x

tan x−1

(tanx > 0). 2062. 1
2 arcsin sin x−cos x√

3
− 1

2 ln(sin x + cos x +
√

2 + sin 2x).

2063. − ε sin x
(1−ε2)(1+ε cos x)

+ 2

(1−ε2)
3
2

arctan

„q
1−ε
1+ε tan x

2

«
. 2064. − 2

n cos a

`
cos x+a

2

´n ·
`
sin x−a

2

´−n
(cos a $= 0). 2065. In = 2In−1 cos a − In−2 + 2 sin a

n−1 tn−1, !" n > 2, t =

sin x−a
2

`
sin x+a

2

´−1
. 2068. e3x

“
x3

3 − x2

3 + 2x
9 − 2

27

”
. 2069. −e−x(x2 + 2).

2070. −
`

x5

5 − 4x3

25 + 24x
625

´
cos 5x+

“
x4

5 − 12x2

125 + 24
3125

”
sin 5x. 2071. (21−10x2 +x4) sin x−

(20x − 4x3) cos x. 2072. − e−x2

2 (x6 + 3x4 + 6x2 + 6). 2073. 2et(t5 − 5t4 + 20t3 − 60t2 +

120t − 120), !" t =
√

x. 2074. eax
h

1
2a + a cos 2bx+2b sin 2bx

2(a2+4b2)

i
.

2075. eax

4

h
3(a sin bx−b cos bx)

a2+b2
− a sin 3bx−3b cos 3bx

a2+9b2

i
. 2076. ex

2 [x(sin x − cos x) + cos x].

2077. ex

2 [x2(sin x+cosx)−2x sin x+(sinx− cosx)]. 2078. ex

»
x−1

2 − x
10 (2 sin 2x+cos 2x)+

1
50 (4 sin 2x−3 cos 2x)

–
. 2079. 1

4x4+3
4x2+3x2 cos x−x

`
6 sin x+ 3

4 sin 2x
´
−

`
5 cos x+ 3

8 cos 2x
´
−
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1
3 cos3 x. 2080. x

2 + 1
2

√
x sin(2

√
x) + 1

4 cos(2
√

x). 2082. x + 1
1+ex − ln(1 + ex).

2083. ex−ln(1+ex). 2084. −x
2 + 1

3 ln |ex−1|+ 1
6 ln(ex+2). 2085. x−3 ln

n
(1 + e

x
6 )

p
1 + e

x
3

o
−

3 arctan e
x
6 . 2086. x+ 8

1+e
x
4

. 2087. −2 arcsin e−
x
2 . 2088. ln(ex +

√
e2x − 1)+arcsin e−x.

2089.
√

e2x + 4ex − 1+2 ln(ex+2+
√

e2x + 4ex − 1)−arcsin 2ex−1
ex

√
5

. 2090. − 1
2e−x(

√
1 + ex−

√
1 − ex)+ 1

4 ln (
√

1+ex−1)(1−
√

1−ex)
(
√

1+ex+1)(1+
√

1−ex)
. 2092. a1+ a2

1! + a3
2! +· · ·+ an

(n−1)! = 0. 2093. ex
`
1 − 4

x

´
.

2094. −e−x−li(e−x). 2095. e4li(e2x−4)−e2li(e2x−2). 2096. ex

x+1 . 2097. e2x

2

`
x2 + 3x + 21

2 −
32

x−2

”
+ 64e4li(e2x−4). 2098. x[lnn x − n lnn−1 x + n(n − 1) lnn−2 x + · · · + (−1)n−1n(n −

1) · · · 2 ln x + (−1)nn!]. 2099. x4

4

`
ln3 x − 3

4 ln2 x + 3
8 ln x − 3

32

´
. 2100. − 1

2x2

`
ln3 x +

3
2 ln2 x+ 3

2 ln x+ 3
4

´
. 2101. ln(x+ a) ln(x+ b). 2102. x ln2(x+

√
1 + x2)− 2

√
1 + x2 ln(x+

√
1 + x2) + 2x. 2103. −x

2 + x ln(
√

1 − x +
√

1 + x) + 1
2 arcsin x. 2104. x ln x√

1+x2
− ln(x +

√
1 + x2). 2105. −x

2 + 1
2 ln(x2 + 2x + 2) + x2

2 arctan(x + 1). 2106. −x
3 + 1

3 ln(1 + x) +
2x

√
x

3 arctan
√

x. 2107. − 3+x
4

√
2x − x2 + 2x2−3

4 arcsin(1 − x). 2108. 1
2

√
x − x2 +

`
x − 1

2

´

arcsin
√

x. 2109. − sgn x
2

√
x2 − 1+ x2

2 arccos 1
x . 2110. −2

√
x sgn(1−x)+(1+x) arcsin 2

√
x

1+x .

2111. x arccos x√
1−x2

− ln
√

1 − x2. 2112. arccos x√
1−x2

+ 1
2 ln

˛̨
˛ 1+x
1−x

˛̨
˛. 2113. x − arctan x +

“
1+x2

2 arctan x − x
2

”
[ln(1+x2)−1]. 2114. x− 1−x2

2 ln 1+x
1−x . 2115. − ln

√
1 + x2+ x√

1+x2

ln(x +
√

1 + x2). 2116. −x
8 + sinh 4x

32 . 2117. 3x
8 + sinh 2x

4 + sinh 4x
32 . 2118. cosh3 x

3 − cosh x.

2119. cosh 6x
24 − cosh 4x

16 − cosh 2x
8 . 2120. ln cosh x. 2121. x − coth x.

2122. 1
2

ˆ
ln(e2x +

√
e4x − 1) + arcsin(e−2x)

˜
. 2123. (a) 2√

3
arctan 3− 1

2
`
2 tanh x

2 + 1
´
;

(b) 1√
5

arctan tanh x−2√
5

; (c) 20
3
√

11
arctan

“
3 tanh x

2√
11

”
; (d) − 4

7x − 3
7 ln |3 sinh x − 4 cosh x|.

2124. a cosh ax sin bx−b sinhax cos bx
a2+b2

. 2125. a cosh ax cos bx+b sinh ax sin bx
a2+b2

. 2126. − 1
5x5 + 1

3x3 −
1
x − arctan x. 2127. 1

8
x+x3

(1−x2)2
− 1

16 ln
˛̨
˛ 1+x
1−x

˛̨
˛. 2128. 1

4
√

3
ln 1+x

√
3+x2

1−x
√

3+x2 − 1
2
√

3
arctan 1−x2

x
√

3
.

2129. 2
√

x − 3 3
√

x + 6 6
√

x − 6 ln( 6
√

x + 1) (x > 0). 2130. − 1
24 (15 + 10x + 8x2)

p
x(1− x) +

5
8 arcsin

√
x (0 < x < 1). 2131. − 2

x

√
1 − x2 − ln

1+
√

1−x2

|x| (|x| < 1). 2132. − 4
3

p
1 − x

√
x

(x > 0). 2133. 1
15 (8 − 4x2 + 3x4)

√
1 + x2. 2134. 1

2 ln (1+z)2

1−z+z2 −
√

3 arctan 2z−1√
3

, !" z =
3q

1−x
x . 2135. − 1

3 ln

˛̨
˛̨ 2+x3+2

√
1+x3+x6

x3

˛̨
˛̨. 2136. 1

2 arccos x2+1
x2

√
2
. 2137. − 2+x2

x − 2
x

√
1 − x2−

2 arcsin x (|x| < 1). 2138. − 1
2 (1 + x)2 + 5+2x

4

√
x + x2 + 3

8 ln
˛̨
x + 1

2 +
√

x + x2
˛̨
(x > 0; x <

−1). 2139. − ln(1+x+x2)
1+x − 1

2 ln (1+x)2

1+x+x2 +
√

3 arctan 1+2x√
3

. 2140. − 2x+21
4

√
−x2 + 3x − 2 +

`
x2 + 3x − 55

8

´
arccos(2x − 3) (1 < x < 2). 2141. −x2 + x2

2 ln(4 + x4) + 2 arctan x2

2 .

2142. −
√

1−x2

x arcsin x+ln |x|+ 1
2 arcsin2 x. 2143. (1+

√
1 + x2) ln(1+

√
1 + x2)−

√
1 + x2.

2144. −x2+7
9

√
x2+1+ (x2+1)

3
2

3 ln
√

x2−1−
√

2
3 ln

˛̨
˛̨
√

x2+1−
√

2√
x2+1+

√
2

˛̨
˛̨ (|x| > 1). 2145.

“
1
2 − ln x√

1−x

”

√
1 − x2 + 1

2 arcsin x − ln
1+

√
1−x2

x (0 < x < 1). 2146. cos x
3(2+sin x) + 4

3
√

3
arctan

2 tan x
2 +1

√
3

.

2147. 1√
2

ln 7+4
√

2+cos 4x
7−4

√
2+cos 4x

. 2148. 1√
1+cos x

− 1
2
√

2
ln

√
2+

√
1+cos x√

2−
√

1+cos x
.

2149. a
ˆ
x arctan x − 1

2 ln(x2 + 1)
˜
− a−b

2 arctan2 x. 2150. a
“
x ln

˛̨
˛ x−1

x+1

˛̨
˛ − ln |x2 − 1|

”
+

a+b
4 ln2

˛̨
˛ x−1

x+1

˛̨
˛. 2151. − ln x

2(1+x2)
+ 1

4 ln x2

1+x2 (x > 0). 2152.
√

1 + x2 arctan x−ln(x+
√

1 + x2).

2153. − ln(cos2 x +
√

1 + cos4 x). 2154. − 6x+x3

9 − 2+x2

3

√
1 − x2 arccos x (|x| < 1).
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2155. −x2

6 −
“
x− x3

3

”
arctan x+ 1

2 arctan2 x+ 2
3 ln(1+x2). 2156. − x

4(1+x2)
− 1−x2

4(1+x2)
arccot x.

2157.
ln(x+

√
1+x2)

2(1−x2)
+ 1

4
√

2
ln

˛̨
˛̨
√

1+x2−x
√

2√
1+x2+x

√
2

˛̨
˛̨ (|x| < 1). 2158. −x2

4 + x
2

√
1 − x2 arcsin x +

1
4 arcsin2 x (|x| < 1). 2159. x

4 + x3

12 + 1
4 (1 + x2)2 arccot x. 2160. xx (x > 0). 2161. x −

e−x arcsin ex − ln(1+
√

1 − e2x) (x < 0). 2162. x− ln(1+ex)−2e−
x
2 arctan e

x
2 −arctan2 e

x
2 .

2163. − coth 1
4 [x − ln(1 + ex cosh 1)] − e−x

4 sinh 1 . 2164. − ln(tanhx +
p

1 + tanh2 x) +

1√
2

ln
√

1+tanh2 x+
√

2 tanh x√
1+tanh2 x−

√
2 tanh x

. 2165. ex tan x
2 . 2166. x|x|

2 . 2167. x2|x|
3 . 2168. 2x2

3 (x + |x|).

2169. (1+x)|1+x|
2 + (1−x)|1−x|

2 . 2170. $ x < 0 %" ex − 1; $ x " 0 %" 1 − e−x.

2171. $ |x| ! 1%" x, $ |x| > 1%" x3

3 + 2
3 sgn x. 2172. x

4 + 1
4

`
(x) − 1

2

´ ˘
1 − 2

˛̨
(x) − 1

2

˛̨¯
,

!"(x) = x− [x]. 2173. [x]
π

n
|x|− (−1)[x] cosπx

o
. 2174. $ |x| ! 1%" x− x3

3 ; $ |x| > 1

%" x − x
2 |x| +

1
6 sgn x. 2175. $ −∞ < x < 0 %" x; $ 0 ! x ! 1 %" x2

2 + x; $ x > 1

%" x2 + 1
2 . 2176. xf ′(x)− f(x). 2177. 1

2f(2x). 2178. f(x) = 2
√

x. 2179. (a) x− x2

2 ;

(b) $ −∞ < x ! 0 % f(x) = x; $ 0 < x < +∞ % f(x) = ex − 1.

!!!

2181. 12 1
2 . 2182. (a) Sn = 16 1

4−
175
2n + 125

4n2 , Sn = 16 1
4 + 175

2n + 125
4n2 ; (b) Sn = 1

n

n−1P
i=0

q
i
n , Sn =

1
n

nP
i=1

q
i
n ; (c) Sn = 10230

n

„
2

10
n −1

« , Sn = 10230·2
10
n

n

„
2

10
n −1

« . 2183. Sn = 31
n√
2−1

n√
32−1

; 31
5 . 2184. v0T +

1
2gT 2. 2185. 3. 2186. a−1

ln a . 2187. 1. 2188. sin x. 2189. 1
a − 1

b . 2190. bm+1−am+1

m+1 .

2191. ln b
a . 2192. (a) 0; (b) π lnα2. 2193. 5. b−a

2 [f(a) − f(b)]. 2201. !!&&, (.

2203.)%. 2206. 11 1
4 . 2207. 2. 2208. π6 . 2209. π3 . 2210. 1. 2211. 1. 2212. π

2 sinα .

2213. 2π√
1−ε2

. 2214. 1√
ab

ln 1+
√

ab
1−

√
ab

. 2215. π
2|ab| . 2216. (a) ."## 1

x #!&## ln |x|

!")!! [−1, 1] "!%$; (b) &## 1√
2

arctan
“

tan x√
2

”
$ 0 ! x ! 2π %!%$; (c) ##

arctan 1
x $ x = 0 %!%$. 2217. 2

3 . 2218. 200
√

2. 2219. 1
2 . 2220. ln 2. 2221. π4 .

2222. 2
π
. 2223. 1

p+1 . 2224. 2
3 (2

√
2 − 1). 2225. 1

e . 2226. 1
b−a

R b

a
f(x) dx. 2227. 5

6π.

2228. π√
3
. 2229. x + 1

2 . 2230. 1
ln 2 . 2231. 0; − sin a2; sin b2. 2232. (a) 2x

√
1 + x4;

(b) 3x2√
1+x12

− 2x√
1+x8

; (c) (sin x − cos x) cos(π sin2 x). 2233. (a) 1; (b) π2

4 ; (c) 0; (d) A.

2235. 1. 2237. (a) 5
6 ; (b) t

2 . 2238. (a) ! α < 0, 1
3 − α

2 ; ! 0 ! α ! 1, 1
3 − α

2 + α3

3 ;

! α > 1, α
2 − 1

3 ; (b) ! |α| ! 1, π
2 ; ! |α| > 1, π

2α2 ; (c) ! |α| ! 1, 2; ! |α| > 1,
2
|α| . 2239. 1

2 ln e
2 . 2240. π. 2241. 4π. 2242. 2

`
1 − 1

e

´
. 2243. 1. 2244. 2π

3 −
√

3
2 .

2245. 1
6 . 2246. πa

4

16 . 2247. 1√
2

ln 9+4
√

2
7 . 2248. 2− π

2 . 2249. π
2

4 . 2250. π√
2
.

2251. (a) %## x = ±t
3
2 &%(#; (b) ## x = 1

t ! t = 0 $!%$; (c) *%!"#!!
#)(/-+ 0 0 π ### x = arctan t !"#(%$#!,. 2252. !!$. 2253. !$.

2256. f(x+b)−f(x+a). 2260. 3
2e

5
2 . 2261.

R 1

0
[f(arcsin t)−f(π−arcsin t)] dt+

R 0

−1
[f(2π+

arcsin t) − f(π− arcsin t)] dt. 2262. 4n. 2263. π
2

4 . 2264. arctan 32
27 − 2π. 2268. 315 1

26 .

2269. 1
2 ln 3− π

2
√

3
. 2270. 5

27 e3 − 2
27 . 2271. −66 6

7 . 2272. − π3 . 2273. 29
270 . 2274. 4

3π−√
3. 2275. 2π

“
1√
3
− 1

2
√

2

”
. 2276. 2π

√
2. 2277. 1

6 . 2278. π
3

6 − π
4 . 2279. 3

5 (eπ − 1).
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2280. 3
8 ln 2 − 225

1 024 . 2281. $ n = 2k % In = (2k−1)!!
(2k)!! · π2 ; $ n = 2k + 1 % In = (2k)!!

(2k+1)!! .

2282. * 2281. 2283. (−1)n
h
π
4 −

“
1 − 1

3 + 1
5 − · · · + (−1)n−1

2n−1

”i
. 2284. 22n · (n!)2

(2n+1)! .

2285. * 2281. 2286. In = (−1)nn!
(m+1)n+1 . 2287. In = (−1)n

˘
− ln

√
2 + 1

2

ˆ
1 − 1

2 + · · ·
+(−1)n−1 1

n

˜¯
. 2290. π(2m)!(2n)!

22m+2n+1m!n!(m+n)!
. 2291. ! n "##, 0; ! n ""#, π.

2292. (−1)nπ. 2293. π
2n . 2294. π

2n sin nπ
2 . 2295. 0. 2296. 0. 2297. 1

22na
(1− e−2aπ) ·»

Cn
2n + 2

n−1P
k=0

Ck
2n

a2

a2+(2n−2k)2

–
. 2298. π

4n (−1)n−1. 2299. (m−1)!(n−1)!
(m+n−1)! . 2302. !## f(x)

#!+)",# F ′(x) !!!!, "!!!!!. 2303. |x| + C. 2304. arccos(cos x) + C.

2305. x[x]− [x]([x]+1)
2 + C. 2306. x2[x]

2 − [x]([x]+1)(2[x]+1)
12 + C. 2307. 1

π
arccos(cosπx) + C.

2308. 1
2 (|l + x| − |l − x|) + C. 2309. −1. 2310. 14 − ln(7!). 2311. 30

π
. 2312. − π

2

4 .

2313. ln(n!). 2314. − tanh π2 . 2315. 8
3 . 2316. (a) –; (b) +; (c) +; (d) –.

2317. (a) !!!; (b) !!!; (c) !!!. 2318. (a) 1
3 ; (b) 6 2

3 ; (c) 10; (d) 1
2 cosϕ.

2319.1. p√
1−ε2

= b "&%#6$+. 2319.2. 1
2 (v0 + v1), !" v1 "''#'1'4.

2320. 1
2 i20. 2321. A. 2322. (a) θ =

nq
1

n+1 ; (b) θ = 1
e ; (c) θ = 1

x ln ex−1
x , lim

x→0
θ =

1
2 , lim

x→+∞
θ = 1. 2323. 8π

3 ± 4π
3 θ (|θ| < 1). 2324. 1! 1

10
√

2
" 1

10 $!. 2325. 0.01 −

0.005θ (0 < θ < 1). 2326.2. (a) 1; (b) f(0) ln b
a . 2328. θ

50π (0 < θ < 1). 2329. 2
aθ (|θ| <

1). 2330. θ
a (|θ| < 1). 2334. 1

a . 2335. −1. 2336. π. 2337. π. 2338. 2
3 ln 2.

2339. 4π
3
√

3
. 2340. 2π

3
√

3
. 2341. π√

2
. 2342. π2 . 2343. 1

5 ln
“
1 + 2√

3

”
. 2344. 0.

2345. π2−1. 2346. a
a2+b2

. 2347. b
a2+b2

. 2348. In = n!. 2349. In = (2n−3)!!
(2n−2)!! ·

πan−1 sgn a

(ac−b2)
n− 1

2
.

2350. In = 1
n!

nP
k=1

(−1)k+1Ck
n ln(k + 1), !" Ck

n " n !((") k !#%,#. 2351. $

n "##% In = (n−1)!!
n!!

π
2 , $ n ""#% In = (n−1)!!

n!! . 2352. * 2351. 2353. (a) − π2 ln 2;

(b) − π2 ln 2. 2354. 2 4√8e
− π8

1−e−π . 2356. (a) 1; (b) π2 ; (c) 0. 2357. (a) 1; (b) 1
3 ; (c) 1; (d) 1

αf(0).

2358.$". 2359.$". 2360. "#. 2361. $ p > 0%$". 2362. $ p > −1 # q > −1

%$". 2363. $ m > −1 # n − m > 1 %$". 2364. $ 1 < n < 2 %$". 2365. $
1 < n < 2 %$". 2366. $ m > −2 # n − m > 1 %$". 2367. $ n > 0 (a $= 0) %$
". 2368. "#. 2369. $ p < 1 # q < 1 %$". 2370. (a) $ n > −1 %$"; (b) $".

2371. $ min{p, q} < 1 # max{p, q} > 1%$". 2372.$". 2373.$". 2374. $ p > 1

# q < 1 %$". 2375. $ p > 1, q "$##, r < 1 %, $#$ p = 1, q > 1, r < 1 %$".

2376. (a) $ pi < 1 (i = 1, 2, · · · , n),
nP

i=1
pi > 1 %$"; (b) $ α > −1, β > −1, α+ β < −1

%$". 2377. $ Pn(x) !!! [0, +∞) "#"# n > m + 1 %$". 2378. !&2&$".

2379. !&2&$". 2380. (a) $ −1 < p+1
q < 0 %2&$"; $ 0 ! p+1

q < 1 %)+$";

(b) 2&$"; (c)$". 2381. $ p > −2, q > p+1%2&$"; $ p > −2, p < q ! p+1%)
+$". 2382. $ 0 < n < 2%)+$". 2383. $ n > m+1%2&$"; $ m < n = m+1

%)+$". 2385. !!. 2392. ln 1
2 . 2393. 0. 2394. π. 2395. 0. 2397. a2

3 .

2398. 4 1
2 . 2399. 4 1

2 . 2400. (a) 9.9 − 8.1 lg e ≈ 6.38; (b) 2 − 1
ln 2 ≈ 0.56; (c) 1

3 + 2
π

≈ 0.97.

2401. π2 . 2402. πa2. 2403. πab. 2404. 4
3a3. 2405. 88

15

√
2p2. 2406. π√

AC−B2
.

2407. 3πa2. 2408. πa
2

2 . 2409. 2π
n+2 . 2410. 1

2 coth π2 ≈ 0.546. 2411. (3π+ 2) : (9π− 2).
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2412. x = cosh S, y = sinh S. 2413. 3πa2. 2414. 8
15 . 2415. a2

3 (4π3 + 3π). 2416. 6πa2.

2417. (a) 3πc4

8ab ; (b) πa2
“

16√
3
− 9

”
. 2418. a2. 2419. 3πa2

2 . 2420. πa2

4 . 2421. p2

6 (3 +

4
√

2). 2422. (a) πp2

(1−ε2)
3
2

; (b) 11π; (c) 1
π
. 2423. (π − 1)a2

4 . 2424. 1
2

“
1 − 2

3 ln 2 + π√
3

”
.

2425. (a) 2
3 ; (b) 1

π
; (c) 4 4

15 ; (d) π
“
1 + π2

6

”
; (e) π

`
1 − π

4

´
a2. 2426. 3

2a2. 2427. πa2
√

2.

2428. a2. 2429. 3
8πa

2. 2430. πa2

8
√

2
. 2431. 8

27 (10
√

10 − 1). 2432. 2
q

x0

`
x0 + p

2

´
+

p ln
√

x0+
√

x0+ p
2√

p
2

. 2433.
√

h2 − a2. 2434. x0 −
√

2 +
√

1 + e2x0 − ln 1+
√

1+e2x0

1+
√

2
.

2435. e2+1
4 . 2436. a ln a+b

a−b − b. 2437. ln tan
`
π
4 + a

2

´
. 2438. a ln a

b . 2439. 4a
“
1 +

√
3 ln 1+

√
3√

2

”
. 2440. 6a. 2441. 4(a3−b3)

ab . 2442.
h
1 + ln(1+

√
2)√

2

i
a. 2443. 8a.

2444. 2π2a. 2445. (a) 2a
“
cosh T

2

√
cosh T − 1

”
−
√

2a ln
√

2 cosh T
2 +

√
cosh T

1+
√

2
; (b) 1

2 (cosh
3
2 2T −

1). 2446. πa
√

1 + 4π2 + a
2 ln(2π+

√
1 + 4π2). 2447.

√
1+m2

m a. 2448. 8a. 2449. p[
√

2 +

ln(1+
√

2)]. 2450. 3πa
2 . 2451. a(2π−tanhπ). 2452. (a) 2+ 1

2 ln 3; (b) 6 1
3 ; (c) sinh R; (d) T .

2455. 2π
5
√

3
≈ 0.73. 2456. bh

6 (2a+c). 2457. h
6 [(2A+a)B+(A+2a)b]. 2458. πh6 [(2A+a)B+

(A + 2a)b]. 2459. 1
2SH . 2462. 2

3abc. 2463. 4
3πabc. 2464. 8πabc

3 . 2465. 16
3 a3.

2466. 2
3a3

`
π− 4

3

´
. 2467. 16

15a2
√

ab. 2468. πa3

2 . 2469. 4
15 . 2470. 4π

√
2

3 a3.

2472. 3
7πab2. 2473. (a) 16π

15 ; (b) 8π
3 . 2474. (a) π

2

2 ; (b) 2π2. 2475. (a) 4
15πab2; (b) πa

2b
6 .

2476. (a) π
2 ; (b) 2π. 2477. 2π2a2b. 2478. 8πa3

3 . 2479. π
5(1−e−2π)

. 2480. (a) 5π2a3;

(b) 6π3a3; (c) 7π2a3. 2481. (a) 32
105πab2; (b) 32

105πa
2b. 2482.1. Vx = 64

35π; Vy = 64
105π.

2483.1. (a) 8
3πa

3; (b) 13
4 π

2a3. 2483.2. (a) πa3

4

h√
2 ln(1 +

√
2) − 2

3

i
; (b) π2a3

4
√

2
; (c) π2a3

4 .

2484.1. 2
3 (π4 − 6π2)a3. 2484.2. 2

3π. 2485. π2α3

2
√

2
. 2486. 4πa2

243

“
21

√
13 + 2 ln 3+

√
13

2

”
.

2487. 2a
√
π2a2 + 4b2 + 8b2

π
ln
πa+

√
π2a2+4b2

2b . 2488. π
h
(
√

5 −
√

2) + ln (
√

2+1)(
√

5−1)
2

i
.

2489. (a) 2π
3

h
(2x0 + p)

p
2px0 + p2 − p2

i
; (b) π

4

h
(p + 4x0)

p
2x0(p + 2x0) −

p2 ln
√

2x0+
√

p+2x0√
p

i
. 2490. (a) 2πb2 + 2πab arcsin ε

ε ; (b) 2πa2 + 2πb2

ε ln
ˆ

a
b (1 + ε)

˜
, !" ε =

√
a2−b2

a "&%#*($. 2491. 4π2ab. 2492. 12
5 πa

2. 2493. (a) πa
`
2b + a sinh 2b

a

´
;

(b) 2πa
`
a + b sinh b

a − a cosh b
a

´
. 2494. 4πa2. 2495. (a) 64

3 πa
2; (b) 16π2a2; (c) 32

3 πa
2.

2496. 3π
5 a2(4

√
2 − 1). 2497. 32

5 πa
2. 2498. (a) 2πa2(2 −

√
2); (b) 2πa2

√
2; (c) 4πa2.

2499. 5

128 3√10
[14

√
5 + 17 ln(2 +

√
5)] ≈ 1.013. 2500. V = 4π

3 p2; P = 2πp2[(2 +
√

2) + ln(1 +
√

2)]. 2501.1. M1 = 2a2; M2 = πa3

2 . 2501.2. p2

8 [
√

2 + 5 ln(1 +
√

2)].

2502.1. M1 = bh2

6 ; M2 = bh3

12 . 2502.2. Ix = 32
105 a4, Iy = 8

5a4, rx = a
q

8
35 , ry = a

q
6
5 .

2503. M (x)
2 = πab3

4 ; M (y)
2 = πa3b

4 . 2504.1. M1 = πr2h2

12 , M2 = π
30 r2h3. 2504.2. I =

2
5MR2. 2507. x0 = a sinα

α ; y0 = 0. 2508.
`

9
20a, 9

20a
´
. 2509.

`
4a
3π ,

4b
3π

´
. 2510.

`
0, 0, 3

8a
´
.

2511. ϕ0 = ϕ − α, !" α = arctan 1
2m ; r0 = mr√

1+4m2
. &##" r0 = am√

1+4m2
em(ϕ0+α).

2512. ϕ0 = 0, r0 = 5
6a. 2513. x0 = πa, y0 = 5

6a. 2514. x0 = 2
3a, y0 = 0. 2515.

`
0, 0, a

2

´
.

2516. 75 kg. 2517. Ah = mg Rh
R+h , !" g"(&$"#-.$'4; A∞ = mgR. 2518. 5 J.

2519. 17400 J. 2520. 2
3a3ρg (ρ ")##4, g "-.$'4). 2521. 7×106 N (708 1

3 7.).

2522. v0T + a
2T 2. 2523. 4

15πδω
2R5. 2524. (.!#'+"#*): X = 0, Y = − 2kmµ0

a ,
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!" k "(.%'. 2525. 2πkmδ0

„
1 − b√

a2+b2

«
, !" k "(.%'. 2526. ) 3 '

%. 2527. *'#$&'$" y = Cx4 +.*+ Oy +)&"#$"*"#. 2528. Q =

Q0 ·2− t
1600 . 2529. 99.99%. 2530. ρgH2

6E (g "-.$'4). 2531. '#(" −6.14, %'(
" −2π. 2532. 0.693± 0.002. 2533. 0.8355± 0.0008. 2534. 1.467± 0.003. 2535. 17.32.

2536. 5.4029 ± 0.0006. 2537. 1.3707623 ± 0.0000004. 2538. 1.229275 ± 0.000002.

2539. 0.915965 ± 0.000002. 2540. 3.14159. 2541. 1.462. 2542. 0.3179. 2543. 0.886.

2544. 51.05. 2545.

x 0 π
3

2π
3 π 4π

3
5π
3 2π

y 0 0.99 1.65 1.85 1.72 1.51 1.42

!!!

2546. 2
3 . 2547. 3

2 . 2548. 3. 2549. 1. 2550. 1
3 . 2551. (a) q sinα

1−2q cosα+q2 ; (b) q cosα−q2

1−2q cosα+q2 .

2552. 1 −
√

2. 2553. 3$ x = kπ (k "##) %$". 2556. "#. 2557. "#.

2558. $". 2559. "#. 2560. "#. 2561. "#. 2562. $". 2563. $".

2564. "#. 2566. !!$", "!!"#. 2567. (a) !!$", "!!"#; (b) "#.

2578. $". 2579. $". 2580. $". 2581. (a) $"; (b) "#. 2582. $".

2583. $". 2584. $". 2585. (a) $"; (b) $"; (c) &$## α " x 1$".

2586. $". 2587. "#. 2588. "#. 2589. (a) $"; (b) $"; (c) $"; (d) $".

2591.2. n " 13. 2595. $". 2596. $". 2597. (a) $"; (b) $". 2598. $ p > 2 %
$". 2599. $ b−a

d > 1 %$". 2600. $ p > 3
2 %$". 2601. $". 2602. $ p+ q > 1

%$". 2603. $ q > p %$". 2604. $ p
2 + q > 1 %$". 2605. $ α(q − p) > 1 %$

". 2607. $ q > p + 1 %$". 2608. $ p > 0 %$". 2609. $ p > 0 %$".

2610. $ p > 1
2 %$". 2611. $ b $= 1 %$". 2612. $ p > 1 %$". 2613. (a) "

#; (b) "#. 2616. $x < 1
e $". 2617. $". 2618. "#. 2619. (a) $ p > 1 %$

"; (b) $ p > 1, q "$##%, $#$ p = 1, q > 1 %#$". 2620. (a) "#; (b) $
"; (c) "#. 2621. $". 2623. 1.20. 2626. $ α > 1

2 %$". 2627. $ a = 1
2 %$".

2628. "#. 2629. $". 2630. $ α > 2 %$". 2631. $". 2632. $". 2633. $
". 2634. $ c = 0, a

d < −1 %$". 2635. "#. 2636. $ α $= 0 %$". 2637. $".

2638. "#. 2639. $". 2640. $ a =
√

bc %$". 2641. $ α < −1 %$". 2642. $
α > 1

2 %$". 2643. $ ab > e, c = 0 %, $#$ ac > 1 %#$". 2644. $ a + b > 1

%$". 2645. $". 2646. $". 2647. $". 2648. "#. 2649. $". 2650. $".

2651. $". 2652. $ α > 2 %$". 2653. $". 2654. $". 2655. (a) N > 100 000;

(b) N " 12; (c) N > 4. 2659. 2
9 . 2660. 1 3

7 . 2661. ln 2. 2662. (a) 3
2 ln 2; (b) 1

2 ln 2.

2664. $". 2665. (a) $"; (b) $". 2666. (. 2667. $". 2668. $". 2669. $
". 2670. "#. 2671. $". 2672. $". 2673. (a) "#; (b) $". 2675. $ p > 1 %
2&$"; $ 0 < p ! 1 %)+$". 2676. $ p > 1 %2&$"; $ 0 < p ! 1 %)+$".
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2677. $ p > 1 %2&$"; $ 1
2 < p ! 1 %)+$". 2678. $ |x − πk| < π

4 (k "##) %
2&$"; $ x = πk ± π

4 %)+$". 2679. $ x "!"!####$-#%)+$".

2680. $ p > 1 %2&$"; $ 0 < p ! 1 %)+$". 2681. $ p > 2 %2&$"; $
1 < p ! 2 %)+$". 2682. $ p > 1 %2&$"; $ 1

2 < p ! 1 %)+$". 2683. )
+$". 2684. 2&$". 2685. "#. 2686. )+$". 2687. $ p > 1 %2&$"; $
1
2 < p ! 1 %)+$". 2688. "#. 2689. $ p > 2 %2&$"; $ 0 < p ! 2 %)+$
". 2690. $". 2691. "#. 2692. $ q > p + 1 %2&$"; $ p < q ! p + 1 %)+
$". 2693. $ p > 1, q > 1 %2&$"; $ 0 < p = q ! 1 %)+$". 2694. $ p > 1

%2&$"; $ p = 1 %)+$". 2695. (a) $ p > 1 %2&$"; $ p = 1 %)+$";

(b) $ p > 1, q > 1%2&$"; $ 0 < p = q ! 1%)+$". 2697. (a) p > 1; (b) 0 < p ! 1.

2698. (a) $"; (b) $"; (c) $". 2699. (a) q > p +1; (b) p < q ! p+ 1. 2700. $ m " 0

%2&$"; $ −1 < m < 0 %)+$". 2703. (a) n " 1 000 000; (b) n " 1.32 · 1016.

2706. (a) "#; (b) !!$", "!!"#. 2707. 2
3 . 2708. 3

4 . 2709. − 2
7 . 2710. 1+y

1−xy .

2716. $ |x| > 1 %2&$". 2717. $ x > 0 %2&$"; $ x = 0 %)+$". 2718. $
x > − 1

3 " x < −1 %2&$". 2719. $ |x| $= 1 %2&$", $ x = −1 %)+$".

2720. $ −
√

17−3
6 < x < 1

3 " 2
3 < x <

√
17+3
6 %2&$". 2721. $ |x − πk| ! π

6 (k =

0,±1,±2, · · · ) %2&$". 2722. $ p > 1 " x $= k (k = −1,−2, · · · ) %2&$", $
0 < p ! 1, x $= k %)+$". 2723. $ q > p + 1 %2&$", $ p < q ! p + 1 %)+
$". 2724. $ |x| < 1 %2&$". 2725. $ |x| < 1 %2&$". 2726. $ |x| $= 1 %
2&$". 2727. $ x $= −1 %2&$". 2728. $ x > 0 %2&$". 2729. ! |a| > 1,

# 0 < |x| < +∞ %2&$"; ! |a| ! 1 ! x = 0, #"#. 2730. $ x = 2 " x > e %
2&$". 2731. $ x > 1 %2&$". 2732. $ 0 < min{x, y} < 1 %$". 2733. $
|x| < 1, 0 ! y < +∞ " |x| > 1, y > |x| %2&$"; $ x = −1, 0 ! y ! 1 %)+$".

2734. $ max{|x|, |y|} < 1%2&$". 2735. 2&$"$": (1) 0 ! x < 1, −∞ < y < +∞;

(2) x = 1, y > 1; (3) x > 1, y > 2. 2736. $ |x − kπ| < π
4 %2&$", !" k "##.

2738. 1
2 < |x| < 2; 6x(x2−1)

(2−x)2(2x−1)2
. 2739. (a) $ x " 0 %2&$", $ −1 < x < 0 %

)+$"; (b) $ p + x > 0 " x = 0, 1, 2, · · · %2&$", $ −1 < p + x ! 0 %)+
$"; (c) 2&$"$": (1) |x| < 1, y "$##; (2) x = ±1, y > 1

2 ; (3) x "$##,

y = 0, 1, 2, · · · ; $ x = 1, − 1
2 < y < 1

2 %)+$". 2743. $ ε = 0.001, x = m
√

0.1 %
N " 3m. #!)$". 2744. n > 1

ε . 2745. n " 31. 2746. (a) !)$"; (b) #!)$
". 2747. !)$". 2748. #!)$". 2749. !)$". 2750. !)$".

2751. (a) !)$"; (b) #!)$"; (c) !)$". 2752. (a) #!)$"; (b) !)$".

2753. !)$". 2754. #!)$". 2755. (a) !)$"; (b) #!)$". 2756. (a) #!
)$"; (b) !)$". 2757. #!)$". 2758. (a) !)$"; (b) #!)$". 2759. !)
$". 2760. (a) !)$"; (b) #!)$". 2761. !)$". 2762. !)$". 2763. !
!)$". 2767. (a) !)$"; (b) #!)$". 2768. (a) !)$". (b) #!)$".

2769. #!)$". 2770. !)$". 2771. #!)$". 2772. !)$". 2773. (a) #!
)$"; (b) !)$". 2775. (a) !)$"; (b) #!)$". 2776. #!)$". 2777. !)
$". 2778. !)$". 2779. !)$". 2780. !)$". 2781. !)$". 2782. !)
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$". 2783. !. 2785. !!*. 2795. (a) $ |x| < 1 %!!#%$; (b) $ |x| < +∞ %!
!#%$; (c) $ |x| < +∞ %!!, $ x = 0 %!%$. 2799. (a) $ x $= −k (k = 1, 2, 3, · · · )
%!!#!$; (b) $ |x| < +∞ %!!, * x = 0 ($$!$. 2802. (a) α "$##;

(b) α < 1; (c) α < 2. 2805. !,#. 2806. 1
2 ln 2. 2807. 1. 2808. (a) 1; (b) π

2

6 .

2809. ,#. 2810. ,#. 2811.2. !!*. 2812. R = 1; (−1, 1). ! x = −1 $, $ p > 1

%2&$", $ 0 < p ! 1 %)+$"; ! x = 1 $, $ p > 1 %2&$", $ p ! 1 %"#.

2813. R = 1
3 ;

`
− 4

3 ,− 2
3

´
. ! x = − 4

3 $)+$", ! x = − 2
3 $"#. 2814. R = 4; (−4, 4).

! x = ±4 $"#. 2815. R = +∞; (−∞, +∞). 2816. R = 1
e ;

`
− 1

e , 1
e

´
. ! x = ± 1

e $
"#. 2817. R = +∞; (−∞, +∞). 2818. R = 2; (−1, 3). ! x = −1 $, $ p > 2 %
2&$", $ 0 < p ! 2 %)+$"; ! x = 3 $, $ p > 2 %2&$", $ p ! 2 %"#.

2819. R = 2p; (−2p, 2p). ! x = −2p $, $ p > 2 %2&$", $ p ! 2 %"#; ! x = 2p

$, $ p > 2 %2&$", $ 0 < p ! 2 %)+$". 2820. R = 1; (−1, 1). ! x = −1 $, $
m " 0 %2&$", $ m < 0 %"#; ! x = 1 $, $ m " 0 %2&$", $ −1 < m < 0 %)
+$". 2821. R = min

`
1
a , 1

b

´
; (−R,R). ! x = −R $, $ a " b %)+$"; $ a < b %2

&$"; ! x = R $, $ a " b %"#, $ a < b %2&$". 2822. R = max{a, b}; (−R, R).

! x = ±R $"#. 2823. R = 1; (−1, 1). ! x = ∓1 $, $ a > 1 %2&$"; $ a ! 1

%"#. 2824. R = 1; (−1, 1). ! x = ±1 $2&$". 2825. R = 1; (−1, 1). ! x = −1

$)+$"; ! x = 1 $"#. 2826. R = 1; (−1, 1). ! x = −1 $"#; ! x = 1 $)
+$". 2827. R = 1; (−1, 1). ! x = ±1 $"#. 2828. R = 1

4 ;
`
− 1

4 , 1
4

´
. ! x = ± 1

4

$"#. 2829. R = 1
3 ;

`
− 1

3 , 1
3

´
. ! x = ± 1

3 $"#. 2830. R = 1; (−1, 1). ! x = ±1

$2&$". 2831. (a) R = 1; (−1, 1). $ x = ±1 %)+$"; (b) $ 0 < x < 2 %2
&$", $ x = 2 %)+$"; (c) 3$ x = 0 %$". 2832. R = 1; (−1, 1). ! x = −1

$, $ γ − α − β > 0 %2&$", $ −1 < γ − α − β ! 0 %)+$"; ! x = 1 $, $
γ − α − β > 0 %2&$", $ γ − α − β ! 0 %"#. 2833. x > 0. 2834. |x| > 1

2 .

2835. 0 < |x| < +∞. 2836. x > −1. 2837. |x−kπ| < π
4 , !" k"##. 2838. −1+3(x+

1)− 3(x + 1)2 + (x + 1)3. 2839. (a)
∞P

n=0

xn

an+1 (|x| < |a|); (b)
∞P

n=0

(x−b)n

(a−b)n+1 (|x− b| < |a− b|);

(c) −
∞P

n=0

an

xn+1 (|x| > |a|). 2840.
∞P

n=1
(−1)n−1 (x−1)n

n (0 < x ! 2); ln 2. 2841.
∞P

n=0

x2n+1

(2n+1)!

(|x| < +∞). 2842.
P∞

n=0
x2n

(2n)! (|x| < +∞). 2843.
∞P

n=1
(−1)n+1 22n−1

(2n)! x2n (|x| < +∞).

2844.
∞P

n=0

lnn a
n! xn (|x| < +∞). 2845. µx + µ(12−µ2)

3! x3 + µ(1−µ2)(32−µ2)
5! x5 + · · · (|x| ! 1).

2846. 1− µ2

2! x2− µ2(22−µ2)
4! x4− · · · (|x| < 1). 2847. 1+(x−1)+(x−1)2 + (x−1)3

2 + · · · (0 <

x < 2). 2848. e
`
1 − x

2 + 11
24x2 − 7

16x3 + · · ·
´

(|x| < 1). 2849. sin(x+h) = sin x+h cos x−
h2

2! sin x − h3

3! cos x + · · · (|h| < +∞); cos(x + h) = cos x − h sin x − h2

2! cos x + h3

3! sin x +

· · · (|h| < +∞). 2850.1. (a) (−2, 2); (b) (3, 7). 2850.2. !!. 2851.
∞P

n=0

(−1)nx2n

n! (|x| <

+∞). 2852. 1 +
∞P

n=1
(−1)n 22n−1

(2n)! x2n (|x| < +∞). 2853. 3
4

∞P
n=1

(−1)n+1 32n−1

(2n+1)! x
2n+1 (|x| <

+∞). 2854.
∞P

n=10
xn (|x| < 1). 2855.

∞P
n=0

(n + 1)xn (|x| < 1). 2856. x +
∞P

n=1

(2n−1)!!
n! xn+1
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`
− 1

2 ! x < 1
2

´
. 2857.

∞P
n=0

x2n+1

2n+1 (|x| < 1). 2858. 1
3

∞P
n=1

[1 − (−2)n]xn
`
|x| < 1

2

´
.

2859.
∞P

n=0

h
1 + (−1)n

6n

i
xn (|x| < 1). 2860. 1

2

∞P
n=1

h
n + 1−(−1)n

2

i
xn (|x| < 1).

2861.
∞P

n=0
anxn, !" an = 1√

5

» “√
5+1
2

”n+1
+ (−1)n

“√
5−1
2

”n+1
–

(!0&(#), |x| <
√

5−1
2 .

2862. (a) 2√
3

∞P
n=0

xn sin 2π(n+1)
3 (|x| < 1); (b)

∞P
n=0

cnxn, !"$ n = 4k % cn = 1, $ n =

4k+1% cn = −1, $ n = 4k+2 ! n = 4k+3% cn = 0 (k = 0,±1,±2, · · · ). f (1000)(0) = 1000!.

2863.
∞P

n=1
xn cos nα (|x| < 1). 2864.

∞P
n=1

xn sin nα (|x| < 1). 2865.
∞P

n=0
xn sinhnα (|x| <

e−|α|). 2866.
∞P

n=0

(2n+1)!!
(2n)!! x2n (|x| < 1). 2867.

∞P
n=1

(−1)n+1+[1+(−1)n](−1)[
n
2 ]+1

n xn (−1 <

x ! 1). 2868.
∞P

n=0

cos nα
n! xn (|x| < +∞). 2869.

∞P
n=0

(−1)n x2n+1

2n+1 (|x| ! 1); π
4 .

2870. x +
∞P

n=1

(2n−1)!!
(2n)!!

x2n+1

2n+1 (|x| ! 1). 2871. x +
∞P

n=1

n
(−1)n (2n−1)!!

(2n)!!
x2n+1

2n+1

o
(|x| ! 1).

2872. −2
∞P

n=1

cos nα
n xn (|x| ! 1). 2873. (a) x +

∞P
n=1

(−1)n+1 xn+1

n(n+1) (−1 ! x ! 1);

(b)
∞P

n=0

x4n+1

4n+1 (−1 < x < 1); (c) arctan 2 +
∞P

n=1

(−1)n22n−1

2n−1 x2n−1
`
− 1

4 ! x ! 1
2

´
;

(d)
∞P

n=0

n
(−1)[

n
2 ] x2n+1

2n(2n+1)

o
(|x| <

√
2); (e)

∞P
n=1

(−1)n+1 x2n

2n(2n−1) (|x| ! 1); (f) $ 0 ! x !

1, −1 ! x ! 0 %, 2|x|


1 +
∞P

n=1

(2n−1)!!
(2n)!! · x2n

2n+1

ff
; (g) 1 + x2

2 +
∞P

n=1

n
(2n−1)!!
(2n+2)!!

x2n+2

2n+1

o
(|x| ! 1);

(h) −1 + x2

2 +
∞P

n=1
(−1)n (2n−1)!!

(2n+2)!! ·
x2n+2

2n+1 (|x| ! 1). 2874. (a) ex2
h
(2x)n + n(n−1)

1! (2x)n−2 +

n(n−1)(n−2)(n−3)
2! (2x)n−4 + · · ·

i
; (b) (−1)n

x2n e
a
x

h
an + n(n−1)

1! an−1x+ n(n−1)(n−2)
2! an−2x2 + · · ·

i
;

(c) (−1)n−1n!
(1+x2)n

ˆ
xn−1− (n−1)(n−2)

3! xn−3+ (n−1)(n−2)(n−3)(n−4)
5! xn−5− · · ·

˜
. 2875.

∞P
n=1

(−1)n

n (x+

1)2n (−2 ! x ! 0). 2876. −
∞P

n=1

1
xn (|x| > 1). 2877.

∞P
n=0

2
2n+1

“
x−1
x+1

”2n+1
(x > 0).

2878. x
1+x +

∞P
n=1

(2n−1)!!
(2n)!!

“
x

1+x

”n+1 `
x " − 1

2

´
. 2881. 1− 1

2x− 1
12x2 − 1

24x3 − · · · (|x| < 1).

2882. 1 +
∞P

n=2

(−1)n+1(n−1)
n! xn (|x| < +∞). 2883.

∞P
n=0

h
1

(2n)! −
2

(2n−2)! + 1
(2n−4)!

i
xn (|x| <

+∞), !" 0! = 1, (−1)! = ∞, (−2)! = ∞, ". 2884. 2
∞P

n=1

`
1 + 1

2 + · · · + 1
n

´
xn+1

n+1 (−1 !

x < 1). 2885. x + 2
∞P

n=1

(−1)n+1

4n2−1
x2n+1 (|x| ! 1). 2886.

∞P
n=0

2
n
2 cos nπ

4
n! xn (|x| < +∞).

2887.
∞P

n=1

2
n
2 sin nπ

4
n! xn (|x| < +∞). 2888.

∞P
n=1

˘
(−1)n−1

`
1 + 1

2 + · · · + 1
n

´
xn

¯
(−1 < x <

1). 2889.
∞P

n=1
(−1)n−1

“
1 + 1

3 + · · · + 1
2n−1

”
xn

n (|x| ! 1). 2890.
∞P

n=0

22n+1(n!)2

(2n+2)! x2n (|x| !

1). 2891. x + 1
3x3 + 2

15x5 + · · ·
`
|x| < π

2

´
. 2892. x − 1

3x3 + 2
15x5 + · · ·

`
|x| < π

2

´
.

2893. − 1
3x − 1

45x3 − 2
945x5 − · · · (|x| < π). 2894. E0 = 1,

nP
k=0

n
(−1)k En−k

(2k)!(2n−2k)!

o
=

0 (n = 1, 2, · · · ). 2895. P0(t) = 1; Pn(t) = (2n−1)!!
n!

ˆ
tn− n(n−1)

2(2n−1) t
n−2+ n(n−1)(n−2)(n−3)

2·4·(2n−1)(2n−3) tn−4−

· · ·
˜

(n " 1) (/,85('). 2896.
∞P

n=0
snxn, !" sn =

nP
k=0

ak (|x| < 1). 2897. (a) R "
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min{R1, R2}; (b) R " R1R2. 2901.
∞P

n=0
(−1)n x2n+1

n!(2n+1) (|x| < +∞). 2902. x +
∞P

n=1

(2n−1)!!
(2n)!!

x4n+1

4n+1 (|x| ! 1). 2903.
∞P

n=0
(−1)n x2n+1

(2n+1)(2n+1)! (|x| < +∞). 2904.
∞P

n=0
(−1)n x2n+1

(2n+1)2
(|x| !

1). 2905. x+ x2

4 − x3

36 + x4

96 − · · · (|x| < 1). 2906. 1
2 ln 1+x

1−x (|x| < 1). 2907. arctan x (|x| !
1). 2908. cosh x (|x| < +∞). 2909. 1 + 1−x

x ln(1 − x) (|x| ! 1); $ x = 0 " x = 1 %
)&#(. 2910. 1√

1−x
(−1 ! x < 1). 2911. x

(1−x)2
(|x| < 1). 2912. x(1−x)

(1−x)3
(|x| < 1).

2913. 2x
(1−x)3

(|x| < 1). 2916. R = 2; (x− 1)2 +(y− 1)2 < 4. 2917. R = 1√
2
; x2 + y2 < 1

2 .

2918. R = 1; x2 + y2 < 1. 2919. R = 1; x2 + y2 < 1. 2920. R =
˛̨
2 sin α

2

˛̨
; (x− cosα)2 +

(y − sinα)2 < 4 sin2 α
2 . 2921. 2.080, |R3| < 0.001. 2922. (a) 0.876 06 = arc 50◦11′40′′;

(b) 1.995 27; (c) 0.606 53; (d) 0.223 14. 2923. 0.309 02. 2924. 0.999 848. 2925. 0.158.

2926. 2.718 282. 2927. 0.182 3. 2928. 3.141 6. 2929. 3.142. 2930. 3.141 592 654.

2931. ln 2 = 0.693 15; ln 3 = 1.098 61. 2932. (a) 0.747; (b) 2.835; (c) 1.605; (d) 0.905;

(e) 1.057; (f) 0.119; (g) 0.337; (h) 0.927; (i) 8.041; (j) 0.488; (k) 0.507; (l) 0.783.

2933. 3.82. 2934. 4.84. 2935. 20.02 m. 2936. 3
8 − 1

2 cos 2x + 1
8 cos 4x. 2937. +,)

,#4&5(' Pn(x). 2938. 4
π

∞P
k=1

sin(2k−1)x
2k−1 ; π

4 . 2939. A
2 + 2A

π

∞P
k=0

1
2k+1 sin(2k + 1) πxl .

2940. 2
∞P

n=1
(−1)n+1 sin nx

n . 2941.
∞P

n=1

sin nx
n . 2942. π2 − 4

π

∞P
k=0

cos(2k+1)x
(2k+1)2

. 2943. (b−a)π
4 +

2(a−b)
π

∞P
k=0

cos(2k+1)x
(2k+1)2

+ (a + b)
∞P

n=1
(−1)n+1 sin nx

n . 2944. 2
3π

2 + 4
∞P

n=1

(−1)n+1

n2 cos nx.

2945. 2 sin πa
π

»
1
2a +

∞P
n=1

(−1)n+1 a cos nx
n2−a2

–
. 2946. 2 sin πa

π

∞P
n=1

(−1)n+1n sin nx
n2−a2 . 2947. 2 sinh πa

π
·

∞P
n=1

(−1)n+1n sin nx
n2+a2 . 2948. 2 sinh ah

»
1

2ah +
∞P

n=1
(−1)n ah cos nπx

h −πn sin nπx
h

(ah)2+(πn)2

–
. 2949. a + l + 2l

π
·

∞P
n=1

1
n

`
sin nπa

l cos nπx
l − cos nπa

l sin nπx
l

´
(a<x<a+2l). 2950. 1− 1

2 cos x+2
∞P

n=2

(−1)n+1

n2−1
cos nx.

2951. 16
π

∞P
n=1

(−1)n+1n
(4n2−1)2

sin 2nx. 2952. 4
π

∞P
k=0

n
(−1)k cos(2k+1)x

2k+1

o
. 2953. 4

π

∞P
k=0

(−1)k

(2k+1)2
sin(2k+

1)x. 2954. 4
π

∞P
k=0

cos(2k+1)x
(2k+1)2

. 2955. 1
2−

1
π

∞P
n=1

sin 2πnx
n (x $= ##). 2956. 1

4−
2
π2

∞P
n=0

cos 2π(2n+1)x
(2n+1)2

.

2957. 2
π
− 4
π

∞P
k=1

cos 2kx
4k2−1

. 2958. 2
π

+ 4
π

∞P
k=1

(−1)k+1

4k2−1
cos 2kx. 2959. α

1−α2 + 2
∞P

n=1

αn+1

1−α2 cos nx.

2960. 4
π

ln(1 +
√

2) +
∞P

n=1

»
8
π

ln(1 +
√

2) − 16
√

2
π

nP
k=1

(−1)k−1

(4k−3)(4k−1)

–
cos 4nx. 2961. (a) π2

3 +

4
∞P

n=1

(−1)n

n2 cos nx (−π ! x ! π); (b) 2π
∞P

n=1

(−1)n+1

n sin nx − 8
π

∞P
k=0

sin(2k+1)x
(2k+1)3

(0 ! x < π);

(c) 4π2

3 +4
∞P

n=1

cos nx
n2 −4π

∞P
n=1

sin nx
n (0 < x < 2π); π

2

6 , π
2

12 , π
2

8 . 2962. x2 = π2

3 +4
∞P

n=1
(−1)n cos nx

n2 ;

x3 = 2π2
∞P

n=1
(−1)n+1 sin nx

n + 12
∞P

n=1
(−1)n sin nx

n3 ; x4 = 1
5π

4 + 8π2
∞P

n=1
(−1)n cos nx

n2 +

48
∞P

n=1

(−1)n+1

n4 cos nx. 2963. α(π−α)
2 ; π

2−3πα+3α2

6 . 2964. 2
3 − 9

2π2

∞P
n=1

1
n2 cos 2πnx

3 +

1
2π2

∞P
n=1

cos 2πnx
n2 (0 ! x ! 3). 2965. 1

22m Cm
2m + 1

22m−1

mP
k=1

Cm−k
2m cos 2kx. 2966.

∞P
n=1

qn sin nx

(|q| < 1). 2967. 1+2
∞P

n=1
qn cos nx (|q| < 1). 2968.

∞P
n=0

qn cos nx. 2969. −2
∞P

n=1

qn

n cos nx.
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2970. − ln 2 −
∞P

n=1

cos nx
n . 2971. − ln 2 +

∞P
n=1

(−1)n+1 cos nx
n . 2972. −2

∞P
k=0

cos(2k+1)x
2k+1 .

2973.
∞P

k=0

sin(2k+1)x
(2k+1)2

. 2974. x(s) = a
2 −

4a
π2

∞P
k=0

1
(2k+1)2

cos (2k+1)πs
2a + 4a

π2

∞P
k=0

(−1)k

(2k+1)2
sin (2k+1)πs

2a ;

y(s) = a
2−

4a
π2

∞P
k=0

1
(2k+1)2

cos (2k+1)πs
2a + 4a

π2

∞P
k=0

(−1)k+1

(2k+1)2
sin (2k+1)πs

2a . 2975. f(−x) = f(x); f(π−

x) = −f(x). 2976. f(−x) = −f(x); f(π−x) = f(x). 2977. (a) −
∞P

k=0

 h
2

(2k+1)2
− 8
π

(−1)k

(2k+1)3

i

cos(2k + 1)x

ff `
0 ! x ! π

2

´
; (b)

∞P
k=0

»
2(−1)k+1

(2k+1)2
+ 8
π

1
(2k+1)3

–
sin(2k + 1)x

ff `
0 ! x ! π

2

´
.

2978. a2n = 0 (n = 0, 1, 2, · · · ), b2n = 0 (n = 1, 2, · · · ). 2979. a2n−1 = b2n−1 = 0 (n =

1, 2, 3, · · · ). 2980. (a) an = 0, b2k−1 = 0; (b) an = 0, b2k = 0. 2981. αn = an, βn = −bn.

2982. αn = −an, βn = bn. 2983. an = an cos nh + bn sin nh, bn = bn cos nh − an sin nh.

2984. A0 = a0, An = an
sin nh

nh , Bn = bn
sin nh

nh (n = 1, 2, · · · ). 2985. A0 = a2
0, An =

a2
n + b2

n; Bn = 0 (n = 1, 2, · · · ). 2986. 1
2 . 2987. 1

4 . 2988. 2 ln 2 − 1. 2989. 1
4 .

2990. 1
m

`
1 + 1

2 + · · · + 1
m

´
. 2991. ln 2− 1

2 . 2992. 3
4 . 2993. 1. 2994. 2(1− ln 2).

2995. 2e. 2996. 3e2. 2997. π
2

3 − 3. 2998. π
2

4 − 39
16 . 2999. 1

2 (cos 1 − sin 1).

3000. 2
3 ln 2 − 5

18 . 3001. ex(αmxm + αm−1xm−1 + · · · + α0), !"'# αk (k = 0, 1, · · · , m)

'"' P (n) = αmn(n−1) · · · (n−m+1)+αm−1n(n−1) · · · (n−m+2)+ · · ·+α1n+α0 "'
*. 3002. e

x
2

“
x2

4 + x
2 + 1

”
. 3003.

`
x2 + x + 1

x

´
e−x − 1

x . 3004.
“
1 − x2

2

”
cos x− x

2 sin x.

3005. $ x > 0 % 1
4

„
x+1√

x
sinh

√
x − cosh

√
x

«
; $ x < 0 % 1

4

„
x+1√

|x|
sin

p
|x|− cos

p
|x|

«
.

3006. ln 1
1−x . 3007. 2x arctan x−ln(1+x2) (|x| ! 1). 3008. 1

2 arctan x+ 1
4 ln 1+x

1−x (|x| < 1).

3009. (1 − x)−
a
d − 1 (|x| < 1). 3010.

`
1 − x

2

´− 1
3 − 1. 3011. 1+x

(1−x)3
(|x| < 1).

3012. x(3−x)
(1−x)3

(|x| < 1). 3013. (1 + 2x2)ex2
. 3014. π

3
√

3
+ 1

3 ln 2. 3015. π4 . 3016. 1√
2
.

3017. π2 . 3018. π−x
2 (0 < x < 2π). 3019. − ln

˛̨
2 sin x

2

˛̨
(0 < x < 2π). 3020. 1

2 ln

˛̨
˛̨ sin x+α

2
sin x−α

2

˛̨
˛̨.

3021. $ 0 < x < 2α % π
4 ; $ 2α < x < 2π − 2α % 0; $ 2π − 2α < x < 2π %

− π4 . 3022. π
4 sgn x (|x| < π). 3023. 1

2

`
1 − cos x

2

´
− x

2 sin x (|x| < π). 3024. π2

8 −
π
4 |x| (|x| ! π). 3025. x

2 (1 + cos x)− sin x ln
`
2 cos x

2

´
(|x| < π). 3026. ecos x cos sin x (|x| <

+∞). 3027. x = iπ, y = jπ (i, j = 0,±1,±2, · · · ). 3028. 2(arcsin x)2 (|x| ! 1).

3029. $ 0 ! x < 4% 4
4−x + 4

√
x

(4−x)
3
2

arcsin
√

x
2 ; $ −4 < x < 0% 4

4−x − 4
√

|x|

(4−x)
3
2

ln
√

|x|+
√

4−x

2 .

3030. 1
x−1 . 3031. a1

x . 3032. (a) x
1−x ; (b) 1

1−x . 3033. (a) x2

(1−x)2
; (b) x

(x−1)2
.

3034. 1. 3035. 1 +
∞P

n=1
(−1)n (2n−1)!!

(2n)!!
1

(2n+1)2
. 3036. π

2

12 . 3037. −
∞P

n=1

1
n(p+nq) .

3038. 2 − π2

6 . 3039. 1
24 . 3040. π

2

12 . 3041. F (k) = π
2


1 +

∞P
n=1

h
(2n−1)!!
(2n)!!

i2
k2n

ff
.

3042. E(k) = π
2


1−

∞P
n=1

h
(2n−1)!!
(2n)!!

i2
k2n

2n−1

ff
. 3043. 2πa

»
1−

`
1
2

´2
ε2 −

`
1·3
2·4

´2 ε4

3 − · · ·
–
, !

" ε "&%#*($. 3047. 2πan

n! . 3048. $ |α| ! 1 %" π
α ln(1 + α) ($ α = −1 " α = 0

%)$#&#(); $ |α| > 1 % π
α ln

`
1 + 1

α

´
. 3049. $ |α| ! 1 % 0; $ |α| > 1 % π lnα2.

3050. 2 ·10−6. 3061. 1
4 . 3062. 2. 3063. 3

7 . 3064. a− ln 2. 3065. (a) '#%$"%*"
#; (b) !; (c) !; (d) !. 3066. "#! 0. 3067. $". 3068. $ p > 1 %$". 3069. "
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#! 0. 3070. &$- p #$". 3071. $ a1 = a %$". 3072. $
pP

i=1
ai =

pP
i=1

bi %$".

3073. "#! 0. 3074. $". 3075. $". 3076. $". 3077. &$- x #$".

3078. &$- x #$". 3079. $ |x| < 1 %$". 3080. $ |x| < 2 %$". 3081. $
|x| > e %$". 3082. &$- x #$". 3083. $ |x| < 1, p "$##%, $# x = 1, p >

1, q > 1
2 %$". 3084. &$# x " p #$". 3085. "#. 3088. )+$".

3089. "#. 3090. $ p > 1 %2&$"; $ 1
2 < p ! 1 %)+$". 3091. "#.

3092. "#. 3093. "#. 3094. )+$". 3095. )+$". 3096. "#. 3097. $ α > 1

%2&$"; $ 1
2 < α ! 1 %)+$". 3109. F ′(x) = F (x)

∞P
n=1

f ′
n(x)

1+fn(x) ;
∞P

n=1
|fn(x)| <

+∞, |f ′
n(x)| < cn (n = 1, 2, · · · ), !"

∞P
n=1

cn < +∞. 3111. 157.970+θ ·0.000 4 (0 < θ < 1).

3112. 102 866 · 7.7
`
1 + θ

12 000

´
(|θ| < 1). 3113. 0.079 8 ·

`
1 + θ

300

´
(|θ| < 1). 3114. 1028 ·

1.378
`
1 + θ

288

´
(|θ| < 1). 3115. 1042 · 4.792

`
1 + θ

120

´
(|θ| ! 1). 3116. 0.124

`
1 + θ

300

´

(|θ| < 1). 3117. 0.355
`
1 + θ

600

´
(|θ| < 1). 3118. (2n − 1)!! =

√
2(2n)ne−n+ θn

12n (|θn| < 1).

3119. 22n
√
πn

e
θn
6n (|θn| < 1). 3120. (a) 1; (b) e; (c) e

2 ; (d) 1. 3121. P3(x) = 1 − 55
21x −

1
14x2 + 5

42x3; P3(−1) ≈ 3.43; P3(1) = −1.57; P3(6) ≈ 8.43. 3122. y = y0 +
y1−y−1

2h (x −
x0) +

y1−2y0+y−1
2h2 (x − x0)2. 3123. y = 0.808 + 0.193x − 0.001 01x2. 3124. sin x◦ ≈

5x
288

h
1 −

`
x

150

´2
i
; sin 20◦ ≈ 0.341; sin 40◦ ≈ 0.645; sin 80◦ ≈ 0.994. 3125. P (x) = 1

3 (7x2 −

4x4). 3126. 7 1
3 . 3127. Bn(x) = x; Bn(x) = x2 + x(1−x)

n ; Bn(x) =
`
1 − 1

n

´ `
1 − 2

n

´
x3 +

3
n

`
1 − 1

n

´
x2 + 1

n2 x. 3128. Bn(x) =
nP

i=0
f

`
a + i

n l
´
· Ci

n
(x−a)i(b−x)n−i

ln , !" l = b − a.

3129. Bn(x) = 1
8 (1−x)(1+x)3+ 1

16 (1+x)4. 3130. B2n(x) = 1
n

“
1−x2

4

”n nP
i=1

iCn−i
2n

h “
1+x
1−x

”i
+

“
1−x
1+x

”i i
. 3131. Bn(x) = eka

h
1 +

“
e

kl
n − 1

”
x−a

l

in
, !" l = b − a. 3132. Bn(x) =

1
2

» `
cos π

2n + i 2x
π

sin π
2n

´n
+

„
cos π

2n − i 2x
π

sin π
2n

«n–
, !" i =

√
−1. 3135. σ2n−1(x) =

π
2 − 8

π

n−1P
k=1

n−k
2n−1

cos(2k−1)x
(2k−1)2

.

!!!

3136. $$" y " 0. 3137. |x| ! 1; |y| " 1. 3138. % x2 + y2 ! 1. 3139. %#(,
x2 + y2 > 1. 3140. % 1 ! x2 + y2 ! 4. 3141. *! x ! x2 + y2 ! 2x. 3142. −1 !
x2 + y ! 1. 3143. $$" x + y < 0. 3144. !&&3#** |y| ! |x| (x $= 0). 3145. $*
" y = 0 " y = −2x"&!#!&&3#*, (.&!, 9!(0&)3) O(0, 0). 3146. '%
'" y2 = x, y2 = −x "*" y = 2 "*"#$&%*!, !(03) O(0, 0). 3147. !(%&
2πk ! x2 + y2 ! π(2k + 1) (k = 0, 1, 2, · · · ). 3148. %( x2 + y2 − z2 = 0 #(,, (.&!
9*&3). 3149. #!*!!##!' (!(0#'"). 3150. %)%$" x2+y2−z2 = −1

#",. 3151. $,*". 3152. !(%. 3153. $ y = ±x "&)''"#"+%$"
&. 3154. $,*". 3155. $#'&)"3)#*"/, 93)*(. 3156. $#&%&.

3157. !!!!!%)#"#$#'+"''"#"+%$"&. 3158. !5#+"&, !3)
!! Oy +. 3159. (a) ! z = 0 %"!!!%)#; ! z > 0 %"!5#+"&, &#,5$,
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!#'+, &3)!!*" x+ y = 0 "; (b) !5+", ,5)1$,! Ox +" Oy +, (.
*!&*, 3)!!*" y = x "; (c) ,"&)"( O(0, 0) #&$!*"&, !&! z > 0

%$,! Ox +" Oy +; ! z = 0%+&") O(0, 0); (d) $ z < 0%, $,! Ox +#*";

$ z > 0%, 3)!%'" y = x2 "#+"#!5, )!5)1$,! Ox +" Oy +, !"!5
.* Oy +#&*; $ z = 0 %, Oy +#&$+. 3160. ,!#'&) (!(0)&)!") #
% Ox +&+#%/. 3161. $" y = C

ln x . 3162. $" y = C+x
ln x . 3163. %(! Ox +"#

%% x2 + y2 = a2 &+#%&. 3164. % Oy +&+#,!) (−a, 0), (a, 0) #%& (!(0$
!)). 3165. ! z = 0, *"& x = mπ, y = nπ (m, n = 0,±1,±2, · · · ); ! z = −1 ! z = 1,

&$!& mπ < x < (m + 1)π, nπ < y < (n + 1)π, !" (−1)m+n = z. 3166. $,$"&.

3167. "(!#'&)#!(&&. 3168. $ u < 0, %)%$"&; $ u > 0, #)%$"&; $
u = 0, %(. 3169. &%/&, !&)+"*" x + y = 0, z = 0. 3170. ! u = 0, !(&&
x2 + y2 + z2 = πn (n = 0, 1, 2, · · · ); ! u = −1 ! u = 1, &+& πn < x2 + y2 + z2 < π(n + 1),

!" (−1)n = u. 3171. *"" z = f(y), x = 0 #/", !%"$,!*" y = ax, z = 0.

3172. $" z = f(x), y = 0 + Oz ++)""#$". 3173. 3)!#'&), *"" x = 1,

z = f(y) #(" (!.3)). 3174. *"" x = 1, z = f(y) #%"$,! Oxy $"#*
+". 3176. f

`
1, y

x

´
= f(x, y). 3177.

√
1 + x2. 3178. f(t) = 2 + t2; z = x − 1 +

√
y

(x > 0). 3179. f(x) = x2−x; z = 2y+(x−y)2. 3180. f(x, y) = x2 1−y
1+y . 3183.2. !!!.

3183.3. 0; !!. 3184. (a) 0, 1; (b) 1
2 , 1; (c) 0, 1; (d) 0, 1; (e) 1, ∞. 3185. 0.

3186. 0. 3187. a. 3188. 0. 3189. 0. 3190. 1. 3191. e. 3192. ln 2. 3193. (a) π2 !
ϕ ! 3π

2 ; (b) π
4 < ϕ < 3π

4 " 5π
4 < ϕ < 7π

4 . 3194. !+) x = 0, y = 0. 3195. *"
x + y = 0 "#""). 3196. O(0, 0) &#%%!+); *" x + y = 0 (x $= 0) "#)"!
&!+). 3197. #'+"#). 3198. *" x = mπ " y = nπ (m,n = 0,±1,±2, · · · ) "#
""). 3199. %% x2 + y2 = 1 "#). 3200. #'$" x = 0, y = 0 " z = 0 "#).

3201. (a, b, c). 3203.1. !)%$. 3203.2. !)%$. 3203.3. #!)%$. 3203.4. #
#! E "%$, 9#!)%$. 3211.2. f ′

x(x, 1) = 1. 3212.1. f ′
x(0, 0) = 0, f ′

y(0, 0) = 0; #
#!) O(0, 0) !!$. 3212.2. ##!) O(0, 0) !!$. 3212.3. ##!) O(0, 0) !$.

3213. ∂u
∂x = 4x3−8xy2, ∂u

∂y = 4y3−8x2y, ∂
2u
∂x2 = 12x2−8y2, ∂2u

∂x∂y = −16xy, ∂
2u
∂y2 = 12y2−8x2.

3214. ∂u
∂x = y + 1

y , ∂u
∂y = x − x

y2 , ∂
2u
∂x2 = 0, ∂2u

∂x∂y = 1 − 1
y2 , ∂2u

∂y2 = 2x
y3 . 3215. ∂u

∂x = 1
y2 , ∂u

∂y =

− 2x
y3 , ∂2u

∂x2 = 0, ∂2u
∂x∂y = − 2

y3 , ∂2u
∂y2 = 6x

y4 . 3216. ∂u
∂x = y2

(x2+y2)3/2 , ∂u
∂y = − xy

(x2+y2)3/2 , ∂2u
∂x2 =

− 3xy2

(x2+y2)5/2 , ∂2u
∂x∂y = y(2x2−y2)

(x2+y2)5/2 , ∂2u
∂y2 = − x(x2−2y2)

(x2+y2)5/2 . 3217. ∂u
∂x = sin(x + y) + x cos(x + y),

∂u
∂y = x cos(x + y), ∂2u

∂x2 = 2 cos (x + y) − x sin(x + y), ∂2u
∂x∂y = cos(x + y) − x sin(x + y),

∂2u
∂y2 = −x sin(x + y). 3218. ∂u

∂x = − 2x sin x2

y , ∂u
∂y = − cos x2

y2 , ∂2u
∂x2 = − 2 sin x2+4x2 cos x2

y ,
∂2u
∂x∂y = 2x sin x2

y2 , ∂2u
∂y2 = 2 cos x2

y3 . 3219. ∂u
∂x = 2x

y sec2 x2

y , ∂u
∂y =−x2

y2 sec2 x2

y , ∂2u
∂x2 = 2

y sec2 x2

y +
8x2

y2 sin x2

y sec3 x2

y , ∂2u
∂x∂y =− 2x

y2 sec2 x2

y − 4x3

y3 sin x2

y sec3 x2

y , ∂
2u
∂y2 = 2x2

y3 sec2 x2

y +2x4

y4 sin x2

y sec3 x2

y .

3220. ∂u
∂x = yxy−1, ∂u

∂y = xy ln x, ∂2u
∂x2 = y(y − 1)xy−2, ∂2u

∂x∂y = xy−1(1 + y ln x), ∂2u
∂y2 =

xy ln2 x (x > 0). 3221. ∂u
∂x = 1

x+y2 , ∂u
∂y = 2y

x+y2 , ∂2u
∂x2 = − 1

(x+y2)2
, ∂2u
∂x∂y = − 2y

(x+y2)2
,

∂2u
∂y2 = 2(x−y2)

(x+y2)2
. 3222. ∂u

∂x = − y
x2+y2 , ∂u

∂y = x
x2+y2 , ∂2u

∂x2 = − 2xy
(x2+y2)2

, ∂2u
∂x∂y = − x2−y2

(x2+y2)2
,

∂2u
∂y2 = − 2xy

(x2+y2)2
. 3223. ∂u

∂x = 1
1+x2 , ∂u

∂y = 1
1+y2 , ∂2u

∂x2 =− 2x
(1+x2)2

, ∂2u
∂x∂y = 0, ∂2u

∂y2 =− 2y
(1+y2)2

(xy $= 1). 3224. ∂u
∂x = |y|

x2+y2 , ∂u
∂y = −x sgn y

x2+y2 , ∂2u
∂x2 = − 2x|y|

(x2+y2)2
, ∂2u
∂x∂y = (x2−y2) sgn y

(x2+y2)2
, ∂2u
∂y2 =
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2x|y|
(x2+y2)2

(y $= 0). 3225. ∂u
∂x = − x

(x2+y2+z2)3/2 , ∂2u
∂x2 = 2x2−y2−z2

(x2+y2+z2)5/2 , ∂2u
∂x∂y = 3xy

(x2+y2+z2)5/2 .

3226. ∂u
∂x = z

x

`
x
y

´z
, ∂u
∂y = − z

y

`
x
y

´z
, ∂u
∂z =

`
x
y

´z
ln x

y , ∂2u
∂x2 = z(z−1)

x2

`
x
y

´z
, ∂2u
∂y2 = z(z+1)

y2

`
x
y

´z
,

∂2u
∂z2 =

`
x
y

´z
ln2 x

y , ∂2u
∂x∂y = − z2

xy

`
x
y

´z
, ∂2u
∂x∂z = 1

x

`
x
y

´z`
1 + z ln x

y

´
, ∂2u
∂y∂z = − 1

y

`
x
y

´z`
1 + z ln x

y

´
`

x
y > 0

´
. 3227. ∂u

∂x = yu
xz , ∂u

∂y = u ln x
z , ∂u

∂z = − yu
z2 ln x, ∂2u

∂x2 = y(y−z)u
x2z2 , ∂2u

∂y2 = u ln2 x
z2 , ∂2u

∂z2 =
yu ln x

z4 (2z + y lnx), ∂2u
∂x∂y = (z+y ln x)u

xz2 , ∂2u
∂x∂z = − yu(z+y ln x)

xz3 , ∂2u
∂y∂z = −u ln x(z+y ln x)

z3 (xz $= 0).

3228. ∂u
∂x = yz

x u, ∂u
∂y = zyz−1u lnx, ∂u

∂z = yzu ln x ln y, ∂
2u
∂x2 = yz(yz−1)

x2 u, ∂
2u
∂y2 = zyz−2u(z−1+

zyz lnx) lnx, ∂
2u
∂z2 = yzu(1 + yz ln x) ln x ln2 y, ∂2u

∂x∂y = zyz−1u
x (1 + yz ln x), ∂2u

∂x∂z = yzu ln y
x (1 +

yz lnx), ∂2u
∂y∂z = yz−1u ln x[1 + z ln y(1 + yz ln x)] (x > 0, y > 0). 3230.2. f ′′

xy(0, 0) !!!.

3235. du = xm−1yn−1(my dx + nxdy), d2u = xm−2yn−2[m(m − 1)y2 dx2 + 2mnxy dxdy +

n(n−1)x2 dy2]. 3236. du = y dx−x dy
y2 , d2u = − 2

y3 dy(y dx−xdy). 3237. du= x dx+y dy√
x2+y2

,

d2u= (y dx−x dy)2

(x2+y2)3/2 . 3238. du = x dx+y dy
x2+y2 , d2u = (y2−x2)( dx2− dy2)−4xy dx dy

(x2+y2)2
. 3239. du =

exy(y dx+xdy); d2u = exy[y2 dx2 +2(1+xy) dxdy+x2 dy2]. 3240. du = (y + z) dx+(z +

x) dy + (x + y) dz, d2u = 2(dxdy + dy dz + dz dx). 3241. du = (x2+y2) dz−2z(x dx+y dy)
(x2+y2)2

,

d2u = 2z[(3x2−y2) dx2+8xy dx dy+(3y2−x2) dy2]−4(x2+y2)(x dx+y dy) dz
(x2+y2)3

. 3242. dx − dy,

−2( dx − dy)( dy + dz). 3244. (a) 1 + mx + ny; (b) xy; (c) x + y. 3245. (a) 108.972;

(b) 1.055; (c) 2.95; (d) 0.502; (e) 0.97. 3246. &*""') 3mm; """')
140 cm2. 3247. "' 1.7 mm. 3249. ∆ ≈ 10.2 m3; δ ≈ 13%. 3250. ∆ ≈ 7.6 m.

3251. f ′
x(x, y) " f ′

y(x, y) !) (0, 0) #'$"#!. 3256. ∂4u
∂x4 = 24, ∂4u

∂x3∂y
= 0,

∂4u
∂x2∂y2 = −16. 3257. ∂3u

∂x2∂y
= 0. 3258. ∂6u

∂x3∂y3 = −6(cos x + cos y). 3259. ∂3u
∂x∂y∂z = 0.

3260. ∂3u
∂x∂y∂z = exyz (1+3xyz +x2y2z2). 3261. ∂4u

∂x∂y∂ξ∂η = − 6
r4 + 48(x−ξ)2(y−η)2

r8 , !" r =
p

(x − ξ)2 + (y − η)2. 3262. ∂p+qu
∂xp∂yq = p!q!. 3263. 2(−1)m(m+n−1)!(nx+my)

(x−y)m+n+1 . 3264. [x2 +

y2+2(mx+ny)+m(m−1)+n(n−1)]ex+y. 3265. (x+p)(y+q)(z+r)ex+y+z. 3266. sin nπ
2 .

3267. F (t) = f ′(t) + 3tf ′′(t) + t2f ′′′(t). 3268. d4u = 24( dx4 − 2dx3 dy − 2dxdy3 + dy4);
∂4u
∂x4 = 24, ∂4u

∂x3∂y
= −12, ∂4u

∂x2∂y2 = 0, ∂4u
∂x∂y3 = −12, ∂4u

∂y4 = 24. 3269. d3u = 6(dx3 −
3dx2 dy+3dxdy2+ dy3). 3270. d3u = −8(xdx+y dy)3 cos(x2+y2)−12(xdx+y dy)( dx2+

dy2) sin(x2 + y2). 3271. d10u =− 9!( dx+ dy)10

(x+y)10
. 3272. d6u = −( dx6 − 15dx4 dy2 +

15dx2 dy4− dy6) cos x cosh y−2dxdy(3 dx4−10dx2 dy2+3dy4) sin x sinh y. 3273. d3u =

6dxdy dz. 3274. d4u = 2
“

dx4

x3 + dy4

y3 + dz4

z3

”
. 3275. dnu = eax+by(adx + bdy)n.

3276. dnu=
nP

k=0
Ck

nX(n−k)(x)Y (k)(y)dxn−k dyk. 3277. dnu=f (n)(x + y + z)(dx + dy + dz)n.

3278. dnu = eax+by+cz(adx + bdy + cdz)n. 3280. (a) Au = −u, A2u = u; (b) Au = 1,

A2u = 0. 3281. (a) ∆u = 0; (b) ∆u = 0. 3282. (a) ∆1u = 9[(x2 − yz)2 + (y2 − xz)2 +

(z2 − xy)2], ∆2u = 6(x + y + z); (b) ∆1u = 1
r4 , !" r =

p
x2 + y2 + z2, ∆2u = 0.

3283. ∂u
∂x = 2xf ′(x2 + y2 + z2); ∂2u

∂x2 = 2f ′(x2 + y2 + z2) + 4x2f ′′(x2 + y2 + z2); ∂2u
∂x∂y =

4xyf ′′(x2+y2+z2). 3284. ∂u
∂x = f ′

1

`
x, x

y

´
+ 1

y f ′
2

`
x, x

y

´
; ∂u
∂y = − x

y2 f ′
2

`
x, x

y

´
; ∂

2u
∂x2 = f ′′

11

`
x, x

y

´
+

2
y f ′′

12

`
x, x

y

´
+ 1

y2 f ′′
22

`
x, x

y

´
; ∂2u
∂x∂y =− x

y2 f ′′
12

`
x, x

y

´
− x

y3 f ′′
22

`
x, x

y

´
− 1

y2 f ′
2

`
x, x

y

´
; ∂

2u
∂y2 = x2

y4 f ′′
22

`
x, x

y

´
+

2x
y3 f ′

2

`
x, x

y

´
. 3285. ∂u

∂x = f ′
1 + yf ′

2 + yzf ′
3;

∂u
∂y = xf ′

2 +xzf ′
3;

∂u
∂z = xyf ′′

3 ; ∂
2u
∂x2 = f ′′

11 + y2f ′′
22 +

y2z2f ′′
33 + 2yf ′′

12 + 2yzf ′′
13 + 2y2zf ′′

23;
∂2u
∂y2 = x2f ′′

22 +2x2zf ′′
23 + x2z2f ′′

33;
∂2u
∂z2 = x2y2f ′′

33;
∂2u
∂x∂y =

xyf ′′
22 + xyz2f ′′

33 + xf ′′
12 + xzf ′′

13 + 2xyzf ′′
23 + f ′

2 + zf ′
3;

∂2u
∂x∂z = xyf ′′

13 + xy2f ′′
23 + xy2zf ′′

33 + yf ′
3;
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∂2u
∂y∂z = x2yf ′′

23 + x2yzf ′′
33 + xf ′

3. 3286. ∂2u
∂x∂y = f ′′

11 + (x + y)f ′′
12 + xyf ′′

22 + f ′
2. 3287. ∆u =

3f ′′
11 + 4(x + y + z)f ′′

12 + 4(x2 + y2 + z2)f ′′
22 + 6f ′

2. 3288. du = f ′(t)( dx + dy); d2u =

f ′′(t)( dx+ dy)2. 3289. du = f ′(t)x dy−y dx
x2 ; d2u = f ′′(t) (x dy−y dx)2

x4 −2f ′(t) dx(x dy−y dx)
x3 .

3290. du = f ′ · x dx+y dy√
x2+y2

; d2u = f ′′ · (x dx+y dy)2

x2+y2 + f ′ · (y dx−x dy)2

(x2+y2) 3
2

. 3291. du = f ′(t) dt;

d2u = f ′′(t) dt2+f ′(t) d2t, !" dt = yz dx+zxdy+xydz, d2t = 2(z dxdy+y dxdz+xdydz).

3292. du = 2f ′ ·(xdx+ydy+z dz); d2u = 4f ′′ ·(xdx+ydy+z dz)2+2f ′ ·( dx2+ dy2+ dz2).

3293. du = af ′
1 dx + bf ′

2 dy; d2u = a2f ′′
11 dx2 + 2abf ′′

12 dxdy + b2f ′′
22 dy2. 3294. du =

f ′
1 · ( dx+ dy) + f ′

2 · ( dx− dy); d2u = f ′′
11 · ( dx+ dy)2 +2f ′′

12 · ( dx2 − dy2) + f ′′
22 · ( dx− dy)2.

3295. du = f ′
1 · (y dx+ xdy)+ f ′

2 · y dx−x dy
y2 ; d2u = f ′′

11 · (y dx+xdy)2 + 2f ′′
12 · y2 dx2−x2 dy2

y2 +

f ′′
22 · (y dx−x dy)2

y4 + 2f ′
1 · dxdy − 2f ′

2 · (y dx−x dy) dy
y3 . 3296. du = f ′

1 · ( dx + dy) + f ′
2 · dz;

d2u = f ′′
11 · ( dx + dy)2 + 2f ′′

12 · ( dx + dy) dz + f ′′
22 · dz2. 3297. du = f ′

1 · ( dx + dy + dz) +

2f ′
2 · (xdx+y dy+z dz); d2u = f ′′

11 ·( dx+ dy+ dz)2+4f ′′
12 ·( dx+ dy+ dz)(xdx+ydy+z dz)+

4f ′′
22 · (xdx+y dy+z dz)2 +2f ′

2 · ( dx2 + dy2 + dz2). 3298. du = f ′
1 · y dx−x dy

y2 +f ′
2 · z dy−y dz

z2 ;

d2u = f ′′
11 · (y dx−x dy)2

y4 + 2f ′′
12 · (y dx−x dy)(z dy−y dz)

y2z2 + f ′′
22 · (z dy−y dz)2

z4 − 2f ′
1 · (y dx−x dy) dy

y3 −
2f ′

2 · (z dy−y dz) dz
z3 . 3299. du = (f ′

1 + 2tf ′
2 + 3t2f ′

3) dt; d2u = (f ′′
11 + 4tf ′′

12 + 4t2f ′′
22 +

6t2f ′′
13 + 12t3f ′′

23 + 9t4f ′′
33 + 2f ′

2 + 6tf ′
3) dt2. 3300. du = af ′

1 dx + bf ′
2 dy + cf ′

3 dz; d2u =

a2f ′′
11 dx2 + b2f ′′

22 dy2 + c2f ′′
33 dz2 +2abf ′′

12 dxdy +2acf ′′
13 dxdz +2bcf ′′

23 dy dz. 3301. du =

2f ′
1 · (xdx + y dy) + 2f ′

2 · (xdx − y dy) + 2f ′
3 · (y dx + xdy); d2u = 4f ′′

11 · (xdx + y dy)2 +

4f ′′
22 · (xdx− y dy)2 +4f ′′

33 ·(y dx+xdy)2+8f ′′
12 ·(x2 dx2−y2 dy2)2 +8f ′′

13 ·(xdx+ydy)(y dx+

xdy) + 8f ′′
23 · (xdx− y dy)(y dx + xdy) + 2f ′

1 · ( dx2 + dy2) + 2f ′
2 · ( dx2 − dy2) + 4f ′

3 · dxdy.

3302. dnu = f (n)(ax + by + cz)(adx + bdy + cdz)n. 3303. dnu =
`
adx ∂

∂ξ + bdy ∂
∂η +

cdz ∂
∂ξ

´n
f(ξ, η, ζ), !" ξ = ax, η = by, ζ = cz. 3304. dnu =

ˆ
dx

`
a1

∂
∂ξ + a2

∂
∂η + a3

∂
∂ζ

´
+

dy
`
b1

∂
∂ξ + b2

∂
∂η + b3

∂
∂ζ

´
+ dz

`
c1

∂
∂ξ + c2

∂
∂η + c3

∂
∂ζ

´˜n
f(ξ, η, ζ). 3305. F (r) = f ′′(r)+ 2

r f ′(r).

3316. 1. 3319. xyz. 3331. x ∂z
∂x −y ∂z

∂y = x. 3332. 2x ∂z
∂x +y ∂z

∂y = 2z. 3333. y ∂z
∂x −x ∂z

∂y =

0. 3334. ∂u
∂x + ∂u

∂y + ∂u
∂z = 0. 3335. x ∂u

∂x +y ∂u
∂y +z ∂u

∂z = 0. 3336. ∂2z
∂y∂x = 0. 3337. z ∂2z

∂y∂x =
∂z
∂x

∂z
∂y . 3338. ∂

2z
∂x2 − ∂2z

∂y2 = 0. 3339. x ∂z
∂x + y ∂z

∂y = z. 3340. x2 ∂2z
∂x2 −y2 ∂2z

∂y2 +x ∂z
∂x −y ∂z

∂y = 0.

3341. 1 −
√

3. 3342. ∂z
∂l = cosα+ sinα; (a) α = π

4 ; (b) α = 5π
4 ; (c) α = 3π

4 # α = 7π
4 .

3343. 2√
x2
0+y2

0
. 3344. 1

ab

p
2(a2 + b2). 3345. ∂u

∂l = cosα + cosβ + cos γ; | grad u| =
√

3.

3346. | grad u| = 1
r2
0
; cos(grad̂u, x) = −x0

r0
; cos(grad̂u, y) = − y0

r0
, cos(grâd u, z) = − z0

r0
, !

" r0 =
p

x2
0 + y2

0 + z2
0 . 3347. π2 . 3348. 1000π −

√
3 ≈ 3 142. 3350. ∂2u

∂l2
= ∂2u

∂x2 cos2 α+
∂2u
∂y2 cos2 β+ ∂2u

∂z2 cos2 γ + 2 ∂2u
∂x∂y cosα cosβ + 2 ∂2u

∂x∂z cosα cos γ + 2 ∂2u
∂y∂z cos β cos γ. 3352. − 1

2 .

3353. u′′
xx(x, 2x) = u′′

yy(x, 2x) = − 4x
3 , u′′

xy(x, 2x) = 5x
3 . 3354. z = xϕ(y)+ψ(y). 3355. z =

ϕ(x)+ψ(y). 3356. z = ϕ0(x)+yϕ1(x)+ · · ·+yn−1ϕn−1(x). 3357. u = ϕ(x, y)+ψ(x, z)+

χ(y, z). 3358. u = 1+x2y+y2−2x4. 3359. z = 1+xy+y2. 3360. z = x+y2+ 1
2xy(x+y).

3362. ## f(x) #")-,!!! (a, b) "#$$!,#, %## f(x) #")!!&-,(
$-#!! (α,β) ⊂ (a, b). 3363. ## f(x) #")-,!!! (a, b) "#"$$!,#,

### f(x) #$!!") ξ !%"## g(x) #"), )(!!"#&# lim
x→ξ

[g(x)/f(x)].

3364. (1) #%5!; (2) !!; (3) (a) !!; (b) !!. 3365. (1) #%5!; (2) *!:
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y = ±x, y = ±|x|; (3) !!; (4) (a) !!, (b) *!; (5) !!. 3366. (1) !"#(!$;

(2) 0 < |x| < 1, |x| =
√

1+
√

2
2 ; (3) x = 0, |x| = 1; (4) 1 < |x| <

q
1+

√
2

2 ; #(),

y = ε

r
1
2 +

q
1
4 + x2 − x4

“
|x| !

q
1+

√
2

2

”
; y = ε

r
1
2 −

q
1
4 + x2 − x4

“
1 ! |x| !

q
1+

√
2

2

”
,

!" ε = ±1. 3367. ),): (−1, 0), (0, 0), (1, 0); y = ε(x)

q√
8x2+1−(2x2+1)

2 (|x| ! 1), !"
ε(x) = ±1, ± sgn x. 3368. ## ϕ(y) #($%## f(x) #($#"&)). 3371. y′ =

− x+y
x−y ; y′′ = 2a2

(x−y)3
. 3372. y′ = x+y

x−y ; y′′ = 2(x2+y2)
(x−y)3

. 3373. y′ = 1
1−ε cos y ; y′′ = −ε sin y

(1−ε cos y)3
.

3374. y′ = y2(1−ln x)
x2(1−ln y)

; y′′ = y2[y(1−ln x)2−2(x−y)(1−ln x)(1−ln y)−x(1−ln y)2]
x4(1−ln y)3

. 3375. y′ = y
x ; y′′ =0.

3378. y′
1(0) = −1; y′

2(0) = 1. 3379. y′
1(0) = 0; y′

2(0) = −
√

3; y′
3(0) =

√
3. 3380. y′ =

− 2x+y
x+2y ; y′′ = − 18

(x+2y)3
; y′′′ = − 162x

(x+2y)5
. 3381. y′ = 0; y′′ = − 2

3 ; y′′′ = − 2
3 . 3383. ∂z

∂x = −x
z ;

∂z
∂y = − y

z ; ∂2z
∂x2 = −x2+z2

z3 ; ∂2z
∂x∂y = −xy

z3 ; ∂2z
∂y2 = − y2+z2

z3 . 3384. ∂z
∂x = yz

z2−xy
; ∂z
∂y = xz

z2−xy
;

∂2z
∂x2 = − 2xy3z

(z2−xy)3
; ∂2z
∂y2 = − 2x3yz

(z2−xy)3
; ∂2z
∂x∂y = z(z4−2xyz2−x2y2)

(z2−xy)3
. 3385. ∂z

∂x = ∂z
∂y = 1

x+y+z−1 ;
∂2z
∂x2 = ∂2z

∂x∂y = ∂2z
∂y2 = − x+y+z

(x+y+z−1)3
. 3386. ∂z

∂x = xz
x2−y2 ; ∂z

∂y = − yz
x2−y2 ; ∂2z

∂x2 = − y2z
(x2−y2)2

;
∂2z
∂x∂y = xyz

(x2−y2)2
; ∂

2z
∂y2 =− x2z

(x2−y2)2
. 3387. ∂z

∂x = ∂z
∂y =−1, ∂

2z
∂x2 = ∂2z

∂x∂y = ∂2z
∂y2 =0. 3388. (a) −2;

(b) −1. 3389. ∂2z
∂x2 = − 2

5 ; ∂2z
∂x∂y = − 1

5 ; ∂2z
∂y2 = − 394

125 . 3390. dz = − c2

z

`
x dx
a2 + y dy

b2

´
;

d2z = − c4

z3

h“
x2

a2 + z2

c2

”
dx2

a2 + 2xy
a2b2

dxdy +
“

y2

b2
+ z2

c2

”
dy2

b2

i
. 3391. dz=− (1−yz) dx+(1−xz) dy

1−xy ;

d2z = − 2{y(1−yz) dx2+[x+y−z(1+xy)] dx dy+x(1−xz) dy2}
(1−xy)2

. 3392. dz = z(y dx+z dy)
y(x+z) ;

d2z = − z2(y dx−x dy)2

y2(x+z)3
. 3393. dz = dx − (x−z) dy

(x−z)2+y(y+1)
; d2z = 2(x−z)(y+1)[(x−z)2+y2]

[(x−z)2+y(y+1)]3
dy2.

3394. du = −u2( dx+ dy)−z2 dz
u[2(x+y)−u] . 3395. ∂2z

∂x∂y = − 4(x−z)(y−z)
(F ′

1+2zF ′
2)3

[F ′2
2 F ′′

11−2F ′
1F

′
2F

′′
12+F ′2

1 F ′′
22]−

2(F ′
1+2xF ′

2)(F ′
1+2yF ′

2)F ′
2

(F ′
1+2zF ′

2)3
. 3396. ∂z

∂x =
F ′
1−F ′

3
F ′
2−F ′

3
; ∂z
∂y =

F ′
2−F ′

1
F ′
2−F ′

3
. 3397. ∂z

∂x = −
“
1 +

F ′
1+F ′

2
F ′
3

”
;

∂z
∂y = −

“
1 +

F ′
2

F ′
3

”
; ∂

2z
∂x2 = −F ′−3

3 [F ′2
3 (F ′′

11+2F ′′
12+F ′′

22)−2(F ′
1+F ′

2)F
′
3(F

′′
13+F ′′

23)+(F ′
1+F ′

2)
2F ′′

33].

3398. (1) ∂2z
∂x2 = −(xF ′

1 + yF ′
2)

−3[y2z2(F ′2
2 F ′′

11 − 2F ′
1F

′
2F

′′
12 + F ′2

1 F ′′
22) − 2z(xF ′

1 + yF ′
2)F

′2
1 ];

(2) (a) d2z = −F ′2
2 F ′′

11−2F ′
1F ′

2F ′′
12+F ′2

1 F ′′
22

(F ′
1+F ′

2)3
( dx− dy)2; (b) d2z =

F ′2
2 F ′′

11−2F ′
1F ′

2F ′′
12+F ′2

1 F ′′
22

(xF ′
1+yF ′

2)3
(y dx−

xdy)2. 3399. dz = 1
9 (2 dx − dy); d2z = − 2

243 (2 dx2 − 5dxdy + 2dy2). 3401. dx
dz = y−z

x−y ;
dy
dz = z−x

x−y . 3402. (a) dx
dz = 0, dy

dz = −1, d2x
dz2 = − d2y

dz2 = − 1
4 ; (b) ∂u

∂x = −xu+yv
x2+y2 ; ∂v

∂x =
yu−xv
x2+y2 ; ∂u

∂y = xv−yu
x2+y2 ; ∂v

∂y = −xu+yv
x2+y2 (x2 + y2 > 0). 3403. du = − 1

3 dy, dv = −dx + 1
3 dy.

3404. du = (sin v+x cos v) dx−(sin u−x cos v) dy
x cos v+y cos u ; dv = −(sin v−y cos u) dx+(sin u+y cos u) dy

x cos v+y cos u ; d2u =

−d2v = (2 dx cos v−x dv sin v) dv
x cos v+y cos u − (2 dy cos u−y du sin u) du

x cos v+y cos u . 3405. du = 1
2 ( dx + dy); dv =

π
4 dy − 1

2 ( dx − dy); d2u = dx2; d2v = 1
2 ( dx − dy)2. 3406. dy

dx = 2
`
t + 1

t

´
; dz

dx =

3
`
t2 + 1

t2
+ 1

´
; d2y

dx2 = 2; d2z
dx2 = 6

`
t + 1

t

´
. 3407. y " x2

2 ; ∂z
∂x = −3uv; ∂z

∂y = 3
2 (u + v)

(u $= v). 3408. (a) ∂z
∂x = 3

2 ; ∂z
∂y = − 1

2 ; (b) ∂2z
∂x∂y = 26

121 ; (c) ∂2z
∂x2 = − sin2 ϕ+cos2 ϕ cos2 ψ

sin3 ϕ
.

3409. ∂2z
∂x2 = sin 2v

u2 , ∂2z
∂x∂y = − cos 2v

u2 , ∂2z
∂y2 = − sin 2v

u2 . 3410. dz = 0; d2z = 1
2 ( dx2 − dy2).

3411. dz
dx = 2(x2−y2)

x−2y ; d2z
dx2 = 4x−2y

x−2y + 6x
(x−2y)3

. 3412. ∂u
∂x = 1

y+z + (x+1)(y−x)
(z+1)(y+z) e

x−z; ∂u
∂y =

− x+z
(y+z)2

+ (y+1)(y−x)
(z+1)(y+z)2

ey−z. 3413. ∂z
∂x = − 1

I

`
∂ψ
∂u

∂χ
∂v − ∂ψ

∂v
∂χ
∂u

´
, ∂z
∂y = − 1

I

`
∂χ
∂u

∂ϕ
∂v − ∂χ

∂v
∂ϕ
∂u

´
, !

" I = ∂ϕ
∂u

∂ψ
∂v − ∂ψ

∂u
∂ϕ
∂v . 3414. ∂u

∂x = 1
I
∂ψ
∂v ; ∂u

∂y = − 1
I
∂ϕ
∂v ; ∂

2u
∂x2 = − 1

I3

n“
∂ψ
∂v

∂2ϕ
∂u2 − ∂ϕ

∂v
∂2ψ
∂u2

”“
∂ψ
∂v

”2
−

2
“
∂ψ
∂v

∂2ϕ
∂u∂v − ∂ϕ

∂v
∂2ψ
∂u∂v

”
∂ψ
∂u

∂ψ
∂v +

“
∂ψ
∂v

∂2ϕ
∂v2 − ∂ϕ

∂v
∂2ψ
∂v2

”“
∂ψ
∂u

”2o
; ∂2u
∂x∂y = 1

I3

n“
∂ψ
∂v

∂2ϕ
∂u2 − ∂ϕ

∂v
∂2ψ
∂u2

”
∂ϕ
∂v

∂ψ
∂v −

“
∂ψ
∂v

∂2ϕ
∂u∂v − ∂ϕ

∂v
∂2ψ
∂u∂v

” “
∂ϕ
∂u

∂ψ
∂v + ∂ϕ

∂v
∂ψ
∂u

”
+

“
∂ψ
∂v

∂2ϕ
∂v2 − ∂ϕ

∂v
∂2ψ
∂v2

”
∂ϕ
∂u

∂ψ
∂u

o
; ∂2u
∂y2 = − 1

I3

n“
∂ψ
∂v

∂2ϕ
∂u2 −
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∂ϕ
∂v

∂2ψ
∂u2

”“
∂ϕ
∂v

”2
− 2

“
∂ψ
∂v

∂2ϕ
∂u∂v − ∂ϕ

∂v
∂2ψ
∂v2

”
∂ϕ
∂u

∂ϕ
∂v +

“
∂ψ
∂v

∂2ϕ
∂v2 − ∂ϕ

∂v
∂2ψ
∂v2

”“
∂ϕ
∂u

”2o
, !" I = ∂ϕ

∂u
∂ψ
∂v −

∂ϕ
∂v

∂ψ
∂u . 3415. (a) ∂u

∂x = cos v
u ; ∂u

∂y = sin v
u ; ∂v

∂x = −
`
sin v

u − v
u cos v

u

´
; ∂v
∂y = cos v

u +
v
u sin v

u ; (b) ∂u
∂x = sin v

eu(sin v−cos v)+1 ; ∂u
∂y = − cos v

eu(sin v−cos v)+1 ; ∂v
∂x = −(eu−cos v)

u[eu(sin v−cos v)+1] ;
∂v
∂y =

eu+sin v
u[eu(sin v−cos v)+1] . 3416. du

dx = I
I1

; d2u
dx2 = 1

I3
1

n
∂(g,h)
∂(y,z)

`
I1

∂
∂x + I2

∂
∂y + I3

∂
∂z

´2
f + ∂(h,f)

∂(y,z)

`
I1

∂
∂x +

I2
∂
∂y + I3

∂
∂z

´2
g + ∂(f,g)

∂(y,z)

`
I1

∂
∂x + I2

∂
∂y + I3

∂
∂z

´2
h

o
, !" I1 = ∂(g,h)

∂(y,z) , I2 = ∂(g,h)
∂(z,x) , I3 =

∂(g,h)
∂(x,y) , I = D(f,g,h)

D(x,y,z) . 3417. ∂u
∂x = ∂f

∂x ; ∂u
∂y = ∂f

∂y + I2
I1

∂g
∂y , !" I1 = ∂(g,h)

∂(z,t) , I2 = ∂(h,f)
∂(x,t) .

3418. ∂u
∂x = I1

I ; ∂u
∂y = I2

I ; ∂u
∂z = I3

I , !" I1 = ∂(g,h)
∂(v,w) , I2 = ∂(h,f)

∂(v,w) , I3 = ∂(f,g)
∂(v,w) , I = D(f,g,h)

D(u,v,w) .

3419. dz = − I1 dx+I2 dy
I3

, !" I1 = ∂(f,g)
∂(x,t) , I2 = ∂(f,g)

∂(y,t) , I3 = ∂(f,g)
∂(z,t) . 3431. x′′′ + xx′5 = 0.

3432. x(4) = 0. 3433. d2x
dt2

− t
`

dx
dt

´3
= 0. 3434. d2y

dt2
+ y = 0. 3435. d3y

dt3
− 3 d2y

dt2
+

2 dy
dt − 6y = 0. 3436. d2y

dt2
+ n2y = 0. 3437. d2y

dt2
+ m2y = 0. 3438. u′′ + [q(x) −

1
4p2(x)− 1

2p′(x)]u = 0. 3439. d2u
dt2

+(u+3) du
dt +2u = 0. 3440. d2u

dt2
= 0. 3441. d2u

dt2
= 0.

3442. d2u
dt2

+ 8u
`

du
dt

´3
= 0. 3443. t5 d3u

dt3
+ (3t4 + 1) d2u

dt2
+ du

dt = 0. 3444. u′′ − u′ =
A

(a−b)2
u. 3446. Φ(1, u, u′ + u2) = 0. 3447. F (xu′ + u2 − u, u, 1) = 0. 3450. dr

dϕ = r.

3451. r′2 = 1−sin 2ϕ
sin 2ϕ r2. 3452. r(r2+2r′2−rr′′) = r′3. 3453. r′

r . 3454. K = |r2+2r′2−rr′′|

(r2+r′2)
3
2

.

3455. dr
dt = kr3; dϕ

dt = −1. 3456. w = d
dt

`
r2 dϕ

dt

´
. 3457. Y ′ = x; Y ′′ = 1

y′′ ; Y ′′′ = − y′′′

y′′3 .

3458. z = ϕ(x+y), !" ϕ"$#!$##. 3459. z = ϕ(x2+y2). 3460. z = x
a +ϕ(y − bz).

3461. z = xϕ
`

y
x

´
. 3462. ∂z

∂u + ∂z
∂v = eu sinh v. 3463. ∂z

∂u = ∂z
∂v . 3464. ∂z

∂v = 1
2 .

3465. ∂z
∂v = z

v ·
z2+u
z2−u

. 3466. (2u+v−z) ∂z
∂u+(u+2v−z) ∂z

∂v = u+v−z. 3467. ex+y−z2

1−e−x ∂z
∂ξ−e−y ∂z

∂η

.

3468.
( ∂z
∂u )2+( ∂z

∂v )2

u2+v2 . 3469. ∂u
∂ξ = 0. 3470. ∂x

∂y = x−z
y . 3471. ∂x

∂u + ∂x
∂v = u

v .

3472. A =
u2

n
x2−2xu ∂x

∂u +u2
h
( ∂x
∂u )2+(∂x

∂v )2
io

x4(u ∂x
∂u +v ∂x

∂v )2
. 3473. ∂u

∂ξ + ∂u
∂η + ∂u

∂ζ + 3u + (eξ + eη + eζ) = 0.

3474. ∂w
∂v = 0. 3475. ∂w

∂u = 0. 3476. ∂w
∂v = 0. 3477. u2

`
∂w
∂u

´2
+ v2

`
∂w
∂v

´2
= w2 ∂w

∂u
∂w
∂v .

3478.
e2u(1− ∂w

∂v cos2 v)
∂w
∂u

. 3479. A = ∂w
∂u : ∂w

∂v . 3480. ∂w
∂ζ = ξη

ζ . 3481. w = ∂u
∂ϕ . 3482. w =

r ∂u
∂r . 3483. w =

`
∂u
∂r

´2
+ 1

r2

`
∂u
∂ϕ

´2
. 3484. w = ∂2u

∂r2 + 1
r
∂u
∂r + 1

r2
∂2u
∂ϕ2 . 3485. w = r2 ∂2u

∂r2 .

3486. w = ∂2z
∂ϕ2 . 3487. I = 1

r

`
∂u
∂r

∂v
∂ϕ − ∂u

∂ϕ
∂v
∂r

´
. 3488. u = ϕ(x− at) + ψ(x + at), !" ϕ "

ψ "$###. 3489. 3 ∂2z
∂v∂u + ∂z

∂u = 0. 3490. ∂2z
∂u2 + ∂2z

∂v2 = 0. 3491. a
“
∂2z
∂u2 − ∂z

∂u

”
+

2b ∂2z
∂u∂v + c

“
∂2z
∂v2 − ∂z

∂v

”
= 0. 3492. ∂2z

∂u2 + ∂2z
∂v2 = 0. 3493. ∂2z

∂u2 + ∂2z
∂v2 + m2e2uz = 0.

3494. ∂2z
∂u∂v = 0. 3495. ∂2z

∂u∂v = 1
2u

∂z
∂v . 3496. ∂2z

∂v∂u = 2
u(4−uv)

∂z
∂v . 3497.(u2−v2) ∂2z

∂u∂v =

v ∂z
∂u . 3498. ∂

2z
∂v2 = 2u

u2+v2
∂z
∂u . 3499. ∂2z

∂u∂v + 1
u2−v2

`
v ∂z
∂u − u ∂z

∂v

´
= 0. 3500.

`
1 − ∂z

∂v

´
∂2z
∂u∂v +

∂z
∂u

∂2z
∂v2 = 1. 3501. u = ϕ(x + λ1y) + ψ(x + λ2y), !" λ1 " λ2 "$' A + 2Bλ +

Cλ2 = 0 #". 3503. (a) ∆u = d2u
dr2 + 1

r
du
dr ; (b) ∆(∆u) = d4u

dr4 + 2
r

d3u
dr3 − 1

r2
d2u
dr2 + 1

r3
du
dr .

3504. u d2w
du2 + dw

du + cw = 0. 3505. A = X ∂2u
∂X2 − Y ∂2u

∂X∂Y + ∂u
∂X . 3508. ξ ∂∂ξ

`
ξ ∂u
∂ξ

´
+

η ∂
∂η

`
η ∂u
∂η

´
+ ζ ∂

∂ζ

`
ζ ∂u
∂ζ

´
= 2

“
ξη ∂2u

∂ξ∂η + ξζ ∂
2u

∂ξ∂ζ + ηζ ∂2u
∂η∂ζ

”
. 3509. ∂2z

∂y2
1

+ ∂2z
∂y2

2
+ ∂2z

∂y2
3

= 0.

3510. ∂2u
∂ζ2

= 0. 3511. ∆1u =
`
∂u
∂r

´2
+ 1

r2

`
∂u
∂θ

´2
+ 1

r2 sin2 θ

`
∂u
∂ϕ

´2
; ∆2u = 1

r2

h
∂
∂r

`
r2 ∂u

∂r

´
+

1
sin θ

∂
∂θ

`
sin θ ∂u

∂θ

´
+ 1

sin2 θ
∂2u
∂ϕ2

i
. 3512. w

“
∂2w
∂x2 + ∂2w

∂y2

”
=

`
∂w
∂x

´2
+

`
∂w
∂y

´2
. 3513. ∂2w

∂u2 = 0.

3514. ∂
2w
∂v2 = 0. 3515. ∂2w

∂u2 = 1
2 . 3516. ∂

2w
∂u2 + ∂2w

∂u∂v = 2w. 3517. ∂
2w
∂u2 +

`
v
u − 1

´
∂2w
∂v2 = 0.

3518. ∂2w
∂u2 + ∂2w

∂v2 +
`
∂w
∂u

´2
+

`
∂w
∂v

´2
= 0. 3519. ∂2w

∂u∂v = w
4 sin2(u−v)

. 3520. ∂2w
∂u2 + ∂2w

∂v2 = 0.
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3523. ∂2w
∂u∂v = 0. 3524. ∂2w

∂ξ2
+ ∂2w

∂η2
+ ∂2w

∂ζ2
= ∂w

∂ξ + ∂w
∂η + ∂w

∂ζ + (ew − 1)
h`

∂w
∂ξ

´2
+

`
∂w
∂η

´2
+

`
∂w
∂ζ

´2
i
. 3526. x = yϕ(z)+ψ(z). 3527. A(X, Y ) ∂

2Z
∂Y 2 −2B(X, Y ) ∂2Z

∂X∂Y +C(X,Y ) ∂
2Z

∂X2 = 0.

3528. x−x0
− cosα sin t0

= y−y0
− sinα cos t0

= z−z0
cos t0

; z − z0 = (x − x0) cosα tan t0 + (y − y0) sinα tan t0,

!" x0 = a cosα cos t0, y0 = a sinα cos t0, z0 = a sin t0. 3529. x
a + z

c = 1, y = b
2 ;

ax − cz = 1
2 (a2 − c2). 3530. x−1

1 = y−1
1 = z−1

2 ; x + y + 2z = 4. 3531. x−1
3 = y−1

3 =
z−3
−1 ; 3x + 3y − z = 3. 3532. x + z = 2, y + 2 = 0; x − z = 0. 3533. M1(−1, 1, −1);

M2

`
− 1

3 , 1
9 , − 1

27

´
. 3537. tanϕ = f ′

x(x0, y0) cosα + f ′
y(x0, y0) sinα. 3538. ∂u

∂l = − 16
243 .

3539. 2x + 4y − z − 5 = 0; x−1
2 = y−2

4 = z−5
−1 . 3540. 3x + 4y + 12z = 169; x

3 = y
4 = z

12 .

3541. z = π
4 − 1

2 (x− y); x−1
1 = y−1

−1 =
z− π

4
2 . 3542. ax0x + by0y + cz0z = 1; x−x0

ax0
= y−y0

by0
=

z−z0
cz0

. 3543. x + y − 2z = 0; x−1
−1 = y−1

−1 = z−1
2 . 3544. x + y − 4z = 0; x−2

1 = y−2
1 = z−1

−4 .

3545. x
a cosψ0 cosϕ0 + y

b cosψ0 sinϕ0 + z
c sinψ0 = 1; x secψ0 secϕ0−a

bc = y secψ0 cscϕ0−b
ac =

z cscψ0−c
ab . 3546. x cosϕ0 + y sinϕ0 − z tanα = 0; x−r0 cosϕ0

cosϕ0
= y−r0 sinϕ0

sinϕ0
= z−r0 cotα

− tanα .

3547. ax sin v0 − ay cos v0 + u0z = au0v0;
x−u0 cos v0

a sin v0
= y−u0 sin v0

−a cos v0
= z−av0

u0
. 3548. 3x

u0
−

3y
u2
0

+ z
u3
0

= 2. 3549. A(0, ±2
√

2, ∓2
√

2); B(±2, ∓4, ±2); C(±4, ∓2, 0). 3550. x = ± a2

d ,

y = ± b2

d , z = ± c2

d , !" d =
√

a2 + b2 + c2. 3551. x + 4y + 6z = ±21. 3556. x2 +

y2 − xy = 1, z = 0; 3y2 + 4z2 = 4, x = 0; 3x2 + 4z2 = 4, y = 0. 3557. δ < 0.003.

3559. cosϕ = 2bz0

a
√

a2+b2
. 3563. ∂u

∂n = x0 + y0 + z0; (a) x0 = y0 = z0 = 1√
3
; (b) x0 = y0 =

z0 = − 1√
3
; (c) !%% x + y + z = 0, x2 + y2 + z2 = 1 ". 3564. ∂u

∂n = 2
“

x2
0

a4 +
y2
0

b4
+

z2
0

c4

”− 1
2
.

3566. x2+ y2 =p2. 3567. y=±x. 3568. y2 =4ax. 3569.#()". 3570. x
2
3 + y

2
3 = l

2
3 .

3571. |xy| = S
2π . 3572. y =

v2
0

2g − gx2

2v2
0
. 3574. (a) y = 0 &()" (%)#/.); (b) y = 0

&()"; (c) y = 0 &") (()) #/.; (d) x = 0 "!-)#/., x = a "()".

3575. %% (
p

x2 + y2−R)2+z2 = r2. 3576. x2 sin2 α+y2 sin2 β+z2 sin2 γ−2xy cosα cosβ−
2xz cosα cos γ − 2yz cosβ cos γ = 1. 3577. |xyz| = V

4π
√

3
. 3578.

˛̨
z ±

p
x2 + y2

˛̨
= ρ

√
2.

3579.
˛̨
˛ x y
x0 y0

˛̨
˛
2
+

˛̨
˛ y z
y0 z0

˛̨
˛
2
+

˛̨
˛ z x
z0 x0

˛̨
˛
2

! R2(x2+y2+z2). 3580. (x−x0)
2+(y−y0)

2 = (z−z0)
2.

3581. f(x, y) = 5 + 2(x − 1)2 − (x − 1)(y + 2) − (y + 2)2. 3582. f(x, y, z) = 3[(x − 1)2 +

(y − 1)2 + (z − 1)2 − (x − 1)(y − 1) − (x − 1)(z − 1) − (y − 1)(z − 1)] + (x − 1)3 + (y − 1)3 +

(z − 1)3−3(x − 1)(y − 1)(z − 1). 3583. ∆f(1,−1) = h−3k+(−h2−2hk+k2)+(h2k+hk2).

3584. f(x+h, y +k, z + l) = f(x, y, z)+2[h(Ax+Dy +Ez)+k(Dx+By+Fz)+ l(Ex+Fy+

Cz)]+ f(h, k, l). 3585. xy = 1+(x− 1)+ (x− 1)(y− 1)+R2(1+ θ(x− 1), 1+ θ(y− 1)) (0 <

θ < 1), !" R2(x, y) = 1
6xy

h `
y
x dx − ln x · dy

´3
+ 3

`
y
x dx + ln x · dy

´ `
− y

x2 dx2 + 2
x dxdy

´
+

`
2y
x3 dx3 − 3

x2 d2xdy
´i

, dx = x − 1, dy = y − 1. 3586. 1 − 1
2 (x2 + y2) − 1

8 (x2 + y2)2.

3587. (a) 1 − 1
2 (x2 − y2); (b) π

4 + x − xy. 3588. −(xy + xz + yz). 3589. F (x, y) =
h2

4 (f ′′
xx + f ′′

yy) + h4

48 (f (4)
xxxx + f (4)

yyyy) + · · · . 3590. F (ρ) = f(x, y) + ρ2

4 [f ′′
xx(x, y) + f ′′

yy(x, y)].

3591. ∆xy = f(x, y) = hk

»
∂2f
∂x∂y +

∞P
n=3

n−1P
m=1

hm−1kn−m−1

m!(n−m)!
∂nf(x,y)

∂xm∂yn−m

–
. 3592. F (ρ) = f(x, y) +

∞P
n=1

1
(n!)2

`
ρ
2

´2n
∆nf(x, y), !" ∆ = ∂2

∂x2 + ∂2

∂y2 . 3593. 1 + mx + ny + m(m−1)
2! x2 + mnxy +
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n(n−1)
2! y2 + · · · (|x| < 1, |y| < 1). 3594.

∞P
m,n!0
m+n=1

(−1)m+n−1(m+n−1)!
m!n! xmyn (|x| + |y| < 1).

3595.
∞P

m=0

∞P
n=0

(−1)n xmy2n+1

m!(2n+1)! (|x| < +∞, |y| < +∞). 3596.
∞P

m=0

∞P
n=0

(−1)n xmy2n

m!(2n)!

(|x| < +∞, |y| < +∞). 3597.
∞P

m=0

∞P
n=0

(−1)m x2m+1y2n+1

(2m+1)!(2n+1)! (|x| < +∞, |y| < +∞).

3598.
∞P

m=0

∞P
n=0

(−1)m x2my2n

(2m)!(2n)! (|x| < +∞, |y| < +∞). 3599.
∞P

n=0
(−1)n (x2+y2)2n+1

(2n+1)! (x2 +

y2 <+∞). 3600.
∞P

m=1

∞P
n=1

(−1)m+n xmyn

mn (|x|< 1, |y|< 1). 3601. f(x, y) = 1+ 1
3

“
x − x2

2

”
y.

3602.
∞P

m=0

∞P
n=0

(x−1)m(y+1)n

m!n! (|x| < +∞, |y| < +∞). 3603.
∞P

n=0
(−1)n[1 + (x − 1)](y − 1)n

(−∞ < x < +∞, 0 < y < 2). 3604. z = 1+[2(x−1)−(y−1)]−[8(x− 1)2−10(x − 1)(y − 1)+

3(y − 1)2]+· · · . 3605. (0, 0) ! a < 0%"($), ! a = 0%" (!!&) (), ! a > 0%"
!-). 3606. (0, 0)"!-). 3607. (0, 0)"($). 3608. (0, 0)"($). 3609. (0, 0)

"!-). 3610. (0, 0) " (!!&) (). 3611. ! a $= 0 %, (0, 0) "!-); ! a = 0 %#
"). 3612. ! a < b < c, #$"')%!"#%#!,"%"; ! a = b < c, # A(a, 0) "
($); ! a < b = c, # B(b, 0) "!-); ! a = b = c, # A(a, 0) &(). 3613. (0, 0) "
!-). 3614. (0, 0) "(). 3615. (0, 0) ""+). 3616. (0, 0) "*). 3617. x = kπ

(k = 0,±1,±2, · · · ) "!!&!+). 3618. x = 0 "!!&!+). 3619. x = 0 "!-).

3620. x = kπ (k = 0,±1,±2, · · · ) "(). 3621. ! x = 0 " y = 1 % zmin = 0. 3622. #
&(). 3623. !*" x− y + 1 = 0 "#)"#--&'( z = 0. 3624. ! x = 1 " y = 0

% zmin = −1. 3625. ! x = 2, y = 3 % zmax = 108; ! x = 0, 0 < y < 6 %"#--&'
( z = 0; ! x = 0, −∞ < y < 0 " 6 < y < +∞ %"#--&"( z = 0. 3626. ! x = 1

" y = 1 % zmin = −1. 3627. (a) ! x1 = −1, y1 = −1 " x2 = 1, y2 = 1 % zmin = −2; !
x = 0, y = 0 %#&(; (b) ! x = 0, y = 0 %"&"( z = 0; ! x = ± 1

2 , y = ±1 %"&'
( z = −1 1

8 ; ! x = 0, y = ±1 %")) z = −1, $#! x = ± 1
2 , y = 0 %")) z = − 1

8 .

3628. ! x = 5, y = 2 %"&'( z = 30. 3629. ! x
a = − y

b = ± 1√
3
% zmin = − ab

3
√

3
; !

x
a = y

b = ± 1√
3
% zmax = ab

3
√

3
. 3630. ! c > 0, #! x = a

c , y = b
c % zmax =

√
a2 + b2 + c2;

! c < 0, #! x = a
c , y = b

c % zmin = −
√

a2 + b2 + c2; ! c = 0, a2 + b2 $= 0 %#&(.

3631. ! x = 0, y = 0 % zmax = 1. 3632. ! x = 0, y = 0 %"&'( z = 0; ! x = − 1
4 ,

y = − 1
2 %")) z = 1

2e−2. 3633. ! x = 1, y = −2%")) z = e3. 3634. ! x = 1, y = 3

%"&"( z = e−13 ≈ 2.26 · 10−6; ! x = − 1
26 , y = − 3

26 %"&'( z = −26e−
1
52 ≈ −25.51.

3635. ! x = 1, y = 2 %"&'( z = 7 − 10 ln 2 ≈ 0.0685. 3636. ! x = π
3 , y = π

6 %
zmax = 3

2

√
3. 3637. ! x = y = 2π

3 % zmin = − 3
√

3
8 ; ! x = y = π

3 % zmax = 3
√

3
8 . 3638. !

x = 1, y = 1 %")) z = −1 + 1
2 ln 2 + 3

4π ≈ 1.70. 3639. $ x = y = ± 1√
2e

≈ ±0.43 %"
&'( z = − 1

2e ≈ −0.184; $ x = −y = ± 1√
2e
%"&"( z = 1

2e ; !*!) x = 0, y = ±1 "
x = ±1, y = 0 "#&(. 3640. *!) x = π

12 (−1)m+1+(m+n) π2 , y = π
12 (−1)m+1+(m−n) π2

(m,n = 0,±1,±2, · · · ). &(" z = mπ +
`
π
6 +

√
3

´
(−1)m+1 + 2 · (−1)n, ! m " n "!!

#"## (m " n #%"&"(, m # n "%"&'(); ! m " n "$!"##, #&
(. 3641. $ x = 0, y = 0 % zmin = 0; $ x2 + y2 = 1 %"#--&"( z = e−1.

3642. $ x = −1, y = −2, z = 3 % umin = −14. 3643. $ x = 24, y = −144, z = −1
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%"&'( u = −6913. 3644. $ x = 1
2 , y = 1, z = 1 %"&'( u = 4. 3645. $

x = y = z = a
7 % umax = a7

77 ; $ y = 0, x $= 0, z $= 0, x + 2y + 3z $= a %"#--&(

u = 0. 3646. $ x = 1
2

15√16a4b, y = 1
4

5√16a4b, z = 1
2

15
q

a8b7

4 %"&'( u = 15a
4

15p
a

16b .

3647. $ x = y = z = π
2 %"&"( u = 4; $ x = y = z = 0 " x = y = z = π %

&!&'( u = 0. 3648. $ x1 = x2 = · · · = xn = 2
n2+n+2

%, umax =
“

2
n2+n+2

” n2+n+2
2

.

3649. $ x1 = 2
1

n+1 , x2 = x2
1, · · · , xn = xn

1 %"&'( u = (n + 1)2
1

n+1 . 3650. # a,

x1, x2, · · · , xn, b 0"$&-" q =
n+1

q
b
a #"-#+. 3651. $ x = 1, y = −1 %"&'

( z1 = −2, &"( z2 = 6. 3652. $ x = y = −(3 +
√

6) % zmin = −(4 + 2
√

6); $
x = y = −(3 −

√
6) % zmax = 2

√
6 − 4. 3653. $ x2 + y2 = 3a2

8 , z < 0 %"#--&'(
z = − a

2
√

2
; $ x2 + y2 = 3a2

8 , z > 0 %"#--&"( z = a
2
√

2
. 3654. $ x = 1

2 , y = 1
2

% zmax = 1
4 . 3655. $ x = − bε√

a2+b2
, y = − aε√

a2+b2
% zmin = −

√
a2+b2

|ab| ; $ x = bε√
a2+b2

,

y = aε√
a2+b2

% zmax =
√

a2+b2

|ab| , !" ε = sgn ab $= 0. 3656. $ x = ab2

a2+b2
, y = a2b

a2+b2
%

zmin = a2b2

a2+b2
. 3657. (a) zmin = λ1, zmax = λ2, !" λ1 " λ2 "$' (A−λ)(C−λ)−B2 = 0

#", # λ1 < λ2; (b) ! x = ±1 1
2 , y = ±4 %"&"( z = 106 1

4 ; $ x = ±2, y = ∓3 %
"&'( z = −50. 3658. $ x = π

8 + πk
2 , y = − π8 + πk

2 (k = 0,±1,±2, · · · ) %"&(
z = 1 + (−1)k

√
2

(k "##%"&"(, k ""#%"&'(). 3659. $ x = − 1
3 , y = 2

3 , z = − 2
3

% umin = −3; $ x = 1
3 , y = − 2

3 , z = 2
3 % umax = 3. 3660. $ x

m = y
n = z

p = a
m+n+p %

umax = am+n+pmmnnpp

(m+n+p)m+n+p . 3661. $ x = 0, y = 0, z = ±c % umin = c2; $ x = ±a, y = 0,

z = 0 % umax = a2. 3662. $ x = y = z = a
6 % umax =

`
a
6

´6
. 3663. (a) $ x = y = 1√

6

" z = − 2√
6
, x = z = 1√

6
" y = − 2√

6
, y = z = 1√

6
" x = − 2√

6
% umin = − 1

3
√

6
; $

x = y = − 1√
6

" z = 2√
6
, x = z = − 1√

6
" y = 2√

6
, y = z = − 1√

6
" x = 2√

6
% umax = 1

3
√

6
;

(b) $ x = 1, y = 1, z = 1 %")+&"( u = 2. 3664. $ x = y = z = π
6 % umax = 1

8 .

3665. umin = λ1 " umax = λ2, !" λ1 " λ2 &$' λ2 −
“

sin2 α
a2 + sin2 β

b2
+ sin2 γ

c2

”
λ +

“
cos2 α
b2c2

+ cos2 β
a2c2

+ cos2 γ
a2b2

”
= 0 #" (λ1 < λ2). 3666. *#&$'! (*&,"#6+), umin =

R2+ρ2−2ρR
q

1− (A cosα+B cos β+C cos γ)2

A2+B2+C2 ; umax = R2+ρ2+2ρR
q

1− (A cosα+B cos β+C cos γ)2

A2+B2+C2 , !

" ρ = ξ
cosα ; *#&$'!, umin = R2(A cosα+B cos β+C cos γ)2

A2+B2+C2 . 3667. $ xi = 1
ai

„
nP

j=1

1
a2

j

«−1

(i = 1, 2, · · · , n) % umin =

„
nP

j=1

1
a2

j

«−1

. 3668. $ xi = a
n (i = 1, 2, · · · , n) % umin = ap

np−1 .

3669. $ xi =
q

αi
βi

„
nP

j=1

p
αjβj

«−1

(i = 1, 2, · · · , n) % umin =

„
nP

j=1

p
αjβj

«2

. 3670. $

x1
α1

= x2
α2

= · · · = xn
αn

= a
α1+α2+···+αn

% umax =
“

a
α1+α2+···+αn

”α1+α2+···+αn

αα1
1 αα2

2 · · ·ααn
n .

3671. '$' |aij − λδij | = 0 '*&( u = λ, !"$ i $= j % δij = 0, & δii = 1.

3675. inf z = −5; sup z = −2. 3676. inf z = −75; sup z = 125. 3677. inf z = 0; sup z = 1.

3678. inf u = 0; supu = 300. 3679. inf u = − 1
2 ; sup u = 1 +

√
2. 3680. inf u = 0; supu =

e−1 ≈ 0.37. 3682. !&. 3683. &'(" n
n√

a
. 3684. $($". 3685. *#"! xi =
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“
1
αi

” 1
αi

„
aα

1
α1
1 α

1
α2
2 · · ·α

1
αn
n

« 1
αi

1
α1

+ 1
α2

+···+ 1
αn (i = 1, 2, · · · , n), !" αi "$##%.#; "#

''("
“

1
α1

+ 1
α2

+· · ·+ 1
αn

” „
aα

1
α1
1 α

1
α2
2 · · ·α

1
αn
n

« 1
1
α1

+ 1
α2

+···+ 1
αn . 3686. x = 1

M

nP
i=1

mixi,

y = 1
M

nP
i=1

miyi, !" M =
nP

i=1
mi. 3687. *.#)!"!(" 3√2V , 3√2V , 1

2
3√2V . 3688. H =

2R = 2
q

S
3π , !" R "%/"#$-, H "&#%". 3689. x = 1

N

nP
i=1

xi, y = 1
N

nP
i=1

yi,

z = 1
N

nP
i=1

zi, !" N =

s„
nP

i=1
xi

«2

+

„
nP

i=1
yi

«2

+

„
nP

i=1
zi

«2

. /*#$$"#''(" n − 2N +

nP
i=1

(x2
i + y2

i + z2
i ). 3690. %(#%"%!'"$!#/*" arcsin 2

3 . 3691. *(2"%!

'"$!#/*" arcsin 2
3 . 3692. .!#&)" 2p

3 " p
3 . 3693. %*!#&)" p

2 , 3p
4 , 3p

4 .

3694. )$'#)!"!(" 2R√
3
, 2R√

3
" R√

3
. 3695. )$'#("%((# 1

3 . 3696. )$'#
)!"!(" 2a√

3
, 2b√

2
" 2c√

2
. 3697. $ α " arctan

√
2%, )$'#( h = l sinα · tanα−

√
2

2 tanα−
√

2
; $

0<α<arctan
√

2 %, h = 0. 3698. )$'#)!"!(" a, b, c
2 . 3699. |Ax0+By0+Cz0+D|√

A2+B2+C2
.

3700. d = ± 1
∆

˛̨
˛̨
˛

x1 − x2 y1 − y2 z1 − z2

m1 n1 p1

m2 n2 p2

˛̨
˛̨
˛, !" ∆ =

s˛̨
˛ m1 n1

m2 n2

˛̨
˛
2

+
˛̨
˛ n1 p1

n2 p2

˛̨
˛
2
+

˛̨
˛ p1 m1

p2 m2

˛̨
˛
2
.

3701. 7
4
√

2
. 3702. $+#$$ a2 = λ1 " b2 = λ2 &$' (1 − λA)(1 − λC) − λ2B2 = 0

#". 3703. $+#$$ a2 = λ1, b2 = λ2 " c2 = λ3 &$'

˛̨
˛̨
˛

Aλ− 1 Dλ Fλ
Dλ Bλ− 1 Eλ
Fλ Eλ Cλ− 1

˛̨
˛̨
˛ = 0

#". 3704. πab
|C|

√
A2 + B2 + C2. 3705. πabc√

a2 cos2 α+b2 cos2 β+c2 cos2 γ
. 3707. .0*"!

arcsin
`
n sin α

2

´
; *"#'')**"! 2 arcsin

`
n sin α

2

´
−α. 3708. -*'# a " b '$'%

a[xx]+ b[x1] = [xy], a[x1]+ bn = [y1] '*, !" [xy] =
nP

i=1
xiyi, [x1] =

nP
i=1

xi, [y1] =
nP

i=1
yi. $

P
i)=j

(xi−xj)
2 $= 0%,-%"'*#&. 3709. tan 2α = 2(x·y−xy)

[x2−(x)2]−[y2−(y)2]
, p = x cosα+y sinα,

!" x = 1
n

nP
i=1

xi, xy = 1
n

nP
i=1

xiyi ""$#(. 3710. 4x − 7
2 ; ∆min = 1

2 .

!!!

3711. $ −∞ < y < 0 % F (y) = 1; $ 0 ! y ! 1 % F (y) = 1 − 2y; $ 1 < y < +∞ %
F (y) = −1. 3712. $ y = 0 % F (y) !%$. 3713. (a) π

4 ; (b) 1; (c) 8
3 ; (d) ln 2e

1+e ;

(e) 0. 3715. !!. 3716. !!. 3717. F ′(x) = 2xe−x5
− e−x3

−
R x2

x
y2e−xy2

dy.

3718. (a) −(eα| sinα| sinα + eα| cosα| cosα) +
R cosα
sinα

√
1 − x2 e

α
√

1−x2
dx; (b)

`
1
α + 1

b+α

´
·

sin[α(b + α)] −
`

1
α + 1

a+α

´
sin[α(a + α)]; (c) 2

α ln(1 + α2); (d) f(α,−α) + 2
R α
0

f ′
u(u, v) dx,

!" u = x + α, v = x − α; (e) 2α
R α2+α

α2−α sin(y2 + α4 − α2) dy + 2
R α2

0
sin 2x2 cos 2αxdx −

2α
R α2

0
dx

R x+α

x−α cos(x2 + y2 − α2) dy. 3719. F ′′(x) = 3f(x) + 2xf ′(x). 3720. $ x ∈ (a, b)

% F ′′(x) = 2f(x), $ x /∈ (a, b) % F ′′(x) = 0. 3721.1. F ′′(x) = ∆2f(x)
h2 , !" ∆2f(x) =

f(x+2h)−2f(x+h)+f(x). 3721.2. F (n)(x) = (n−1)!f(x). 3723. 4x− 11
3 . 3724. 0.934+
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0.428x ('#)&!). 3725. dE
dk = E−F

k ; dF
dk = E

k(1−k2)
− F

k . 3729. F ′′
xy(x, y) = x(2 − 3y2) ·

f(xy) + x
y2 f

`
x
y

´
+ x2y(1 − y2)f ′(xy). 3732. π ln |a|+|b|

2 . 3733. $ |a| ! 1 % 0; $ |a| > 1

% π ln a2. 3734. π2 sgn a ln(1+ |a|). 3735. π arcsin a. 3736. π2 ln(1+
√

2). 3737. ln b+1
a+1 .

3738. (a) arctan b−a
1+(a+1)(b+1) ; (b) 1

2 ln b2+2b+2
a2+2a+2

. 3741. a " 0. 3742. max{p, q} > 1.

3743.
˛̨

p−1
q

˛̨
< 1. 3744. p < 1. 3745. n < 0 " n > 1

2 . 3746. p > 1
2 . 3747. $ a > 0

" a = − 2n−1
2 π (n = 0, 1, 2, · · · ) %$". 3748. $ n > 4 %$". 3749. $ p > 1 %$".

3750. $ −1 < n < 2%$". 3755.2. (a) !)$"; (b) #!)$". 3756. (a) #!)$";

(b) !)$". 3757. !)$". 3758. !)$". 3759. #!)$". 3760. (a) !)$";

(b) !)$". 3761. !)$". 3762. #!)$". 3763. (a) !)$"; (b) #!)$".

3764. (a) #!)$"; (b) !)$". 3765. b " 1070. 3766. (a) !)$"; (b) #!)$".

3767. !)$". 3768. #!)$". 3769. !)$". 3770. !)$". 3772. !,#.

3776.1.
√
π

2 . 3777.1. 1. 3778.2. a = ±1. 3779. %$. 3780. %$. 3781. %$.

3782. %$. 3783. ! α = 0 $!%$. 3784. (−1)mm!
nm+1 . 3785. π2 · (2n−1)!!

(2n)!! a−(n+ 1
2 ).

3788. ln b
a . 3790. ln b

a . 3791. 0. 3792. π
2 ln a

b . 3793. 1
2 ln β

α . 3794. ln (2α)2α(2β)2β

(α+β)2α+2β .

3795. arctan β
m − arctan α

m (m $= 0). 3796. 1
2 ln β2+m2

α2+m2 . 3797. −π(1 −
√

1 − a2).

3798. π ln
1+

√
1−α2

2 . 3799. π2 sgnα·(1+|α|−
√

1 + α2). 3800. π
|β| ln(|α|+|β|) (β $= 0).

3801. π2 ln (α+β)α+β

ααββ
(α>0, β>0). 3802. 2π

3 [αβ(α+β)+α3 lnα+β3 ln β−(α3+β3)ln(α+β)]

(α > 0, β > 0). 3803.
√
π

2 . 3804.
p
π
a e−

ac−h2
a . 3805. (a+2b2)a1−4abb1+2a2c1

2a2

p
π
a e−

ac−b2
a .

3806.
p
π
a e

b2
4a . 3807.

√
π

2 e−2a. 3808.
√
π (

√
β −

√
α). 3809. 1

2

p
π
a e−

b2
4a .

3810. (a) b
√
π

4a
√

a
e−

b2
4a ; (b) (−1)n

√
π

22n+1
d2n

db2n (e−b2). 3812.1. π
2 sgn β. 3812.2. "##. $

x > 0 %!) 2kπ $"&'(, !) (2k − 1)π $"&"(, !" k = 1, 2, 3, · · · . $ x → +∞
%"''" y = π

2 , $ x → −∞ %"''" y = − π2 . 3813. π |β|
2 −

√
πα. 3814. 1

2 ln
˛̨
α+β
α−β

˛̨
.

3815. $ |α| < |β| % 0; $ |α| = |β| % π
4 sgnα; $ |α| > |β| % π

2 sgnα. 3816. π4 sgnα.

3817. π2 |α|. 3818. 3π
8 α|α|. 3819. π4 . 3820. 3

8 ln
˛̨
˛αβ

˛̨
˛. 3821. π4 . 3822. α+β

2 arctan α+β
2 −

α−β
2 arctan α−β

2 + k
4 ln k2+(α−β)2

k2+(α+β)2
. 3823. $ |x| < 1 % D(x) = 1; $ x = ±1 % D(x) = 1

2 ;

$ |x| > 1 % D(x) = 0. 3824. (a) π sgn a cos ab; (b) π sgn a sin ab. 3825. π
2 e−|a|.

3826. π2e−|a|sgn a. 3827. π4 (1−e−2). 3828. π(1+|a|)
4 e−|a|. 3829. π√

ac−b2
cos bα

a e
−|α|

a

√
ac−b2

.

3830. 1
2

p
π
2 ; 1

2

p
π
2 . 3831.

q
π
|a| sin

“
ac−b2

a + π
4 sgn a

”
. 3832.

√
π cos

`
a2 + π

4

´
.

3833.
√
π sin

`
a2 + π

4

´
. 3835. (a) n!

pn+1 ; (b)
√
π

2p
√

p ; (c) $ p > α % 1
p−α ; (d) 1

(p+α)2
;

(e) p
p2+1

; (f) ln
`
1+ 1

p

´
; (g) α

√
π

2p
√

pe−
α2
4p . 3837. (a) 1; (b) x2+ 1

2 ; (c) e2ax+a2
; (d) e−

a2
4 cos ax.

3839. ϕ(x) = 1
σ
√

2π
e−

x2
2σ2 , !" σ =

p
σ2

1 + σ2
2 . 3843. π8 . 3844. πa

4

16 . 3845. π

2
√

2
.

3846. 2π
3
√

3
. 3847. π

2
√

2
. 3848. 3π

512 . 3849. π
n sin π

n
. 3850. (2n−1)!!

2n+1

√
π. 3851. π

n sin mπ
n

(0 < m < n). 3852. B(n − m, m) (0 < m < n). 3853. a−p

n

`
a
b

´ m+1
n B

`
m+1

n , p − m+1
n

´
`
0 < m+1

n < p
´
. 3854. (b−a)m+n+1

(a+c)n+1(b+c)m+1 B(m + 1, n + 1) (m > −1, n > −1).

3855. 1
mB

`
1
m , 1 − 1

n

´
(n < 0 ! n > 1). 3856. 1

2B
`

m+1
2 , n+1

2

´
(m > −1, n > −1).

3857. π
2 cos nπ

2
(|n| < 1). 3858. 2n−1

(1−k2)
n
2

B
`

n
2 , n

2

´
(n > 0). 3859. 1

nΓ
`

1
n

´
(n > 0).
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3860. 1
|n|Γ

`
m+1

n

´ `
m+1

n > 0
´
. 3861. Γ(p+1) (p > −1). 3862. d

dp

ˆ Γ(p+1)
ap+1

˜
(p > −1).

3863. − π
2 cos pπ
sin2 pπ

(0 < p < 1). 3864. (a) π3 1+cos2 pπ
sin3 pπ

(0 < p < 1); (b) 2
27π

2; (c) 3π3

32
√

2
.

3865. ln
˛̨
˛ tan pπ

2
tan qπ

2

˛̨
˛ (0 < p < 1, 0 < q < 1). 3866. π cotπp. 3867. π

2β tan απ
2β . 3868. ln

√
2π.

3869. ln
√

2π + a(ln a − 1). 3870. 1
π

`
1 + ln π2

´
. 3871. 1

4n . 3876. πam−1

2Γ(m) cos mπ
2

(a > 0).

3877. πam−1

2Γ(m) sin mn
2

(a>0). 3879. aB
`

1
2 , 1

2n

´
. 3880.

2a2
n Γ2( 1

n )
Γ( 2

n )
. 3881. f(x)= 2

π

R +∞
0

sinλ
λ ·

cosλxdλ. 3882. f(x)= 2
π

R +∞
0

1−cos λ
λ sinλxdλ. 3883. f(x)= 2

π

R +∞
0

sinλ(x−a)−sinλ(x−b)
λ dλ.

3884. f(x)= 2h
πa

R +∞
0

1−cos aλ
λ2 cos λxdλ. 3885. 1

a2+x2 = 1
a

R +∞
0

e−aλ cos λxdλ. 3886. x2

a2+x2 =
R +∞
0

e−aλ sinλxdλ. 3887. f(x)= 2
π

R +∞
0

sinλπ
1−λ2 sinλxdλ. 3888. f(x)= 2

π

R +∞
0

cos λπ2
1−λ2 cos λxdλ.

3889. f(t) = 2Aω
π

R +∞
0

sin 2πnλ
ω

λ2−ω2 sin λtdλ. 3890. f(x) = 2α
π

R +∞
0

cosλx
λ2+α2 dλ. 3891. f(x) =

α
π

R +∞
0

ˆ
1

(λ−β)2+α2 + 1
(λ+β)2+α2

˜
cos λxdλ. 3892. f(x) = 4αβ

π

R +∞
0

λ sinλx
[(λ−β)2+α2][(λ+β)2+α2]

dλ.

3893. e−x2
= 1√

π

R +∞
0

e−
λ2
4 cos λxdλ. 3894. xe−x2

= 1
2
√
π

R +∞
0

λe−
λ2
4 sinλxdλ.

3895. (a) e−x = 2
π

R +∞
0

cosλx
1+λ2 dλ (0 ! x < +∞); (b) e−x = 2

π

R +∞
0

λ sinλx
1+λ2 dλ (0 < x < +∞).

3896. F (x)=
q

2
π

α
x2+α2 . 3897. F (x)=−i

q
8
π

αx
(x2+α2)2

. 3898. F (x)= e−
x2
2 . 3899. F (x)=

e−
x2+α2

2 coshαx. 3900. (a) ϕ(y) = e−y (y " 0); (b) ψ(y) = 2
π
· y

1+y2 (y " 0).

!"!

3901. 1
4 . 3902. S = 40

3 − 11
n + 5

3n2 ; S = 40
3 + 11

n + 5
3n2 ; 13 1

3 . 3903. 9.88; %'(

2π(7 −
√

24) ≈ 13.20. 3904. 0.402; %'( 0.4. 3905. δ < 0.000 22. 3906. 1. 3907. 1
40 .

3908. πa
3

3 . 3910. I = F (A, B)−F (A,b)−F (a,B)+F (a, b). 3912. (a) #; (b) #; (c) &.

3913. 1
4 . 3914. 1.96 < I < 2. 3915. a2 + b2 + R2

2 . 3916.
R 1

0
dx

R x

0
f(x, y) dy =

R 1
0
dy

R 1
y
f(x, y)dx. 3917.

R 2
−2

dx
R 1
|x|
2

f(x, y)dy=
R 1
0
dy

R 2y
−2y

f(x, y)dx. 3918.
R 1
0
dx

R x+1
0

f(x, y)dy=

R 1

0
dy

R 1

0
f(x, y) dx+

R 2

1
dy

R 1

y−1
f(x, y) dx. 3919.

R 1

−1
dx

R √1−x2

−
√

1−x2
f(x, y) dy =

R 1

−1
dy

R √1−y2

−
√

1−y2
f(x, y) dx. 3920.

R 1
2

− 1
2

dx
R 1

2 +
√

1
4−x2

1
2−

√
1
4−x2

f(x, y) dy =
R 1

0
dy

R √y−y2

−
√

y−y2
f(x, y) dx.

3921.
R 1
−1

dx
R 1

x2 f(x, y) dy =
R 1
0

dy
R √

y
−√

y
f(x, y) dx. 3922.

R −1
−2

dx
R √4−x2

−
√

4−x2
f(x, y) dy +

R 1

−1
dx

 R −
√

1−x2

−
√

4−x2
f(x, y) dy +

R √4−x2√
1−x2

f(x, y) dy

ff
+

R 2

1
dx

R √4−x2

−
√

4−x2
f(x, y) dy.

3924.
R 2
0

dy
R y

y
2

f(x, y) dx +
R 4
2

dy
R 2

y
2

f(x, y) dx. 3925.
R 0
−1

dy
R 2

√
1+y

−2
√

1+y
f(x, y) dx +

R 8

0
dy

R 2−y

−2
√

1+y
f(x, y) dx. 3926.

R 1

0
dy

R 3√y
√

y
f(x, y) dx. 3927.

R 0

−1
dy

R √1−y2

−
√

1−y2
f(x, y) dx +

R 1
0
dy

R √
1−y

−
√

1−y
f(x, y) dx. 3928.

R 1
0
dy

R 1+
√

1−y2

2−y
f(x, y) dx. 3929.

R a
0

dy
R a−

√
a2−y2

y2
2a

f(x, y) dx+
R a

0
dy

R 2a

a+
√

a2−y2 f(x, y) dx +
R 2a

a
dy

R 2a
y2
2a

f(x, y) dx. 3930.
R 1

0
dy

R e

ey f(x, y) dx.

3931.
R 1
0
dy

R π−arcsin y
arcsin y

f(x, y)dx−
R 0
−1

dy
R 2π+arcsin y
π−arcsin y

f(x, y)dx. 3932. p5

21 . 3933.
`
2
√

2− 8
3

´
a
√

a.

3934. a4

2 . 3935. 14a4. 3936. 35πa4

12 . 3937.
R 2π

0
dϕ

R a

0
rf(r cosϕ, r sinϕ) dr.

3938.
R π

2
− π

2
dϕ

R a cosϕ
0

rf(r cosϕ, r sinϕ) dr. 3939.
R 2π
0

dϕ
R |b|
|a| rf(r cosϕ, r sinϕ) dr.
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3940.
R π

2
0

dϕ
R 1√

2
csc(ϕ+ π

4 )

0 rf(r cosϕ, r sinϕ) dr. 3941.
R π

4
0

dϕ
R a sinϕ

cos2 ϕ
0 rf(r cosϕ, r sinϕ) dr+

R 3π
4
π
4

dϕ
R a

sinϕ
0 rf(r cosϕ, r sinϕ)dr+

R π
3π
4
dϕ

R a sinϕ
cos2 ϕ
0 rf(r cosϕ, r sinϕ)dr. 3942. !")$&'"

(!&)#!!(%"("&)#!)0"*"#. 3943.
R π

4
0

dϕ
R 1

cosϕ
0 rf(r cosϕ, r sinϕ)dr+

R π
2
π
4

dϕ
R 1

sinϕ
0 rf(r cosϕ, r sinϕ) dr =

R 1
0

r dr
R π

2
0

f(r cosϕ, r sinϕ) dϕ +
R √

2
1 r dr

R arcsin 1
r

arccos 1
r

f(r cosϕ, r sinϕ) dϕ. 3944.
R π

2
0 dϕ

R 1
1√
2

csc(ϕ+ π
4 ) rf(r cosϕ, r sinϕ) dr =

R 1
1√
2

r dr
R π

4 +arccos 1
r
√

2
π
4−arccos 1

r
√

2
f(r cosϕ, r sinϕ) dϕ. 3945.

R π
3
π
4

dϕ
R 2

cosϕ
0 rf(r) dr =

π
12

R 2
√

2

0
rf(r) dr+

R 4

2
√

2

`
π
3 − arccos 2

r

´
rf(r) dr. 3946.

R π
4

0
dϕ

R 1
cosϕ
sinϕ
cos2 ϕ

rf(r cosϕ, r sinϕ) dr =

R 1

0
r dr

R arcsin

√
1+4r2−1

2r
0

f(r cosϕ, r sinϕ) dϕ +
R √

2

1
r dr

R arcsin

√
1+4r2−1

2r

arccos 1
r

f(r cosϕ, r sinϕ) dϕ.

3947.
R π

4
− π

4
dϕ

R a
√

cos 2ϕ
0

rf(r cosϕ, r sinϕ) dr =
R a
0

r dr
R 1

2 arccos r2

a2

− 1
2 arccos r2

a2
f(r cosϕ, r sinϕ) dϕ.

3948.
R a
0

dr
R arccos r

a
− arccos r

a
f(ϕ, r) dϕ. 3949.

R a
0

dr
R π

2− 1
2 arcsin r2

a2
1
2 arccos r2

a2
f(ϕ, r) dϕ.

3950.
R a

0
dr

R a

r
f(ϕ, r) dϕ. 3951. 2π

R 1

0
rf(r) dr. 3952. π

R 1

0
rf(r) dr+

R √
2

1

`
π − 4 arccos 1

r

´
rf(r) dr. 3953. 1

2

R π
2

− π
2

f(tanϕ) cos2 ϕdϕ. 3954. 2πa3

3 . 3955. −6π2.

3956. 6
5

b2+b(b+h)+(b+h)2+(2b+h)
√

b(b+h)√
a(a+h)(

√
a+

√
a+h)(

√
b+

√
b+h)

; 3
2

`
b
a

´ 3
2 . 3957.

R b
a

udu
R β
α

f(u, uv) dv.

3958. 1
2

R 2
1

du
R 4−u
−u

f
`

u+v
2 , u−v

2

´
dv. 3959. 4

R π
2

0
sin3 v cos3 v dv

R a
0

uf(u cos4 v, u sin4 v) du.

3961. u = xy, v = x − y. 3962.
R 1

−1
f(u) du. 3963. 2

R 1

−1

√
1 − u2f(u

√
a2 + b2 + c) du.

3964. ln 2
R 2
1

f(u) du. 3965. π2 . 3966. 4
3 . 3967. 2

3πab. 3968. π√
2
. 3969. 543 11

15 .

3970. 1 37
128 − ln 2. 3971. 2π. 3972. 9

16π. 3973. 5
3 + π

2 . 3974. 4
3π + 8 ln 1+

√
3√

2
.

3975. 6. 3976. 4
3 (4 − 3

√
2 + 4

√
3). 3978. f(0, 0). 3979. 2

t F (t), !" t > 0.

3980.
RR

(x−t)2+(y−t)2"1

x+y√
x2+y2

dxdy. 3981. F ′(t) =
R 2π

0
tf(t cosϕ, t sinϕ) dϕ.

3984.
`

15
8 − 2 ln 2

´
a2. 3985. 2

3 (p + q)
√

pq. 3986. πa2. 3987. 3
√

3−π
3 a2. 3988. π6+

√
2

3 ln(1 +
√

2). 3989. πa
2

4 . 3990. a2
`√

7
2 + arcsin

√
14
8

´
. 3991. πab

4

“
a2

h2 + b2

k2

”
.

3992. ab
3

h
2π

3
√

3

“
a4

h4 + b4

k4

”
+ a2b2

h2k2

i
. 3993. ab

6

“
a2

h2 + b2

k2

”
. 3994. (a) a4bk(ak+2bh)

6h2(ak+bh)2
;

(b) 1
1 260

(ab)5

c8
. 3995. ab

70 . 3996. (β−α)(b2−a2)
2(α+1)(β+1) . 3997. a2

2 ln 2. 3998. (a) 4
3 (q − p)(s − r);

(b) 1
15 (b5−a5)(c−3−d−3); (c) q−p

(p+1)(q+1)

“
b

q+1
q−p −a

q+1
q−p

”“
c−

p+1
q−1 − d− p+1

q−1
”
. 3999. (a) 65

108 ab;

(b) 189
16

`
arctan 1

3 + 12
25

´
ab. 4000. c2

6 (
√

10 − 2) arcsin 1
3 . 4001. π

|δ| . 4002. c2

4 [(v2 − v1) ·

(sinh 2u2 − sinh 2u1) − (u2 − u1)(sin 2v2 − sin 2v1)]. 4003. 2
3πa

2. 4004. 6π
7
√

7
. 4007. 5

6 .

4008. πR
2a
4 − 2

3R3. 4009. 88
105 . 4010. π. 4011. π. 4012. 17

12−2 ln 2. 4013. 4
3
√
π
Γ2

`
3
4

´
a3.

4014. π8 . 4015. 45
32π. 4016. 16

9 a3. 4017. πa
3

8 . 4018. π(1−e−R2
). 4019. 2a2c (β−α)(π−2)

π2
.

4020. π8 . 4021. 1
3πabc (2 −

√
2). 4022. 4

3πabc(2
√

2 − 1). 4023. 3πabc
8 . 4024. 2

3πabc.

4025. abc
3 . 4026. 2

9abc(3π + 20 − 16
√

2). 4027. π(b
3−a3)
12 . 4028. 9

2a4. 4029. 3
4 .

4030. a2c
π

ln β
α . 4031. 8

35 . 4032. 75
256πabc. 4033. (a) π4a2c

128 ; (b) (n − m)(e−1 − e−2)a2.
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4034. abc
3n2

Γ3( 1
n )

Γ( 3
n )

. 4035. abc
2m+n · Γ( 1

m )Γ( 2
n )

Γ( 1
m + 2

n )
. 4036. 2

3πa
2(2

√
2 − 1). 4037. 16a2.

4038. 8a2 arcsin b
a . 4039. π√

2
. 4040. 8a2. 4041. π

√
2. 4042. πa

2

2 . 4043. − 2π
3 +

2
√

2
3

`
1 + 7

4 ln 3
´
+ 8

3 arctan 1√
2
. 4044. a2

9 (20−3π). 4045. (a) 2a2; (b) π6 [3
√

10+ln(3+
√

10)];

(c) 1
3abc

`
1

a2 + 1
b2

´−1
h`

1
a2 + 1

b2
+ 1

c2

´ 3
2 − 1

c3

i
; (d) 4

3ab(2
√

2−1) arctan
p

a
b ; (e) π2 ln(e+e−1).

4046. S = 4π(3 + 2
√

3)a2; V = 8π√
3
a3. 4047. (ϕ2 − ϕ1) (sinψ2 − sinψ1)R

2, !" ϕ1, ϕ2 "

,4, ψ1, ψ2 ".4, R "&#$-. 4048. π
n

a
√

a2 + h2 + h2 ln
a+

√
a2+h2

h

o
. 4049. S =

a(ϕ2−ϕ1)[b(ψ2−ψ1)+a(sinψ2− sinψ1)]; 4π2ab. 4050. ω = arcsin bc√
(a2+b2)(a2+c2)

; ω ≈ bc
a2 .

4051. ρ0a2

3 [2+
√

2 ln(1+
√

2)]. 4052. x0 = − a
2 ; y0 = 8

5a. 4053. x0 = y0 = a
5 . 4054. x0 =

y0 = 256
315πa. 4055. x0 = a2b

14c2
; y0 = ab2

14c2
. 4056. x0 = y0 = πa

8 . 4057. x0 = 5
6a; y0 = 16

9πa.

4058. x0 = πa; y0 = 5
6a. 4059. x0 = − a

5 ; y0 = 0. 4060. %'" y0 = 1
8

√
30px0.

4061. Ix = bh3

12 ; Iy =
h|b31−b32|

12 (b = |b1 − b2|). 4062. Ix = Iy = a4

16 (16 − 5π). 4063. Ix =
21πa4

32 ; Iy = 49πa4

32 . 4064. Ix = Iy = 3πa4

4
√

2
. 4065. Ix = Iy = 9

8a4. 4066.1. I0 = πa4

8 .

4066.2. a4

12 . 4069. Iα = a4

32
√

3
. 4070. X = ρgah2, Y = 0, !" X, Y "..! Ox

+" Oy +"#*), ρ "+'#4, g "-.$'4. 4071. P1 = πa2δg
`
h − 2

3a
´
; P2 =

πa2δg
`
h + 2

3a
´

(g "-.$'4). 4072. 1#'+ Ox " Oy !!!%/+#.*$"",

# Ox +&)$#, & Oz +&.*#, #..!#'+ Ox " Oy "#*))1"!: X1 =

−πa2δg
`
h − b

2 cosα
´
sinα, Z1 = −πa2δg

`
h − b

2 cosα
´
cosα; X2 = πa2δg

`
h + b

2 cosα
´
sinα,

Z2 = πa2δg
`
h + b

2 cosα
´
cosα (g "-.$'4). 4073. (.! Ox, Oy, Oz +"#*))1

"!: X = 0, Y = 0, Z = − 2kmM
a2h

˘
|b|−|b−h|+

p
a2 + (b − h)2−

√
a2 + b2

¯
, !" k"(.%'.

4074. 1
2p0. 4075. A = kρ

12

n
2ab

√
a2 + b2 + a3 ln

b+
√

a2+b2

a + b3 ln
a+

√
a2+b2

b

o
. 4076. 1

364 .

4077. 1
2 ln 2− 5

16 . 4078. 1
48 . 4079. 4

5πabc. 4080. π6 . 4081.
R 1
0
dx

nR x
0

dz
R 1−x
0

f(x, y, z) dy+
R 1

x
dz

R 1−x
z−x

f(x, y, z) dy
o

=
R 1
0

dz
n R z

0
dy

R 1−y
z−y

f(x, y, z) dx +
R 1

x
dy

R 1−y
0

f(x, y, z) dx
o
.

4082.
R 1

−1
dx

R 1

|x| dz
R √z2−x2

−
√

z2−x2
f(x, y, z) dy =

R 1

0
dz

R z

−z
dy

R √z2−y2

−
√

z2−y2
f(x, y, z) dx.

4083.
R 1

0
dx

n R x2

0
dz

R 1

0
f(x, y, z) dy +

R x2+1

x2 dz
R 1√

z−x2 f(x, y, z) dy
o

=
R 1

0
dz

nR √
x

0
dy

R 1√
x−y2 f(x, y, z)dx+

R 1√
z
dy

R 1

0
f(x, y, z) dx

o
+

R 2

1
dz

R 1√
z−1

dy
R 1√

z−y2 f(x, y, z)dx.

4084. 1
2

R x

0
(x−ξ)2f(ξ)dξ. 4085. 1

2

R 1

0
(2−z2)f(x)dz+ 1

2

R 2

1
(2−z2)f(x)dz. 4086. F (A,B, C)−

F (A,B, c)−F (A, b, C)−F (a,B, C)+F (A,b, c)+F (a,B, c)+F (a, b, C)−F (a, b, c). 4087. π
10 .

4088. π
15 (2

√
2 − 1). 4089.

R π
4

0
dϕ

R arctan 1
cosϕ

0 cosψ dψ
R 1

cosϕ cosψ
sinψ
cos2 ψ

r2f(r) dr. 4090. π
2abc
4 .

4091. 16π
3 . 4092. 2

27

`
1
α3 − 1

β3

´`
1√
a
− 1√

b

´
h4

√
h. 4093. 1

32

`
1

m2 − 1
n2

´
(b8 − a8)·

ˆ
(β2 − α2)

`
1+ 1

α2β2

´
+4 ln β

α

˜
. 4094. 6

5 . 4095. 3(e− 2). 4096. u = 4π
3

R3√
a2+b2+c2+θR

, !

" |θ| < 1. 4098. (a) F ′(t) = 4πt2f(t2); (b) F ′(t) = 3
t

h
F (t)+

RRR

V

xyzf ′(xyz) dxdydz
i
, !

" t > 0, V = {0 ! x ! t, 0 ! y ! t, 0 ! z ! t}. 4099. !# m, n, p ""!!"#, 0; !#

m, n, p 1&##, 4π
m+n+p+3

(m−1)!!(n−1)!!(p−1)!!
(m+n+p+1)!! . 4100. Γ(p+1)Γ(q+1)Γ(r+1)Γ(s+1)

Γ(p+q+r+s+4) . 4101. 3
35 .

4102. 7
24 . 4103. 2

3a3(3π − 4). 4104. πa
3

6 . 4105. a3

24 (3π − 4). 4106. 32
3 π. 4107. πa3.
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4108. π
2a3

4
√

2
. 4109. 1

2 . 4110. π3 (2−
√

2)(b3−a3). 4111. πa
2bc

3h . 4112. (a) π
2

4 abc; (b) π
2abc
4
√

2
.

4113. 5πabc
12 (3−

√
5). 4114. 8π

5 abc. 4115. abc
3

p
π
2 Γ2

`
1
4

´
. 4116. (a) abc

60

`
a
h + b

k

´ “
a2

h2 + b2

k2

”
;

(b) abc
60

( a
h )4

a
h + b

k
. 4117. (a) abc

554 400 ; (b) abc
3 . 4118. (a) abc

90 ; (b) abc
1 680 ; (c) 4π

35abc.

4119. 9
4a2. 4120. 1

3 (b3 −a3)
q

2
π

Γ2
`

3
4

´
. 4121. 4π

3 a3. 4122. πabc2

3h (1− e−1). 4123. 3
2abc.

4124. 5abc
`

1
e − 1

3

´
. 4125. 37 : 27. 4126. V = 5πa3

6 ; S = πa2

6 (6
√

2+5
√

5−1). 4127. 8h1h2h3
|∆| .

4128. 4πh3

3|∆| . 4129. π2

3n sin π
n

abc2

h . 4130. abc
mn+mp+np

Γ( 1
m )Γ( 1

n )Γ
“

1
p

”

Γ
“

1
m + 1

n + 1
p

” . 4131. 3
2 .

4132. 4πρ0

`
1
k + 2

k2 + 2
k3

´
e−k. 4133.

`
0, 0, 3

4 c
´
. 4134. x0 = y0 = 2

5a; z0 = 7
30a2.

4135. x0 = 7
18p; y0 = 0; z0 = 7

176p. 4136. x0 = 3
8a; y0 = 3

8 b; z0 = 3
8c. 4137. x0 = y0 = 0;

z0 = 3a
8 . 4138. x0 = y0 = 1; z0 = 5

3 . 4139. x0 = 9π
448a; y0 = 9π

448 b; z0 = 9π
448 c. 4140. x0 =

y0 = 0; z0 = 7
20 . 4141. x0

a = y0
b = z0

c =
3Γ( 2

n )Γ(4 3
n )

Γ( 1
n )Γ( 4

n )
. 4142. x0 = α; y0 = β; z0 = γ.

4143. Ixy = abc3

60 ; Iyz = a3bc
60 ; Izx = ab3c

60 . 4144. Ixy = 4
15πabc3; Iyz = 4

15πa
3bc; Izx =

4
15πab3c. 4145. Ixy = πabc3

5 ; Iyz = πa3bc
20 ; Ixz = πab3c

20 . 4146. (a) Ixy = 2abc3

225 (15π − 16);

Ixz = 2ab3c
1575 (105π − 272); Iyz = 2a3bc

1575 (105π − 92); (b) Ixy = 7
2πabc3; Ixz = 4

3πab3c;

Iyz = 4
3πa

3bc. 4147. (a) Iyz = 15π2

256
√

2
a3bc; Izx = 15π2

256
√

2
ab3c; Ixy = π2

128
√

2
abc3; (b) Iyz =

1
5n2

Γ2( 1
n )Γ( 3

n )
Γ( 5

n )
a3bc; Izx = 1

5n2
Γ2( 1

n )Γ( 3
n )

Γ( 5
n )

ab3c; Ixy = 1
5n2

Γ2( 1
n )Γ( 3

n )
Γ( 5

n )
abc3. 4148. Iz = 14

45 .

4149. (a) Iz = 4π
15 (4

√
2−5); (b) π5a5. 4150. 4

9MR2. 4153. I = M
3

`
a2 + 2

3h2
´
, !" M =

2πρ0a
2h "%/'#2'. 4154. I0 = π2a5ρ0

8 . 4155. , r =
p

x2 + y2 + z2, #$ r ! R

% u = 2πρ0

“
R2 − r2

3

”
, $ r > R% u = 4πR3ρ0

3r . 4156. u = 4π
R R2

R1
f(ρ)min

“
ρ2

r , ρ
”
dρ, !"

r=
p

x2+ y2+ z2. 4157. u=πρ0

n
(h−z)

p
a2+ (h − z2)+z

√
a2+ z2−[(h − z)|h − z| + z|z|]+

a2 ln
˛̨
˛ h−z+

√
a2+(h−z)2√

a2+z2−z

˛̨
˛
o
. 4158. X = 0; Y = 0; $ |a| " R % Z = −GMm

a|a| , $ |a| < R

% Z = −GMm
R3 a. 4159. X = 0; Y = 0; Z = −2πρ0G

˘√
a2 + z2 −

p
a2 + (h − z)2 −

(|z| − |h − z|)
¯
. 4160. X = 0; Y = 0; Z = −kπρ0R sin2 α. 4161. $ p > 1 %$".

4162. $ p > 1 # q > 1 %$". 4163. $ p > 1
2 %$". 4164. $ 1

p + 1
q < 1 %$".

4165. "#. 4169. 1
(p−q)(q−1) (p > q > 1). 4170. 1

p−1 (p > 1). 4171. 2π. 4172. π
p−1

(p > 1). 4173. π
q

2(
√

2 − 1). 4174. 1
2 . 4175. π. 4176. π2 . 4177. π2 .

4178. π√
δ
e

∆
δ , !" δ =

˛̨
˛a b
b c

˛̨
˛, ∆ =

˛̨
˛̨
˛

a b d
b c e
d e f

˛̨
˛̨
˛. 4179. πeab. 4180. − πεa2b2

2(1−ε2)
3
2

. 4181. $".

4182. $ p < 1 %$". 4183. $ 1
p + 1

q > 1 %$". 4184. $ p < 1 %$".

4185. $ p < 1 %$". 4187. π2 . 4188. πa. 4189. − π22 ln 2. 4190. 2. 4191. $ p > 3
2

%$". 4192. $ p < 3
2 %$". 4193. $ 1

p + 1
q + 1

r < 1 %$". 4194. $ p < 1

%$". 4195. $ p < 1 %$". 4196. (1 − p)−1(1 − q)−1(1 − r)−1 (p < 1, q < 1,

r < 1). 4197. 4π
3 . 4198. 2πB

`
1
2 , 1 − p

´
(p < 1). 4199. π

3
2 . 4200.

q
π3

∆ , !" ∆ = |aij |.

4204. (a) n
3 ; (b) n(3n+1)

12 . 4205. an

n! . 4206. 1
2nn! . 4207. 2

(n−1)!(2n+1) . 4208. 2nh1h2···hn
|∆| .

4209. a1a2···an
n! . 4210. π

n−1
2

nΓ( n+1
2 )

a1a2 · · · an. 4211. π
n
2 an

Γ(n
2 +1)

. 4212. π
n−1

2 an−1h3

12Γ( n+1
2 )

.
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4213. π
n+1
2

Γ(n+1
2 )

. 4218. Rn π
n
2

Γ(n
2 )

R 1

0
f(R

√
u)u

n
2 −1du. 4219. u= 16

15π
2ρ2

0R
5. 4220.

q
πn

δ e−
∆
δ ,

!" δ= |aij |, ∆=

˛̨
˛̨aij bi

bj c

˛̨
˛̨"$&,+'. 4221. 1+

√
2. 4222. 256

15 a3. 4223. 2π2a3(1+2π2).

4224. a3

6 (cosh
3
2 2t0 − 1). 4225. 4a

7
3 . 4226. 2(ea − 1) + π

4aea. 4227. 2a2(2−
√

2).

4228.
2ka2

√
1+k2

1+4k2 . 4229. 2a2. 4230. π
a . 4231. 5. 4232.

√
3. 4233. |x0| + |z0|, !"

|x0| < a. 4234. 3
4
√

2

„
3

q
3z4

0
a +2

3
q

az2
0

3

«
. 4235.

`
1 + 2z0

3c

´√
cz0. 4236. a

√
2 arctan |z|√

a2−z2
.

4237. 2π
3 (3a2 + 4π2b2)

√
a2 + b2. 4238. 2

3πa
3. 4239. 1

3

h
(2 + t20)

3
2 − 2

3
2

i
.

4240. a2

256
√

2

h
100

√
38−72−17 ln 25+4

√
38

17

i
. 4241.1. 2b

`
b + a arcsin ε

ε

´
, !" ε =

√
a2−b2

a "&

%#*($. 4241.2. 2
3p2(2

√
2−1). 4241.3. a

8

h
(3
√

3 − 1) + 3
2 ln 3+2

√
3

3

i
. 4242. x0 = b−

a
q

h−a
h+a ; y0 = h

2 + ab

2
√

h2−a2
. 4243. x0 = y0 = 4

3a. 4244.1. Sx = Sy = 3
5a2. 4244.2. πa3.

4244.3. (a) 32
3 a3; (b) 3

√
3

2 a3. 4244.4. r0 = a√
2
. 4245. x0 = y0 = z0 = 4a

3π . 4246. x0 = 2
5 ;

y0 = − 1
5 ; z0 = 1

2 . 4247. Ix = Iy =
“

a2

2 + h2

3

”√
4π2a2 + h2; Iz = a2

√
4π2a2 + h2.

4248. (a) 0; (b) 2
3 ; (c) 2. 4249. (a) 2; (b) 2; (c) 2. 4250. − 14

15 . 4251. 4
3 . 4252. 0.

4253. −2πa2. 4254. −2π. 4255. 0. 4256. 0. 4257. π4 −1. 4258. 8. 4259. 12. 4260. 4.

4261. −2. 4262.
R a+b

0
f(u) du. 4263. − 3

2 . 4264. 9. 4265.
R x2

x1
ϕ(x) dx +

R y2
y1
ψ(y) dy.

4266. 62. 4267. 1. 4268. π+1. 4269. ea cos b− 1. 4271. z = x3

3 +x2y−xy2 − y3

3 +C.

4272. 1
2
√

2
arctan 3x−y

2y
√

2
+C. 4273. z = − 2y2

(x+y)2
+ln |x+y|+C. 4274. z = ex+y(x−y + 1)+

yex + C. 4275. z = ∂n+mu
∂xn∂ym + C. 4276. z = ∂n+m

∂xn∂ym (arctan x
y ) + C. 4278. |IR| ! 8π

R2 .

4279. 1
35 . 4280. −πa2. 4281. 2π

√
2a2 sin

`
π
4 −α

´
. 4282. − πa3

4 . 4283. −4. 4284. −53 7
12 .

4285. 0. 4286. b − a. 4287.
R x2

x1
ϕ(x)dx+

R y2
y1
ψ(y)dy+

R z2
z1
χ(z)dz. 4288.

R x2+y2+z2
x1+y1+z1

f(u)du.

4289.
R √

x2
2+y2

2+z2
2√

x2
1+y2

1+z2
1

uf(u) du. 4290. u = 1
3 (x3+y3+z3)−2xyz+C. 4291. u = x− x

y + xy
z +C.

4292. u = ln
p

(x + y)2 + z2 + arctan z
x+y + C. 4293. A = −mg(z2 − z1). 4294. A =

k
2 (a2 − b2), k ":#'#. 4295. A = G

`
1
r1

− 1
r2

´
, !" ri =

p
x2

i + y2
i + z2

i (i = 1, 2).

4296. I =
RR

S

y2 dxdy. 4297. −46 2
3 . 4298. πa

4

2 . 4299. −2πab. 4300. − 1
5 (eπ − 1).

4301. 0. 4302. I1− I2 = 2. 4303. πma2

8 . 4304. mS +ex2ϕ(y2)− ex1ϕ(y1)−m(y2 − y1)−
m
2 (x2 − x1)(y2 + y1). 4305. P = ∂u

∂x , Q = kx + ∂u
∂y , !" u "!"!$##, k "%#.

4306. ∂
∂x [xF (x, y)] = ∂

∂y [yF (x, y)]. 4307. (1) I = 0; (2) I = 2π. 4308. πab. 4309. 3
8πab.

4310. a2

6 . 4311. 3
2a2. 4312. a2. 4313. 1

3 + 4π
9
√

3
. 4314. a2

2 B(2m+1, 2n+1).

4315. ab
2n

Γ2( 1
n )

Γ( 2
n )

. 4316. ab
n

h
1 +

(1− 1
n )π

sin π
n

i
. 4317. abc2

2(2n+1) . 4318. π(n + 1)(n + 2)r2; 6πr2.

4319. π(n − 1)(n − 2)r2; 6πr2. 4320.1. 4a2. 4321. sgn(ad−bc). 4322. I =
P

sgn ∂(ϕ,ψ)
∂(x,y) ,

!"("/-$" ϕ(x, y) = 0 " ψ(x, y) = 0 !"$" C "#""+). 4324. I = 2S, !

" S ""$" C "*#"". 4325. X ′
x(x0, y0) + Y ′

y(x0, y0). 4326. .!#'+"#*)"

!: X = 0; Y = 2GmM
πa2 , !" G "(.%'. 4327. $ ρ =

p
x2 + y2 ! R % u = 2πκR ln 1

R ;

$ ρ > R % u = 2πκR ln 1
ρ . 4328. ! 0 ! ρ ! 1, # I1 = π

mρ
m cos mϕ, I2 = π

mρ
m sin mϕ;
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! ρ > 1, # I1 = π
mρ

−m cos mϕ, I2 = π
mρ

−m sin mϕ. 4329. !) A(x, y) !!"$

" C ", u = 2π; !) A(x, y) !!"$" C ", u = π; !) A(x, y) !!"$" C (,

u = 0. 4330. $ 0 ! ρ < 1 %, K1 = πρm cos mϕ, K2 = πρm sin mϕ; $ ρ = 1 %,

K1 = 0, K2 = 0; $ ρ > 1 %, K1 = − π
ρm cos mϕ, K2 = − π

ρm sin mϕ. 4339.
RR

S

ˆ
∂
∂x (ρu) +

∂
∂y (ρv)

˜
dxdy, !" ρ "-'#4; ∂u

∂x + ∂v
∂y = 0. 4340. Hx = ki

H
C

1
r3 [(η−y) dζ− (ζ− z) dη];

Hy = ki
H

C
1
r3 [(ζ−z) dξ− (ξ−x) dζ]; Hz = ki

H
C

1
r3 [(ξ−x) dη− (η−y) dξ]. 4341. I1− I2 =

(4π−2
√

3)a4. 4342. 7
2π

√
2a3. 4343. πa3. 4344. π2 (1+

√
2). 4345. 3−

√
3

2 +(
√

3−1) ln 2.

4346. 125
√

5−1
420 . 4347. 4π

3 abc
`

1
a2 + 1

b2
+ 1

c2

´
. 4348. π2[a

√
1 + a2 + ln(a +

√
1 + a2)].

4349. πa
4

2 sinα cos2 α
`
0 ! α ! π

2

´
. 4350. 64

15

√
2a4. 4352.1. 2π(1+6

√
3)

15 . 4352.2. πa2.

4352.3. a3

2
√

3
. 4353. 4

3πρ0a
4. 4354.

πρ0a(3a2+2b2)
√

a2+b2

12 . 4355. (a) x0 = a
2 ; y0 = 0; z0 =

16
9πa; (b) x0 = y0 = a

2
√

2
; z0 = a

π
(
√

2 + 1). 4356.1. (a) 40a4; (b) πR[R(R + H)2 + 2
3H3].

4356.2.
√

3
12 . 4357. (.!#'+"#*) X = 0; Y = 0; Z = πkmρ0 ln a

b . 4358. u =

4πρ0 min
“
a, a2

r0

”
, !" r0 =

p
x2

0 + y2
0 + z2

0 . 4359. $ |t| !
√

3 % F (t) = π
18 (3 − t2)2; $

|t| >
√

3% F (t) = 0. 4360. F (t) = π(8−5
√

2)
6 t4. 4361. $ t ! r−a% F = 0; $ r−a < t <

r+a% F = πt
r [a2−(r−t)2]; $ t " r+a% F = 0 (t " 0). 4362. 4πa3. 4363.

ˆ f(a)−f(0)
a +

g(b)−g(0)
b + h(c)−h(0)

c

˜
abc. 4364. 0. 4365. 4π

abc (a2b2 + a2c2 + b2c2). 4366. 8π
3 (a + b + c)R3.

4367. −πa2
√

3. 4368. h3

3 . 4369. 2S. 4370. 0. 4371. −2πa(a + h). 4372. 2πRr2.

4373. − 9
2a3. 4374. 0. 4376. 3

RRR

V

(x2+y2+z2) dxdydz. 4377. 0. 4378. 2
RRR

V

dx dy dz√
x2+y2+z2

.

4379.
RRR

V

∆udxdy dz, !" ∆u = ∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2 . 4380. 0. 4384. 4π

3

“
a2 + b2

2

”
|c|.

4385.1. 2
9a3. 4385.2. 2π2a2b. 4387. 3a4. 4388. 12

5 πa
5. 4389. 1. 4390. − πh

4

2 .

4392. (a) I = 0; (b) I = 4π. 4401.1. (a) grad u(0) = 3i − 2j − 6k; |grad u(0)| = 7,

cosα = 3
7 , cos β = − 2

7 , cos γ = − 6
7 . (b) grad u(A) = 6i+3j, |grad u(A)| = 3

√
5, cosα = 2√

5
,

cosβ = 1√
5
, cos γ = 0. (c) grad u(B) = 7i, |grad u(B)| = 7, cosα = 1, cosβ = 0, cos γ = 0;

!) M(−2, 1, 1) $ grad u = 0. 4401.2. grad u(M) = 12i − 9j − 20k, |grad u(M)| = 25,

cosα = 12
25 , cos β = − 9

25 , cos γ = − 4
5 ; ∂u

∂l = 3√
2
. 4402. (a) xy = z2; (b) x = y = 0 " x =

y = z; (c) x = y = z. 4403. r = 1. 4404. 4(x2+y2)
u2−256

+ 4z2

u2 = 1 (u " 16); x2+y2

960 + z2

1024 = 1;

maxu = 20. 4405. cosϕ = − 8
9 . 4406. "("&!.3)#%("; (4#"'"&%%;

inf u = 0, supu = 1; inf |grad u| = 0, sup |grad u| = 1
2 . 4407. |∆c|

|grad u(x0,y0,z0)| . 4409. (a) r
r ;

(b) 2r; (c) − r
r3 . 4410. f ′(r) r

r . 4411. c. 4412. 2r(c ·c)−2c(c ·r). 4415. (a) grad u =
∂u
∂r er + 1

r
∂u
∂ϕeϕ + ∂u

∂z ez, !" er = i cosϕ + j sinϕ, eϕ = −i sinϕ + j cosϕ, ez = k "$

##'"##!"*'. (b) grad u = ∂u
∂r er + 1

r
∂u
∂θ eθ + 1

r sin θ
∂u
∂ϕeϕ, !" er = i cosϕ sin θ +

j sinϕ sin θ+k cos θ, eθ = i cosϕ cos θ+j sinϕ cos θ−k sin θ, eϕ = −i sinϕ+j cosϕ"$##

'"##!"*'. 4416. ∂u
∂r = 2u

r , !" r =
p

x2 + y2 + z2; ∂u
∂r = |grad u|, !" a = b = c.

4417. ∂u
∂l = − cos(l,r)

r2 ; ! l ⊥ r, # ∂u
∂l = 0. 4418. ∂u

∂l = grad u·grad v
|grad v| ; ! grad u ⊥ grad v,

# ∂u
∂l = 0. 4419. a = i(x2+y2+yz)−j(x2+y2+xz)+k(x−y)z

(x2+y2+z2)
√

x2+y2
. 4420. y = c1x, z = c2x

2.
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4423.1. diva(M) = 18
125 ; Π = 24

125πε
3. 4423.2. 0. 4425. div(grad u) = ∆u, !" ∆u =

∂2u
∂x2 + ∂2u

∂y2 + ∂2u
∂z2 . 4426. f ′′(r)+ 2

r f ′(r); f(r) = c+ c1
r , !" c " c1 "%#. 4427. (a) 3; (b) 2

r .

4428. f ′(r)
r (c · r). 4429. 3f(r) + rf ′(r); f(r) = c

r3 , c "%#. 4430. (a) u∆u + (grad u)2;

(b) u∆v+grad u·grad v, !" ∆u"1*1+,,. 4431. divv = 0; divw = −2ω2. 4432. 0,

!(."($(. 4433. diva = 1
r

ˆ
∂
∂r (rar) +

∂aϕ
∂ϕ

˜
, !" ar, aϕ "*' a !#'" ϕ =

const " r = const "#*). 4434. diva = 1
LMN

ˆ
∂
∂u (MNau) + ∂

∂v (NLav) + ∂
∂w (LMaw)

˜
,

!" au, av, aw "*' a !&##'""#*), & L =
q`

∂f
∂u

´2
+

`
∂g
∂u

´2
+

`
∂h
∂u

´2
, M =q`

∂f
∂v

´2
+

`
∂g
∂v

´2
+

`
∂h
∂v

´2
, N =

q`
∂f
∂w

´2
+

`
∂g
∂w

´2
+

`
∂h
∂w

´2
. ! r, ϕ, z "%/#', # diva =

1
r

ˆ
∂
∂r (rar)+

∂aϕ
∂ϕ +r ∂az

∂z

˜
; ! r, θ, ϕ"&#', # diva = 1

r2 sin θ

ˆ
∂
∂r (r2ar sin θ)+r ∂

∂θ (aθ sin θ)+

r
∂aϕ
∂ϕ

˜
. 4436.1. (a) 0; (b) 0. 4436.2. rot a(M) = − 5

4 i − j + 5
2k, | rot a(M)| = 1

4

√
141,

cosα = −5√
141

, cos β = −4√
141

, cos γ = 10√
141

. 4437. (a) f ′(r)
r (r×c); (b) 2f(r)c+ f ′(r)

r [c(r · r)−

r(c · r)]. 4439. (a) 0; (b) 0. 4440. rot v = 2ω. 4441.1. rot a = 1
r

ˆ
∂
∂r (raϕ)− ∂ar

∂ϕ

˜
k, !"

aϕ " ar )1"*' a !#'" ϕ = const " r = const "#*). 4441.2. (a) rot a =
`

1
r
∂az
∂ϕ − ∂aϕ

∂z

´
er +

`
∂ar
∂z − ∂az

∂r

´
eϕ + 1

r

ˆ
∂
∂r (raϕ) − ∂ar

∂ϕ

˜
ez, !" ar = ax cosϕ + ay sinϕ,

aϕ = −ax sinϕ + ay cosϕ, az = az; (b) rot a = 1
r sin θ

ˆ
∂
∂θ (aϕ sin θ) − ∂aθ

∂ϕ

˜
er + 1

r

ˆ
1

sin θ
∂ar
∂ϕ −

∂
∂r (raϕ)

˜
eθ + 1

r

ˆ
∂
∂r (raθ) − ∂ar

∂ϕ

˜
eϕ, !" ar = ax cosϕ sin θ + ay sinϕ sin θ + az cos θ, aθ =

ax cosϕ cos θ + ay sinϕ cos θ − az sin θ, aϕ = −ax sinϕ+ ay cosϕ. 4442.1. (a) 0; (b) πh3.

4442.2. (a) 0; (b) 0. 4443. π. 4444. 3π
8 . 4445.1. 0. 4445.2. π

5 . 4447. 4πm.

4448.
nP

i=1
ei. 4450. cρ ∂u

∂t = div(k grad u), !" c"2'/*, ρ"''#4. 4452.1. 2π2b2.

4452.2. 8 20
21 · ln 2. 4452.3. 3

4 (3 + e4 − 12e2). 4452.4. −12. 4453.
R rB

rA
f(r)r dr.

4454.1. (a) 2π; (b) 2π. 4454.2. (a) Γ = 0; (b) Γ = 2πn, !" n ""$" C + Oz +#

%#. 4455. rot a(M) = − 1
2j − 2k, Γ = −π(cosβ + 2 cos γ)ε2. 4456. Q =

RR

S

ˆ
∂
∂x (ρu) +

∂
∂y (ρv)

˜
dxdy (ρ "-'#4); Γ =

RR

S

“
∂v
∂x − ∂u

∂y

”
dxdy; ∂u

∂x = − ∂v
∂y , ∂u

∂y = ∂v
∂x . 4457.1. u =

xyz(x + y + z) + C. 4457.2. 1
3 . 4458. u = m

r . 4459. u(x, y, z) =
nP

i=1

mi
ri

, !" ri "

) M(x, y, z) %) Mi (i = 1, 2, · · · , n) $!#/*. 4460. u(x, y, z) =
R r

r0
tf(t) dt, !"

r =
p

x2 + y2 + z2.
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1 18303-0 微积分学教程 (第一卷) (第8版) [俄] Г. М. 菲赫金哥尔茨

2 18304-7 微积分学教程 (第二卷) (第8版) [俄] Г. М. 菲赫金哥尔茨

3 18305-4 微积分学教程 (第三卷) (第8版) [俄] Г. М. 菲赫金哥尔茨

4 34526-1 数学分析原理 (第一卷) (第9版) [俄] Г. М. 菲赫金哥尔茨

5 35185-9 数学分析原理 (第二卷) (第9版) [俄] Г. М. 菲赫金哥尔茨

6 18302-3 数学分析 (第一卷) (第4版) [俄] В. А. 卓里奇

7 20257-1 数学分析 (第二卷) (第4版) [俄] В. А. 卓里奇

8 34524-7 自然科学问题的数学分析 [俄] В. А. 卓里奇

9 18306-1 数学分析讲义 (第3版) [俄] Г. И. 阿黑波夫 等

10 25439-6 数学分析习题集 (根据2010年俄文版翻译) [俄] Б. П. 吉米多维奇

11 31004-7 工科数学分析习题集 (根据2006年俄文版翻译) [俄] Б. П. 吉米多维奇

12 29531-3 吉米多维奇数学分析习题集学习指引 (第一册) 沐定夷、谢惠民 编著

13 32356-6 吉米多维奇数学分析习题集学习指引 (第二册) 谢惠民、沐定夷 编著

14 32293-4 吉米多维奇数学分析习题集学习指引 (第三册) 谢惠民、沐定夷 编著

15 30578-4 复分析导论 (第一卷) (第4版) [俄] Б. В. 沙巴特

16 22360-6 复分析导论 (第二卷) (第4版) [俄] Б. В. 沙巴特

17 18407-5 函数论与泛函分析初步 (第7版) [俄] А. Н. 柯尔莫戈洛夫 等

18 29221-3 实变函数论 (第5版) [俄] И. П. 那汤松

19 18398-6 复变函数论方法 (第6版) [俄] М. А. 拉夫连季耶夫 等

20 18399-3 常微分方程 (第6版) [俄] Л. С. 庞特里亚金

21 22521-1 偏微分方程讲义 (第2版) [俄] О. А. 奥列尼克

22 25766-3 偏微分方程习题集 (第2版) [俄] А. С. 沙玛耶夫

23 23063-5 奇异摄动方程解的渐近展开 [俄] А. Б. 瓦西里亚娃 等

24 27249-9 数值方法 (第5版) [俄] Н. С. 巴赫瓦洛夫 等

25 37341-7 线性空间引论 (第2版) [俄] Г. Е. 希洛夫

26 20525-1 代数学引论 (第一卷) 基础代数 (第2版) [俄] А. И. 柯斯特利金

27 21491-8 代数学引论 (第二卷) 线性代数 (第3版) [俄] А. И. 柯斯特利金

28 22506-8 代数学引论 (第三卷) 基本结构 (第2版) [俄] А. И. 柯斯特利金

29 18946-9 现代几何学 (第一卷) 曲面几何、变换群与场 (第5版) [俄] Б. А. 杜布洛文 等

30 21492-5 现代几何学 (第二卷) 流形上的几何与拓扑 (第5版) [俄] Б. А. 杜布洛文 等

31 21434-5 现代几何学 (第三卷) 同调论引论 (第2版) [俄] Б. А. 杜布洛文 等

32 18405-1 微分几何与拓扑学简明教程 [俄] А. С. 米先柯 等

33 28888-9 微分几何与拓扑学习题集 (第2版) [俄] А. С. 米先柯 等

34 22059-9 概率 (第一卷) (第3版) [俄] А. Н. 施利亚耶夫

35 22555-6 概率 (第二卷) (第3版) [俄] А. Н. 施利亚耶夫
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36 22554-9 概率论习题集 [俄] А. Н. 施利亚耶夫

37 22359-0 随机过程论 [俄] А. В. 布林斯基 等

38 37098-0 随机金融数学基础 (第一卷) 事实 • 模型 [俄] А. Н. 施利亚耶夫

39 37097-3 随机金融数学基础 (第二卷) 理论 [俄] А. Н. 施利亚耶夫

40 18403-7 经典力学的数学方法 (第4版) [俄] В. Н. 阿诺尔德

41 18530-0 理论力学 (第3版) [俄] А. П. 马尔契夫

42 34820-0 理论力学习题集 (第50版) [俄] И. В. 密歇尔斯基

43 22155-8 连续介质力学 (第一卷) (第6版) [俄] Л. И. 谢多夫

44 22633-1 连续介质力学 (第二卷) (第6版) [俄] Л. И. 谢多夫

45 29223-7 非线性动力学定性理论方法 (第一卷) [俄] L. P. Shilnikov 等

46 29464-4 非线性动力学定性理论方法 (第二卷) [俄] L. P. Shilnikov 等

47 35533-8 苏联中学生数学奥林匹克试题汇编 (1961—1992) 苏淳 编著

　

(续表)

其他订购办法：

各使用单位可向高等教育出版社电子商务部汇款订购。
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名　　称：高等教育出版社有限公司

通过银行转账：
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